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Preface

This volume consists of the refereed proceedings of the Japan Conference on
Discrete and Computational Geometry (JCDCG 2004) held at Tokai University
in Tokyo, Japan, October, 8-11, 2004, to honor Jénos Pach on his 50th year.
Jénos Pach has generously supported the efforts to promote research in discrete
and computational geometry among mathematicians in Asia for many years.
The conference was attended by close to 100 participants from 20 countries.

Since it was first organized in 1997, the annual JCDCG has attracted a
growing international participation. The earlier conferences were held in Tokyo,
followed by conferences in Manila, Philippines, and Bandung, Indonesia. The
proceedings of JCDCG 1998, 2000, 2002 and IJCCGGT 2003 were published by
Springer as part of the series Lecture Notes in Computer Science (LNCS) volumes
1763, 2098, 2866 and 3330, respectively, while the proceedings of JCDCG 2001
were also published by Springer as a special issue of the journal Graphs and
Combinatorics, Vol. 18, No. 4, 2002.

The organizers of JCDCG 2004 gratefully acknowledge the sponsorship of
Tokai University, the support of the conference secretariat and the participa-
tion of the principal speakers: Ferran Hurtado, Hiro Ito, Alberto Marquez, Jiii
Matousek, Janos Pach, Jonathan Shewchuk, William Steiger, Endre Szemerédi,
Géza Té6th, Godfried Toussaint and Jorge Urrutia.

July 2005 Jin Akiyama
Mikio Kano
Xuehou Tan
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Matching Points with Circles and Squares

Bernardo M. Abrego!, Esther M. Arkin2, Silvia Ferndndez-Merchant!,
Ferran Hurtado®, Mikio Kano?, Joseph S.B. Mitchell?, and Jorge Urrutia®

! Department of Mathematics, California State University, Northridge
2 Department of Applied Mathematics and Statistics,
State University of New York at Stony Brook
3 Departament de Matematica Aplicada II, Universitat Politécnica de Catalunya
4 TIbaraki University
® Instituto de Matematicas, Universidad Nacional Auténoma de México

Abstract. Given a class C of geometric objects and a point set P, a
C-matching of P is a set M = {C1,...,Ci} of elements of C such that
each C; contains exactly two elements of P. If all of the elements of P
belong to some C;, M is called a perfect matching; if in addition all the
elements of M are pairwise disjoint we say that this matching M is strong.
In this paper we study the existence and properties of C-matchings for
point sets in the plane when C is the set of circles or the set of isothetic
squares in the plane.

1 Introduction

Let C be a class of geometric objects and let P be a point set with n elements
P1,...,Pn in general position, with n even. A C-matching of P is a set M =
{C1,...,Ck} of elements of C, such that every C; contains exactly two elements
of P. If all of the elements of P belong to some C;, M is called a perfect matching.
If in addition all of the elements of M are pairwise disjoint we say that the
matching M is strong.

Let G¢(P) be the graph whose vertices are the elements of P, two of which
are adjacent if there is an element of C containing them and no other element
from P. Then, a perfect matching in G¢(P) in the usual graph-theoretic sense
corresponds naturally with our definition of G¢(P)-matchings.

There are several natural classes C of geometric objects of interest, including
line segments, isothetic rectangles, isothetic squares, and disks. For these cases,
we refer to the corresponding matching M as a segment-matching, a rectangle-
matching, a square-matching, or a circle-matching, respectively. Notice that
these four classes of objects have in common the shrinkability property: if there
is an object C” in the class that contains exactly two points p and q in P, then
there is an object C" in the class such that C”” C C’, p and q lie on the boundary
of C", and the relative interior of C" is empty of points from P. In the case of
rectangles we can even assume the points p and ¢ to be opposite corners of C".

It is easy to see that P always admits a strong segment-matching and a strong
rectangle-matching, which in fact are respectively non-crossing matchings in the

J. Akiyama et al. (Eds.): JCDCG 2004, LNCS 3742, pp. 1-15, 2005.
© Springer-Verlag Berlin Heidelberg 2005



2 B.M. Abrego et al.

complete geometric graph induced by P (in the sense in which geometric graphs
are defined in [4]) and in the rectangle of influence graph associated with P [3].

On the contrary, the situation is unclear for circles and squares, and gives
rise to interesting problems, That is the topic of this paper, in which we study
the existence of perfect and non-perfect, strong and non-strong matchings for
point sets in the plane when C is the set of circles or the set of isothetic squares
in the plane.

It is worth mentioning that our results on square-matchings prove, as a side
effect, the fact that Delaunay triangulations for the Ly and L, metrics contain
a Hamiltonian path, a question that, to best of our knowledge, has remained
unsolved since it was posed in the conference version of [2].

2 Matching with Disks

In this section we study circle-matchings. We show that a perfect circle-matching
is always possible, but that there are collections of points for which there is no
perfect strong circle-matching. We give bounds on the size of the largest strong
circle-matching that any set P of n points admits. We also consider the special
case in which the point set P is in convex position.

2.1 Existence of Circle-Matchings

First, notice that the fact that two points from P can be covered by a disk
that contains no other point in P is equivalent to fact that the two points are
neighbors in the Delaunay triangulation of P, DT(P). In other words, when C
is the set of all circles on the plane, the graph G¢(P) is DT(P). Thus, a point
set admits a circle-matching if and only if the graph DT(P) contains a perfect
matching, which is the case if and only if P has an even number of points, as
proved by Dillencourt in 1990 [2]. Therefore we get the following result, which
is a direct consequence of Dillencourt’s result:

Theorem 1. Every point set with an even number of elements admits a circle-
matching.

Nevertheless, for even n, a perfect strong circle-matching is not always pos-
sible, as we show next. Consider a circle C' with unit radius and a point set P

with n elements pi,...,p,, where p; = a is the center of C and py,...,p, are
points evenly spaced on the boundary of C. The point a must be matched with
some point b € {pa,...,pn}; this forces the rest of points to be matched consec-

utively (see Figure 1). In particular, the following and preceding neighbors of b
on the boundary must be matched using “large” circles, with centers outside of
C, and these circles are forced to overlap for n large enough. In fact, elementary
trigonometric computations show that this happens exactly for n > 74.

We do not describe here the details of the preceding construction. The under-
lying idea of the construction, however, can be extended to yield an arbitrarily
large set of points such that at most a certain fraction of the points can be
strongly matched. More precisely, the following result holds:
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Fig. 1. The elements of a set .S are n — 1 points evenly distributed on C and the center
of C. For n > 74 this point set does not admit a strong perfect circle-matching.

Theorem 2. There is an n-element point set in the plane, where n can be ar-
bitrarily large, such that at most a fraction %n of its points can be strongly
circle-matched.

The proof of this result is omitted from this extended abstract, since it is
very long and requires several technical lemmas.

2.2 Subsets That Can Be Strongly Matched

According to Theorem 2, not every point set P admits a strong circle-matching.
In this subsection, we prove that for any point set P one can always find a linear
number of disjoint disks each one covering exactly two points from P:

Theorem 3. For any set P of n points in general position, there is a strong
circle-matching using at least 2[(n — 1)/8] points of P.

The proof utilizes several lemmas. Let M be a matching of m = [n/2] pairs
of (distinct) points of P that minimizes the sum of the squared Euclidean dis-
tances between pairs of matched points. Let the m pairs in the matching M
be (p1,q1), (P2,42), .., (Pm,@m). We let |p;q;| denote the Euclidean distance be-
tween p; and ¢;. We let D; = DD(p;q;) be the diametrical disk, with segment Diqi
as diameter, and let o; denote the center of this disk. Let ¢ = {D1,Ds,...,Dn}
be the set of diametrical disks determined by the pairs (p;, ¢;) of the matching M.

Lemma 1. If DD(ab), DD(cd) € C then {c,d} ¢ DD(ab).

Proof. Suppose that ¢,d € DD(ab). Note that Zdchb + Zbde < m, so we may
assume that Zdcb < 7/2. Thus |bd|*> < |cd|? + |bc|?, and since ¢ € DD(ab), we
know that Zbca > 7/2 and be? + ac? < ab®. Combining these inequalities we get
|bd|? + ac|? < |ab|? + |cd|?, contradicting the optimality of M. O
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Fig. 2. Proof of Lemma 2

Lemma 2. If DD(ab), DD(cd) € C and p is in the intersection of the bounding
circles of DD(ab) and DD(cd), then triangles Aapb and Ndpe do not overlap.

Proof. Suppose that Aapb and Adpc overlap. Assume ;;Zi is between ﬁ) and pa
as in Figure 2. Since ab and cd are diameters of their respective circles, we know
that Zdpc = Zapb = w/2, implying that Zapd < 7/2 and Zbpc < /2. Then
lad|? < |pal?® + |pd|?, |bc|? < |pb|? + |pc|?, and

|ad|? + [bel® < |pal® + [pbl* + |pc|® + |pd|* = |ab]? + |cd]?,

which contradicts the optimality of M. O

Lemma 3. No three disks in C have a common intersection.

Proof. Suppose I = DD(piq1) N DD(pag2) N DD(p3q3) # 2. By Lemma 1,
the boundary of I must contain sections of at least two of the bounding circles
of DD(p1¢1), DD(p2g2) and DD(p3q3). Thus, we may assume there is a point
p € I such that p is in the intersection of the bounding circles of DD(p;q;) and
DD(p2g2). By Lemma 2 the triangles App1q; and Appage do not overlap. Now
we consider three cases depending on the number of triangles that overlap with

App3gs.

Fig. 3. Case 1: Appsqs does not overlap with App1q: or with Appage
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Case 1. Appsqs does not overlap with Appiq1 or with Appaga.

We may assume that the relative order of the triangles App;q; is as in Figure 3.
Then, since Zq1pp1, £q20p2, £q3pps > 7 /2, we have that

£papq1 + £p3pqa + £p1pg3 < /2.

Thus, each of these angles is at most 7/2, and at least two of them strictly acute
(or zero). Thus,
? 2 + lppal? + Ipas|® + |pp1[*.

lgip2|® + |g2psl? + laspa|® < [pg1]? + |pp2|? + |pg2

Also, since none of the angles Zq1pp1, £qapp2, £qspps is acute,
lpp1|* + Ip@1|® + [pp2|® + |pg2l? + Ippsl® + Ipgs|® < |p1a1|® + |p2gal® + |psgs|®.

Thus, |g1p2]? + |g2p3|? + |gap1|® < [p1a1]? + [p2g2|? + |psgs|?, which contradicts
the optimality of M.

Fig. 4. Case 2: Appsqs overlaps with App2g2, but not with App;q;

Case 2. Appsqs overlaps with Appago, but not with Appq;.

Assume pp3 is between pp; and pgs. We may also assume that Zgspps > 7/2;
otherwise, p is in the bounding circle of DD(psg3) and then, by Lemma 2, Appsgs
and Appagz do not overlap. Since Zgspps > /2, |p3gs|? > |pps|? + |pgs|?.

If Zg3pg2 < /2 (Figure 4a) then, as in the proof of Lemma 2, |qag3]? <

Ipg2|? + Ipas|?, [p2ps|? < |ppal|® + |pps|?, and thus
|92g31? + [p2psl® < [pp2|® + |pa2|? + [pps|® + |pas|? < |p2gal?® + |p3gsl?,

which contradicts the optimality of M.

If Zg3pq2 > m/2 (Figure 4b), then Zpipgs + Zpapqy < w/2. Thus, Zpipgs,
Zpapqy < 7/2, and thus p1¢f < pp? + pe? and pag? < pp3 + pg?. Also, since pp3
is between pp3 and pgs, Zgapgs < m/2 and gop3 < pgs + pp?. Putting all of these
inequalities together, we get

Ip1as|® + Ip2a11® + la2ps|® < |ppa|? + |pa1|? + |pp2|? + |pga|® + |pps|? + |pgs|.
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Fig. 5. Case 3: Appsgs overlaps App2gz and Apprqa

Moreover, [pp1|* + |pq1|* = |p1a1|?, [pp2|® +pg2|? = |p2g2|?, and |pp3|? + |pgs|? <
Ip3gs|?. Thus,
o 12 + |p2ga|? + |p3gs|?,

Ip1asl® + |p2q1|? + |a2p3]? < |Ip1an

which contradicts the optimality of M.
Case 3. Appsqs overlaps Appags and Appiq;.

We may assume that pp3 (resp., pgs) is between pp; and pg; (resp., pps and pg3).
Refer to Figure 5. Again, by Lemma 2, we may assume that Zqspps > /2 and
Ipags® > [pps|® + |pgs|.

If Zp1pge < /2 (Figure 5a), then |p;gz|? < |pp1|?+|pg2|?. From the locations
of p3 and g3, we have that Zqipps, Zgspps < 7/2, so |p3qi|? < |pg1|? + |pps|?
and |p2q3|? < |pp2|* + |pgs|?. Thus,
|2 * + Ipp2|® + |paal® + Ipps|® + Ipas|®.

Ip1g2) + |psa1|? + |p2gs|® < |pp1|® + lpg

As |ppi|® + |pg:|? = |piqi|® for i = 1,2 and |pps|? + |pgs|? < |pags|?, we get

Ip1g2]® + psq1|? + [p2as|® < |pra1|® + [page|? + |pags|?.

If Zp1pgs > 7/2 (Figure 5b), then, similarly, we get
Ip2q1|* + |p1psl® + lg2a3]? < Ipra1f* + |p2gal? + |p3gs]?.
In both cases we get a contradiction to the optimality of M. O

Lemma 4. If Dy, Dy, D3, Dy € C with D1 N Dy # @ and D3N Dy # @ then the
segments 0105 and 0304 do not intersect.

Proof. Suppose 0107 and G307 intersect at a point ¢, and let p € D; N Dy N 5703,
and ¢ € D3 N D4 N 0304. Assume that p € Zo; and ¢ € ¢o;. By the triangle
inequality, |o1q| < |o1c| + |eg| and |osp| < |osc| + |ep|; thus,

lo1g| + |osp| < |o1c| + |ep| + |osc| + |cq| = |o1p| + |oaq].
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Thus, either |o1g| < |o1p| or |osp| < |osq|, which implies that either ¢ € Dy or
p € Ds. This is a contradiction to Lemma 3, since either ¢ € D; N D3N Dy or
pe DN Dy N Ds. O

Proof of Theorem 3. Let G be the graph with vertex set equal to the set of
centers of the disks in C and with two vertices connected by an edge if and only
it the corresponding disks intersect. By Lemma 4, G is a planar graph. Then,
by the Four Color Theorem, the maximum independent set of G has at least
[m/4] = [|n/2]/4] = [(n—1)/8] vertices. Thus, the corresponding diametrical
disks are pairwise disjoint. Therefore, P has a circle-matching using at least
2[(n — 1)/8] points. It may happen that these diametrical disks have points of
P in their interior; however, it is always possible to find a circle inside one of
these diametrical disks containing only two points of P.

2.3 Convex Position

For n points on a line, with n even, it is obvious that a strong perfect matching
with disks is always possible, as we can simply take the diametrical circles defined
by consecutive pairs. As a consequence a strong perfect matching is also always
possible when we are given any set P of n points lying on a circle C: using an
inversion with center at any point in C'\ P the images of all points from P become
collinear and admit a matching, which, applying again the same inversion, gives
the desired matching (because inversions are involutive and map circles that do
not pass through the center of inversion to circles).

This may suggest that a similar result should hold for any set of points in
convex position, but this is not the case, as we show next using the same kind
of arguments.

Let @ be a point set consisting of the center a of a circle C, and 73 additional
points evenly distributed on C; as remarked earlier (see Figure 1), @ does not
admit a strong perfect circle-matching.

Let P be the point set obtained from @ by applying any inversion with
center at some point p € C \ Q; the point set P does not admit a strong perfect
circle-matching. Note that all of the points in P with the exception of the image
of a lie on a line. Applying an infinitesimal perturbation to the elements of P
in such a way that they remain in convex position but no three are collinear
produces a point set P’ in convex position for which no strong perfect circle-
matching exists, since the inverse set @’ is an infinitesimal perturbation of Q
and therefore does not admit a strong perfect circle-matching. Therefore we have
proved the following result:

Proposition 1. There are point sets in convex position in the plane for which
there is no strong perfect circle-matching.

3 Isothetic Squares

In this section we consider the following variation of our geometric matching
problem. Let P be a set of 2n points in general position in the plane. As in the



