HARPERCOLLINS COLLEGE QUTLIN

BUSINESS CALCULUS

Ronald Smith Comprehensive Outline in Easy-To-Use Narrative Format, Supplements Major

Textbooks, Solved Problems, Graphs, Tables, Figures, Fully Indexed




HARPERCOLLINS COLLEGE OUTLINE
Business Calculus

Ron Smith, Ph.D.
Edison Community College

& HarperPerennial
A Division of HarperCollinsPublishers



BUSINESS CALCULUS. Copyright © 1993 by HarperCollins Publishers, Inc. All rights
reserved. Printed in the United States of America. No part of this book may be used or
reproduced in any manner whatsoever without written permission except in the case of brief
quotations embodied in critical articles and reviews. For information address HarperCollins
Publishers, Inc., 10 East 53rd Street, New York, NY 10022.

An American BookWorks Corporation Production
Project Manager: Jonathon E. Brodman
Editor: Gloria Langer

Library of Congress Cataloging-in-Publication Data

Smith, Ron 1949-
Business calculus / Ron Smith.
p- cm. — (HarperCollins college outline)
Includes index.
ISBN: 0-06-467136-4
1. Calculus. I.Title. II. Series.
QA303.56544 1993
515—dc20 91-58276

93 94 95 96 97 ABW/RRD 10 9 8 7 6 5 4 3 2 1
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Preface

Business Calculus is designed to be a companion text to that which is
used in any business calculus course. This book contains the topics com-
monly found in the courses on business calculus taught at colleges and
universities.

Each topic is addressed with the basic concepts in mind. The text
examples are extensively annotated at each point along with step-by-step
solutions. Many often-asked questions are answered during the solution
process. Exercises that mirror the examples are included at the end of each
chapter to check for understanding, so that the student can return to the
primary text for the course.

I hope that this text provides insight by which a student can build a
strong knowledge of calculus.

Ron Smith
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Algebra for Calculus

1.1 FACTORING

Introduction

Many students who have difficulty with calculus find that their diffi-
culty lies not with the calculus concepts, but with an unfamiliarity with
algebraic techniques. This chapter will emphasize the algebra needed for
calculus.

Prior to reading this section, please make sure that you are comfortable
with (a) removing common factors, (b) factoring by pairing, and (c) trino-
mial factoring. These topics are covered in Elementary Algebra or Inter-
mediate Algebra—other books in this series.

Factoring concepts covered here will be:

a) Factoring the sum of two cubes and the difference of two cubes
b) Using radicals in factoring
¢) Removing common factors from complicated binomials

The Sum and
Difference of
Two Cubes

The general formulas for the sum of two cubes and the difference of
two cubes are as shown below. The letters a and b represent any algebraic
term.

1.1 Sum of Two Cubes
@S+b> = (a+b) (a®—ab+b
1.2 Difference of Two Cubes :
> —b = (a-b) (A®+ab+b?)

%)

Please note that a3 + b3 does not equal (a+ b) 3 and that a3 - b3 does

1
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not equal (a—b) 3. The factorization of the sum of two cubes and the
difference of two cubes is demonstrated in the following example.

EXAMPLE 1.1
Use the formulas for the sum and difference of two cubes to factor the fol-
lowing.
a) x>+ 8y3
b) 27x° -1
¢) 8a>+b°
d cd-64
SOLUTION 1.1
a) x3 + 8y3 Copy the original binomial.
x3 + 23y3 Rewrite 8 as 23.
(x) 3 + (2y) 3 Referring to the general
formula, 1.1,let a = x and
= 2y.
3 3 2 2 A
a +b = (a+b)(a"—ab+b") Place the new terms in the
format of the general
formula.

@03+ @07 = x+20) (2= @ @2y) + 2D

C+8y° = (x+2y) (X = 2xy+4y?)
Multiply within terms and
simplify.
b) 27x° -1 Copy the original binomial.
33x3 - P ngn'te 27 as 33, and 1 as
1"

(3x) ¥ (1) 3 Referring to the general
formula, 1.2,let @ = 3x and
b=1.

3,3 2 2 :
a —-b = (a-b)(a"+ab+b") Place the new terms in the

format of the general
formula.

B2 - (1) = BGx=1) (3x)%+ 3x) (1) + 1%

270 -1 = Bx—=1) (9x> +3x+1)
Multiply within terms and
simplify.
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c) 8a> +b° Copy the original binomial.
2324+ (b2)3 Rewrite 8 as 2> and b° as
2.3
6 3 2,3 &3
Note that b° = 6> > = (b) .
(2a) 3 + (b2) 3 Use the general formula, 1.1,
letting a = 2a and
b =0b%
aS+b = (a+b) (az—ab+b2) Place the new terms in the
format of the general
formula.

3 2
2a)°+ (b)) = (2a+bY) (20)% - (2a) (b)) + (b7))

8a° +b° = (2a + b2)(4a* - 2ab” + b*)
Multiply within terms and
simplify.

d d°-64 Copy the original binomial.

c3d3 —4° Rewrite 64 as 43.

(cd)’ - (83 Referring to the general
formula, 1.2,1let a = cd and
b = 4.

3

a —b3 = (a->b) (a2+ab+b2) Place the new terms in the
format of the general
formula.

(cd)> = (4)° = (cd—4) ((cd)+ (cd) (4) + (4D

Ad-64 = (cd-4) (2 +4cd + 16)
Multiply within terms and

simplify.
Factoring Using A calculus course is the first time radical expressions are used exten-
Radicals sively in factoring. A radical sign is, as you may recall, the symbol ./ .

Usually, factoring with radical signs involves the use of the factoring
technique for the difference of two squares.

By using radicals, every binomial with terms separated by a minus sign
can be factored using the formula for the difference of two squares.
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Note the following two formulas:

1.3 The Difference of Two Squares
a®—b* = (a+b) (a-b)
1.4 Using the Square Root Radical
a = 4Ja-vJa= (Ja)

Formulas 1.3 and 1.4 are combined to form the basis for factoring using
radical signs.

1.5 Factoring Using Radicals

a-b= (Ja) = (o) = (Ja+ ) (Ja-b)

EXAMPLE 1.2
Factor the following binomials using Formula 1.5.
a) x2 -3
b) y-16
c) x-2
SOLUTION 1.2
a) P : Copy the given binomial.
2

(x)2 - («/3) Rewrite x2 as (x)2 and use

Formula 1.4 to convert 3 to
2
(3"

(x+ ~/§) (x- «/3) Using the difference of two
squares process, 1.3, factor
the binomial.

P=3= (x+ﬁ) (x—«@) The final answer
is based on Formula 1.5.

b) y—-16 - Copy the given binomial.
[ 2 2 . 2
(Jy) —4 Rewrite 16 as 4 and use

Formula 1.4 to convert y to
2
.

(J; +4) (fy —4) Using the difference of two
squares process, 1.3, factor
the binomial.
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y—16 = (Jy+4) (Sy-4) The final answer

is based on Formula 1.5.
c) x-2 Copy the given binomial.
( «/;) ? ( «/5) 2 Use Formula 1.4 to convert x
2

to (Jx)2 and 210 (42)°

(J; + «/5) («/; - «/5) Using the difference of two
squares process, 1.3, factor
the binomial.

x=2 = (Jx+2) (Jx-42) The final answer

is based on Formula 1.5.
We will use Formula 1.5 in the chapter on limits (chapter 2).

Factoring
Complicated
Binomials

In subsequent chapters we will use a process called the Product Rule
for derivatives. This process results in large binomials that can often be
factored. The factorization of these binomials will be completed using the
procedure outlined in the following exercise. This procedure is similar to
removing a common factor from a polynomial.

1.6 Removing a Common Factor
ca+cb = c(a+b)

EXAMPLE 1.3

Factor the following expressions by removing common factors and sim-
plifying.

a) 8(x-3)*Cx-12+2(x-3)>@x-1)°

b) 3(x-1)2(3x-2)" +7(x-1)"(3x-2)°

©) 12(x+6)°+4(x=2) (x+6)*

SOLUTION 1.3
) 8(x-3'2x-1%+ 2(x-3)>(2x-1)°
1 term 1 term

Copy the large binomial.
214 (x-3) " 2x-1)%+ -3 2x-1)

Remove a common factor
of 2 from each term.
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b)

2x-3)2[4x-3) ' 2x-1)%+ 2x-1)°]
Remove three common
factors of (x — 3) from each
term (three factors are the
largest number of factors

% 3 found in each term).
2(x=3)"2x-1)"[4(x-3)+ 2x-1)]

Remove two common
factors of (2x— 1) from each
term (two factors are the

largest number of factor
present in both terms).
3 2
2(x-3)"(2x-1)"[4x—12 +2x—1]
Distribute 4.
2(x-3) (2x-1)% [6x-13] Combine like terms.

8(x-3)*(2x-1)2+2(x-3)3(2x-1)°

=2x-3) @x-1)%(6x-13)

3(x-123x-2)" + 7(x-1)°(3x-2)°

1 term 1 term
. Copy the large binomial.
x-121B3Gx-2) +7x-1)3x-2)%
Remove two common fac-
tors of (x — 1) from each
term (two factors are the

largest number of factors
1 present in each term).

(x- 1)2(3x—2)6 [3 (3x—2)1 +7(x-1) 1]
Remove six common factors
of (3x —2) from each term
(six factors are the largest
number of factors present in
each term).

(x=1)%(3x-2)°[9x—6+7x—7] Distribute 3 and 7.

(x=1)2(3x-2)°[16x-13] Combine like terms.
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3(x-1)2(3x-2) +7(x-1)>(3x-2)®
= (x-1)2(3x-2)% (16x-13)

c) 12(x+6)f + 4(x-2) (x+6)44 Copy the large binomial.

1 term 1 term

4[3(x+6)°+ (x=2) (x+6)*] Remove the common
factor of 4 from each term.

4(x+6)4[3 (x+6) + (x=2)] Remove four common
factors of (x + 6) from each
term (four factors are the
largest number of factors
present in each term).

4(x+6)" [3x+ 18 +x-2] Distribute 3.

4(x+6) 4 [4x+ 16] Combine like terms.

16 (x+ 6)4(x+4) Remove a factor of 4 and
move it to the left of the
factors.

12(x+6)° +4(x-2) (x+6)°
=16 (x+6)* (x+4)

1.2 RATIONAL EXPONENTS

Converting Radical Before some calculus operations can be completed, all algebraic
Expressions expressions in radical form must be converted to rational (fractional)
exponents. The rule that describes this conversion is:

a/b
1.7 b8 _

where a and b are positive whole numbers [b > 2]

Note: b is called the index of the radical.
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EXAMPLE 1.4

Convert the following radical expressions to terms with rational expo-
nents.

a) 4«/;7
b) o
c) «/;

SOLUTION 1.4
a) 4«[; Copy the expression.
= x7/4 Write the 7 from within the
radical sign in the numerator
of the exponent and the
index, 4, in the denomina-
tor.
§/>4 :
b) ~x Copy the expression.
= ch'/6 The number 4 from within
the radical sign is the
numerator of the exponent.
The index, 6, is the
denominator.
2/3 . 3
=X Reduce the fraction, if
possible.
) J; Copy the expression.
2«/; Express the understood 1
exponent of the x within
the radical sign. Express
the understood index of 2.
= xl/z The 1 from within the
radical sign is the numerator
of the exponent and the
index 2 is the denominator.
Adding Rational The addition of rational exponents occurs when expressions containing
Exponents the same base—but varying exponents—are multiplied. The addition of

rational exponents can be stated as follows in Rule 1.8.
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a/b c¢/d ad/bd
- X = f .

1.8 x

cb/bd
x =

(ad + cb) /bd
X

where a, b, c, and d are integers and b, d # 0.

EXAMPLE 1.5

Compute the following products involving the multiplication of expres-

sion with rational exponents.

a)( )( )
b) ( %) ()
(

o’

)(x1/2 )
1/4

) (x=x)

/
c) x3 2

d)

SOLUTION 1.5

2/3 1/5
a (X)) &TY)
10/15 3/15
=X + X

(10+3) /15 13715
=X =X

1/2 3
(x" ") (x)

172 3/1
=X « X

b)

172 _3/1

172
xTTexT T =x"

6/2
X

172 672 (1+6)/2 7/2
X * X =X =X

/3 172 3/2
(x1 ) (x +x77)

173 172 173 372
X X +x X

%76 3/6 2/6
X X + X .

c)

9/6
X

L2976 (24976 _

7/
x5 6-+

11/6
X

Copy original factors.

Using Rule 1.8, convert the
two rational exponents so
that they have the same
denominator.

Copy original factors.

Rewrite the exponent as —
(a fraction). 1

Using Rule 1.8, the two
rational exponents are
converted so that they have
the same denominator.

Add the exponent
numerators.

Copy the two expressions.

Distribute x1/3.

Use Rule 1.8 to convert the
exponent denominators to
the same numbers.

Add the numerators of the
exponents in each term.

»
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/4
d) ()c3/4 + Jc1

/ 1/4
()c3 4+x

) (x— x2) Copy the two binomials.
)(x_xZ) _ (x3/4+x1/4) (xl/l_x2/1)

Express the whole numbers
as fractional exponents.

3/4 _1/1 3/4 2/1, 1/4 _1/1 _1/4 2/1
=x" x T=x7 x4+ xT T exT T =x" T x
Multiply each part of one
algebraic expression by
every part of the other
expression.

3/4 474  3/4 8/4 1/4 4/4 1/4 8/4

=x" x " —=x"x T4x x "-=x""x
Use Rule 1.8 to convert the
denominators of each
rational exponent to the
same number.

/4 3+8)/4 4)/4 1+8)/4
_ B4 (348)/4  (1+4)/4_ (1+8)

Add the numerators of the

exponents.
7/4  _11/4 | 5/4 _9/4

=x""-x +x -
Subtracting The subtraction of rational exponents often occurs when one algebraic
Rational expression is divided by another. We will limit our discussion to the case
Exponents in which the divisor is one term.

Three rules that assist in the subtraction of rational exponents are
shown here:
1 -a/b
1.9 x“/b =x

1.10 xc/d 'x—a/b _ xbc/bd .x—ad/bd — x(bc—ad) /bd

111 a+b+c+... _ c_z+

d d

+ = F

QUlS
QIO

Here, a, b, ¢, and d are real numbers and b, d # 0.



