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Preface

Robustness of control systems to disturbances and uncertainties has always been the
central issue in feedback control. Feedback would not be needed for most control systems
if there were no disturbances and uncertainties. Developing multivariable robust control
methods has been the focal point in the last two decades in the control community. The
state-of-the-art H., robust control theory is the result of this effort.

This book introduces some essentials of robust and H, control theory. It grew from
another book by this author, John C. Doyle, and Keith Glover, entitled Robust and
Optimal Control, which has been extensively class-tested in many universities around
the world. Unlike that book, which is intended primarily as a comprehensive reference of
robust and H. control theory, this book is intended to be a text for a graduate course
in multivariable control. It is also intended to be a reference for practicing control
engineers who are interested in applying the state-of-the-art robust control techniques
in their applications. With this objective in mind, I have streamlined the presentation,
added more than 50 illustrative examples, included many related MaTtLAB® commands!
and more than 150 exercise problems, and added some recent developments in the area
of robust control such as gap metric, v-gap metric, model validation, and mixed pu
problem. In addition, many proofs are completely rewritten and some advanced topics
are either deleted completely or do not get an in-depth treatment.

The prerequisite for reading this book is some basic knowledge of classical control
theory and state-space theory. The text contains more material than could be covered in
detail in a one-semester or a one-quarter course. Chapter 1 gives a chapter-by-chapter
summary of the main results presented in the book, which could be used as a guide for
the selection of topics for a specific course. Chapters 2 and 3 can be used as a refresher
for some linear algebra facts and some standard linear system theory. A course focusing
on H,, control should cover at least most parts of Chapters 4-6, 8, 9, 11-13, and Sections
14.1 and 14.2. An advanced H., control course should also include the rest of Chapter
14, Chapter 16, and possibly Chapters 10, 7, and 15. A course focusing on robustness
and model uncertainty should cover at least Chapters 4, 5, and 8-10. Chapters 17 and
18 can be added to any advanced robust and H., control course if time permits.

I have tried hard to eliminate obvious mistakes. It is, however, impossible for me
to make the book perfect. Readers are encouraged to send corrections, comments, and

IMATLAB is a registered trademark of The MathWorks, Inc.
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viii PREFACE

suggestions to me, preferably by electronic mail, at
kemin@ee.lsu.edu

I am also planning to put any corrections, modifications, and extensions on the Internet
so that they can be obtained either from the following anonymous ftp:

ftp ee.lsu.edu  cd pub/kemin/books/essentials/
or from the author’s home page: '
http://kilo.ee.lsu.edu/kemin/books/essentials/

This book would not be possible without the work done jointly for the previous
book with Professor John C. Doyle and Professor Keith Glover. I thank them for their
influence on my research and on this book. Their serious attitudes toward scientific
research have been reference models for me. I am especially grateful to John for having
me as a research fellow in Caltech, where I had two very enjoyable years and had
opportunities to catch a glimpse of his “BIG PICTURE” of control.

I want to thank my editor from Prentice Hall, Tom Robbins, who originally proposed
the idea for this book and has been a constant source of support for me while writing it.
Without his support and encouragement, this project would have been a difficult one.
It has been my great pleasure to work with him.

I would like to express my sincere gratitude to Professor Bruce A. Francis for giving
me many helpful comments and suggestions on this book. Professor Francis has also
kindly provided many exercises in the book. I am also grateful to Professor Kang-Zhi Liu
and Professor Zheng-Hua Luo, who have made many useful comments and suggestions.
I want to thank Professor Glen Vinnicombe for his generous help in the preparation of
Chapters 16 and 17. Special thanks go to Professor Jianqing Mao for providing me the
opportunity to present much of this material in a series of lectures at Beijing University
of Aeronautics and Astronautics in the summer of 1996.

In addition, I would like to thank all those who have helped in many ways in making
this book possible, especially Professor Pramod P. Khargonekar, Professor André Tits,
Professor Andrew Packard, Professor Jie Chen, Professor Jakob Stoustrup, Professor
Hans Henrik Niemann, Professor Malcolm Smith, Professor Tryphon Georgiou, Profes-
sor Tongwen Chen, Professor Hitay Ozbay, Professor Gary Balas, Professor Carolyn
Beck, Professor Dennis S. Bernstein, Professor Mohamed Darouach, Dr. Bobby Boden-
heimer, Professor Guoxiang Gu, Dr. Weimin Lu, Dr. John Morris, Dr. Matt Newlin,
Professor Li Qiu, Professor Hector P. Rotstein, Professor Andrew Teel, Professor Ja-
gannathan Ramanujam, Dr. Linda G. Bushnell, Xiang Chen, Greg Salomon, Pablo A.
Parrilo, and many other people.

I would also like to thank the following agencies for supporting my research: National
Science Foundation, Army Research Office (ARO), Air Force of Scientific Research, and
the Board of Regents in the State of Louisiana.

Finally, I would like to thank my wife, Jing, and my son, Eric, for their generous
support, understanding, and patience during the writing of this book.

Kemin Zhou



PREFACE

Here is how H . is pronounced in Chinese:

B

It means “The joy of love is endless.”




Notation and Symbols

R and C fields of real and complex numbers

F field, either R or C

C_ and C_ open and closed left-half plane

C; and C4 open and closed right-half plane

IR imaginary axis

€ belong to

C subset

U union

n intersection

) end of proof

O end of remark

b= defined as

R and S asymptotically greater and less than

> and € much greater and less than

a complex conjugate of o € C

|| absolute value of a € C

Re(a) real part of @ € C

L, n x n identity matrix

(@] a matrix with a;; as its ith row and jth column element
diag(a;,...,a,) an n x n diagonal matrix with a, as its ith diagonal element
AT and A* transpose and complex conjugate transpose of 4
A=l and AT inverse and pseudoinverse of A

A~ shorthand for (A=1)*

det(A4) determinant of A

trace(4) trace of 4



xvi NOTATION AND SYMBOLS

A(A) eigenvalue of A

p(A) spectral radius of A

pr(A) real spectrum radius of A

7(A) and o(A) the largest and the smallest singular values of A
oi(A) tth singular value of A

k(A) condition number of A

|4l spectral norm of A: ||A|| =7(A)

Im(A), R(A) image (or range) space of A

Ker(A), N(A) kernel (or null) space of A

X_(A) stable invariant subspace of A

Ric(H) the stabilizing solution of an ARE

gxf convolution of g and f

A angle

(,) inner product

zly orthogonal, (z,y) =0

D, orthogonal complement of D

8 orthogonal complement of subspace S, e.g., H3
Lo(—0c,0c) time domain square integrable functions

Loy := L3[0,00) subspace of £2(—o00,00) with functions zero for t < 0
Ly := Ls(—00,0] subspace of £2(—00,00) with functions zero for t > 0
L>(jR) square integrable functions on Gy including at oc

Ho subspace of £5(jR) with functions analytic in Re(s) > 0
H subspace of £5(jR) with functions analytic in Re(s) < 0
L (JR) functions bounded on Re(s) = 0 including at oo

Heo the set of £ (jR) functions analytic in Re(s) > 0
He the set of L (jR) functions analytic in Re(s) < 0
prefix B and B° closed and open unit ball, e.g. BA and B°A

prefix R real rational, e.g., RH and RHa, etc.

Rp(s) rational proper transfer matrices

G™~(s) shorthand for GT(—s)

[—é IB; ] shorthand for state space realization C(sI — A)"'B + D
n(G(s)) number of right-half plane poles

no(G(s)) number of imaginary axis poles

wno(QG) winding number

Fe(M,Q) lower LFT

Fu(M,Q) upper LFT

Mx N star product



List of Acronyms

ARE
FDLTI

iff

lef

LFT

lhp or LHP
LQG

LTI

MIMO
nlcf

NP

nref

NS

ref

rhp or RHP
RP

RS

SISO

SSV

SVD

algebraic Riccati equation

finite dimensional linear time invariant
if and only if

left coprime factorization

linear fractional transformation
left-half plane Re(s) < 0

linear quadratic Gaussian

linear time invariant

multi-input multioutput

normalized left coprime factorization
nominal performance

normalized right coprime factorization
nominal stability

right coprime factorization

right-half plane Re(s) > 0

robust performance

robust stability

single-input single-output

structured singular value (1)

singular value decomposition
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Chapter 1

Introduction

This chapter gives a brief description of the problems considered in this book and the
key results presented in each chapter.

1.1 What Is This Book About?

This book is about basic robust and H. control theory. We consider a control system
with possibly multiple sources of uncertainties, noises, and disturbances as shown in
Figure 1.1.

disturbance

noise

tracking errors

reference signals

Figure 1.1: General system interconnection
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2 INTRODUCTION

We consider mainly two types of problems:

e Analysis problems: Given a controller, determine if the controlled signals (in-
cluding tracking errors, control signals, etc.) satisfy the desired properties for all
admissible noises, disturbances, and model uncertainties.

e Synthesis problems: Design a controller so that the controlled signals satisfy the
desired properties for all admissible noises, disturbances, and model uncertainties.

Most of our analysis and synthesis will be done on a unified linear fractional transforma-
tion (LFT) framework. To that end, we shall show that the system shown in Figure 1.1
can be put in the general diagram in Figure 1.2, where P is the interconnection matrix,
K is the controller, A is the set of all possible uncertainty, w is a vector signal including
noises, disturbances, and reference signals, z is a vector signal including all controlled
signals and tracking errors, u is the control signal, and y is the measurement.

A
v n
: P w
y K u

Figure 1.2: General LFT framework

The block diagram in Figure 1.2 represents the following equations:

v U]
z = Pl w
Yy u
n = Av
u = Ky.

Let the transfer matrix from w to z be denoted by 7., and assume that the ad-
missible uncertainty A satisfies 7(A) < 1/, for some 74, > 0. Then our analy-
sis problem is to answer if the closed-loop system is stable for all admissible A and
IT:wl|loo < 7p for some prespecified v, > 0, where ||T.||, is the H, norm defined as
|T:wlloo = sup,, & (T:w(jw)). The synthesis problem is to design a controller K so that
the aforementioned robust stability and performance conditions are satisfied.

In the simplest form, we have either A = 0 or w = 0. The former becomes the well-

known H, control problem and the later becomes the robust stability problem. The two



1.2. Highliﬁghts of This Book 3

problems are equivalent when A is a single-block unstructured uncertainty through the
application of the small gain theorem (see Chapter 8). This robust stability consequence
was probably the main motivation for the development of H ., methods.

The analysis and synthesis for systems with multiple-block A can be reduced in most
cases to an equivalent H., problem with suitable scalings. Thus a solution to the H,
control problem is the key to all robustness problems considered in this book. In the
next section, we shall give a chapter-by-chapter summary of the main results presented
in this book.

We refer readers to the book Robust and Optimal Control by K. Zhou, J. C. Doyle,
and K. Glover [1996] for a brief historical review of H., and robust control and for
some detailed treatment of some advanced topics.

1.2 Highlights of This Book

The key results in each chapter are highlighted in this section. Readers should consult
the corresponding chapters for the exact statements and conditions.

Chapter 2 reviews some basic linear algebra facts.
Chapter 3 reviews system theoretical concepts: controllability, observability, sta-
bilizability, detectability, pole placement, observer theory, system poles and zeros, and

state-space realizations.

Chapter 4 introduces the H, spaces and the H., spaces. State-space methods of
computing real rational H, and H transfer matrix norms are presented. For example,

let X5
G(s) = [+c 5 ] € RMu.
Then
|G|I3 = trace(B*QB) = trace(CPC")
and

G|l = max{v: H has an eigenvalue on the imaginary axis}.
where P and @Q are the controllability and observability Gramians and

_[ A BBy
H_[—C'C .



