SECOND EDITION

VEHICGLE

DYNAMICS,
STABILITY,
AND CONTROL

CRC Press

Taylor & Francis Group



SECOND EDITION

VEHICLE
DYNAMICS,

DEAN KARNOPP

CRC Press

Taylor & Francis Group
Boca Raton London New York

CRC Press is an imprint of the
Taylor & Francis Group, an informa business



CRC Press

Taylor & Francis Group

6000 Broken Sound Parkway NW, Suite 300
Boca Raton, FL 33487-2742

© 2013 by Taylor & Francis Group, LLC
CRC Press is an imprint of Taylor & Francis Group, an Informa business

No claim to original U.S. Government works

Printed in the United States of America on acid-free paper
Version Date: 2012912

International Standard Book Number: 978-1-4665-6085-7 (Hardback)

This book contains information obtained from authentic and highly regarded sources. Reasonable efforts
have been made to publish reliable data and information, but the author and publisher cannot assume
responsibility for the validity of all materials or the consequences of their use. The authors and publishers
have attempted to trace the copyright holders of all material reproduced in this publication and apologize to
copyright holders if permission to publish in this form has not been obtained. If any copyright material has
not been acknowledged please write and let us know so we may rectify in any future reprint.

Except as permitted under U.S. Copyright Law, no part of this book may be reprinted, reproduced, transmit-
ted, or utilized in any form by any electronic, mechanical, or other means, now known or hereafter invented,
including photocopying, microfilming, and recording, or in any information storage or retrieval system,
without written permission from the publishers.

For permission to photocopy or use material electronically from this work, please access www.copyright.
com (http://www.copyright.com/) or contact the Copyright Clearance Center, Inc. (CCC), 222 Rosewood
Drive, Danvers, MA 01923, 978-750-8400. CCC is a not-for-profit organization that provides licenses and
registration for a variety of users. For organizations that have been granted a photocopy license by the CCC,
a separate system of payment has been arranged.

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are used
only for identification and explanation without intent to infringe.

Library of Congress Cataloging-in-Publication Data

Karnopp, Dean.
Vehicle dynamics, stability, and control / Dean Karnopp. -- 2nd ed.
p. cm. -- (Dekker mechanical engineering ; 221)
“This book is second edition of a book originally titled Vehicle Stability. The new
title, Vehicle Dynamics, Stability and Control better describes this revised and extended
version”--Preface.
Includes bibliographical references and index.
ISBN 978-1-4665-6085-7
1. Motor vehicles--Dynamics. 2. Motor vehicles--Stability. 3. Motor vehicles--Design
and construction. 1. Karnopp, Dean. Vehicle stability. IL. Title.

TL243.K37 2012
629.2'31--dc23 2012028893

Visit the Taylor & Francis Web site at
http://www.taylorandfrancis.com

and the CRC Press Web site at
http://www.crcpress.com



SECOND EDITION

VEHIGLE
DYNAMIGS,
STABILITY,
AND CONTROL




MECHANICAL ENGINEERING

A Series of Textbooks and Reference Books

Founding Editor

L. L. Faulkner
Columbus Division, Battelle Memorial Institute
and Department of Mechanical Engineering
The Ohio State University
Columbus, Ohio

RECENTLY PUBLISHED TITLES

Vehicle Dynamics, Stability, and Control, Second Edition,
Dean Karnopp

HVAC Water Chillers and Cooling Towers: Fundamentals, Application,
and Operation, Second Edition,
Herbert W. Stanford I1I

Ultrasonics: Fundamentals, Technologies, and Applications, Third Edition,
Dale Ensminger and Leonard J. Bond

Mechanical Tolerance Stackup and Analysis, Second Edition,
Bryan R. Fischer

Asset Management Excellence,
John D. Campbell, Andrew K. S. Jardine, and Joel McGlynn

Solid Fuels Combustion and Gasification: Modeling, Simulation, and Equipment
Operations, Second Edition, Third Edition,
Marcio L. de Souza-Santos

Mechanical Vibration Analysis, Uncertainties, and Control, Third Edition,
Haym Benaroya and Mark L. Nagurka
Principles of Biomechanics,
Ronald L. Huston
Practical Stress Analysis in Engineering Design, Third Edition,
Ronald L. Huston and Harold Josephs
Practical Guide to the Packaging of Electronics, Second Edition:
Thermal and Mechanical Design and Analysis,
Ali Jamnia

Friction Science and Technology: From Concepts to Applications, Second Edition,
Peter J. Blau
Design and Optimization of Thermal Systems, Second Edition,
Yogesh Jaluria

Analytical and Approximate Methods in Transport Phenomena,
Marcio L. de Souza-Santos



Preface

This book is the second edition of a book originally titled Vehicle Stability. The
new title, Vehicle Dynamics, Stability, and Control, better describes this revised
and extended version.

This book is the result of two activities that have given the author a great
deal of pleasure and satisfaction over a period of more than forty years. The
first was the initiation and teaching of a course for seniors and first-year
graduate students in mechanical and aerospace engineering at the University
of California, Davis. The course is intended to illustrate the application of
techniques the students had learned in courses dealing with such topics as
kinematics, rigid body dynamics, system dynamics, automatic control, sta-
bility theory, and aerodynamics to the study of the dynamic behavior of a
number of vehicle types. In addition, specialized topics dealing specifically
with vehicle dynamics such as the force generation by pneumatic tires, rail-
way wheels and wings are also presented.

The second activity was a short course entitled “Vehicle Dynamics and
Active Control,” given by the author and his colleague, Professor Donald
Margolis, numerous times in the United States and in several European
countries. This short professional course was intended primarily for engi-
neers in the automotive industry.

Although the short course for engineering professionals contained much
of the material found in the academic course and in the present book, it was
specialized in that it dealt only with automotive topics. The unique feature of
the present book lies in its treatment of the dynamics and stability aspects of
a variety of vehicle types. Anyone who has experience with vehicles knows
that stability (or instability) is one of the most intriguing and mysterious
aspects of vehicle dynamics. Why does a motorcycle sometimes exhibit a
wobble of the front wheel when ridden “no hands” or a dangerous weav-
ing motion at high speed? Why would a trailer suddenly begin to oscillate
over several traffic lanes just because its load distribution is different from
the usual? Why does a locomotive begin “hunting” back and forth on the
tracks when traveling a high speed? Why is an airplane hard to fly when the
passenger and luggage load is too far to the rear? Could it be that a car or
truck could behave in an unstable way when driven above a critical speed?
In addition, there are control questions such as “How can humans control an
inherently unstable vehicle such as a bicycle?”

Many of these questions are answered in the book using the analysis
of linear vehicle dynamic models. This allows the similarities and critical
differences in the stability properties of different vehicle types to be par-
ticularly easily appreciated. Although analysis based on linearized mathe-
matical models cannot answer all questions, general rigid body dynamics
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and nonlinear relations relating to force generation are discussed for several
cases. Furthermore, many of the nonlinear aspects of vehicle dynamics are
discussed, albeit often in a more quantitative manner.

It is possible, of course, to extend the models beyond the range of small per-
turbation inherent in the analysis of stability. Through the use of computer
simulation, for example, one can discover the behavior of unstable vehicles
when the perturbation variables grow to an extent that the linearized equa-
tions are no longer valid.

An aspect of the professional course that was of particular interest to
working engineers was the discussion of active means of influencing the
dynamics of automobiles. It is now fairly common to find active or semi-
active suspension systems, active steering systems, electronically controlled
braking systems, torque vectoring drive systems, and the like that actively
control the dynamics of automotive vehicles. Many of these control systems
follow the lead of similar systems first applied in aircraft. Throughout the
book, whenever it is appropriate, the idea that active means might be used
to improve the dynamics of a vehicle is presented. In particular, Chapter 11
discusses some of the active means used to improve the dynamics of vehicles
such as cars and airplanes.

Since all the studies of vehicle dynamics begin with the formulation of
mathematical models, there is a great deal of emphasis in this book on the
use of methods for formulating equations of motion. Chapter 2 deals with
the description of rigid body motion. In basic dynamics textbooks, the use of
a body-fixed coordinate system that proves to be very useful to describe the
dynamics of many vehicle types is typically not discussed at all. Chapter 2
describes the fundamental principles of mechanics for rigid bodies as well
as the general equations when expressed in a body-fixed coordinate system.

In other chapters, the more conventional derivations of the equations of
motion using Newton’s laws directly or Lagrange equations with inertial
coordinate systems are illustrated by a series of examples of increasing levels
of complexity. This gives the reader the opportunity to compare several ways
to formulate equations of motion for a vehicle.

For those with some familiarity with bond graph methods for system
dynamics, Chapter 2 contains a section that shows how rigid body dynamics
using a body-fixed coordinate frame can be represented in a graphical form
using bond graphs. The Appendix gives complete bond graph representa-
tions for an automobile model used in Chapter 6 and for a simplified aircraft
model used in Chapter 9. A number of bond graph processing programs
are available. This opens up the possibility of using computer automated
equation formulation and simulation for nonlinear versions of the linearized
models used for stability analysis.

The academic course has proved to be very popular over the years for
several reasons. First of all, many people are inherently interested in the
dynamics of vehicles such as cars, bicycles, motorcycles, airplanes, and
trains. Second, the idea that vehicles can exhibit unstable and dangerous
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behavior for no obvious reason is in itself fascinating. These instabilities are
particularly obvious in racing situations or in speed record attempts, but in
everyday life it is common to see trailers swaying back and forth or to see
cars slewing around on icy roads and to wonder why this happens. Third,
for those with some background in applied mathematics, it is always satisfy-
ing to see that relatively simple mathematical models can often illuminate
dynamic behavior that would otherwise be baffling.

The book does not attempt to be a practical guide to the design or modi-
fication of vehicles. The reader will have an appreciation of how an aircraft
designer goes about designing a statically stable aircraft but will not find
here a complete discussion of the practical knowledge needed to become an
expert. The reader will gain an appreciation of the automotive terms under-
steer, oversteer, and critical speeds, for example, but there are no rules of
thumb given for modifying an autocross racer. The References do, however,
include books and papers that will prove helpful in building up a practical
knowledge base relating to a particular vehicle dynamics problem.

For those interested in using the book as a text, it is highly recommended
that experiments and demonstrations be used in parallel with the classroom
lectures. The University of California, Davis is fortunate to be located near
the California Highway Patrol Academy, and their driving instructors have
been generous in giving demonstrations of automobile dynamics on their
high-speed track and their skid pans. The students are always impressed
that the instructors use the same words to describe the handling of patrol
cars that the engineers use such as “understeer” and “oversteer” but without
using the formal definitions that engineers prefer. Also, a trip to a local dirt
track provides a demonstration of the racers’ terms “tight” and “loose” as
well as some spectacular demonstrations of unstable dynamic behavior.

Furthermore, our university has its own airport. This has permitted the
students to experience aircraft dynamics personally as well as analytically
in the discussions of Chapter 9. The relation between stability and control is
much more obvious as a passenger in a small airplane than it is in commer-
cial aircraft. A good pilot can easily demonstrate several oscillatory modes
of motion (these are all stable for production small airplanes except possi-
bly for the low-frequency phugoid mode) and, if the passengers are willing,
can show the beginnings of some divergent modes of motion for extreme
attitudes.

In addition, it is possible to design laboratory experiments to illustrate
many of the analyses in the book. As examples, we have designed a dem-
onstration of trailer instability using a moving belt and a stationary model
trailer as well as a small trailer attached to a three-wheeled bicycle. These
models show that changes in center of mass location and moment of inertia
do indeed influence stability just as the theory in Chapter 5 predicts. Model
gliders have been designed to illustrate static stability and instability as dis-
cussed in Chapter 9. Even a rear-steering bicycle was fabricated to illustrate
the control difficulties described in Chapter 7.
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A number of exercises are included that may be assigned if the book is
used as a text. (A solutions manual for instructors is available.) Some of these
problems are included to help students appreciate assumptions behind deri-
vations given in the book. Other problems extend the analyses of the cor-
responding chapter to new situations or relate topics in one chapter to other
chapters. Still other problems are of a much more extensive nature and can
form the basis of small projects. They are intended to illustrate how mathe-
matical models of varying degrees of complexity can be used to suggest
design rules for improving the dynamics, stability, and control of vehicles.

The author hopes that the readers of this book will be as fascinated with
vehicle dynamics, stability, and control as he is and will be inspired to learn
even more about these topics.

Dean Karnopp

Department of Mechanical and Aerospace Engineering
University of California

Davis, California
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1

Introduction: Elementary Vehicles

Vehicles such as cars, trains, ships, and airplanes are intended to move peo-
ple and goods from place to place in an efficient and safe manner. This book
deals with certain aspects of the motion of vehicles usually described using
the terms “dynamics, stability, and control.” Although most people have a
good intuitive idea what these terms mean, this book will deal with math-
ematical models of vehicles and with more precise and technical meaning of
the terms. As long as the mathematical models reasonably represent the real
vehicles, the results of analysis of the models can yield insight into the actual
problems that vehicles sometimes exhibit, and in the best case, can suggest
ways to cure vehicle problems by modification of the physical aspects of the
vehicle or the introduction of automatic control techniques.

All vehicles represent interesting and often complex dynamic systems that
require careful analysis and design to make sure that they behave properly.
In particular, the stability aspect of vehicle motion has to do with assuring
that the vehicle does not depart spontaneously from a desired path. It is pos-
sible for an automobile to start to spin out at high speed or a trailer to begin
to oscillate back and forth in ever-wider swings seemingly without provoca-
tion. Most of this book deals with how the physical parameters of a vehicle
influence its dynamic characteristics in general and its stability properties in
particular.

The control aspect of vehicle motion has to do with the ability of a human
operator or an automatic control system to guide the vehicle along a desired
trajectory. In the case of a human operator, this means that the dynamic prop-
erties of such vehicles should be tailored to allow humans to control them
with reasonable ease and precision. A car or an airplane that requires a great
deal of attention to keep it from deviating from a desired path would prob-
ably not be considered satisfactory. Modern studies of the Wright brother’s
1903 Flyer indicate that, while the brothers learned to control the airplane, it
apparently was inherently so unstable that modern pilots are reluctant to fly
an exact replica. The Wright brothers, of course, did not have the benefit of
the understanding of aircraft stability that aeronautical engineers now have.
Modern light planes can now be designed to be stable enough that flying
them is not the daunting task that it was for the Wrights.

For vehicles using electronic control systems, the dynamic properties of
the vehicle must be considered in the design of the controller to assure that
the controlled vehicles are stable and have desirable dynamics. Increasingly,
human operators exercise supervisory control of vehicles with automatic
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control systems. In some cases, the control system must stabilize an inher-
ently unstable vehicle so that it is not difficult for the human operator to
control its trajectory. This is the case for some modern fighter aircraft. In
other cases, the active control system simply aids the human operator in con-
trolling the vehicle. Aircraft autopilots, fly-by-wire systems, antilock braking
systems, and electronic stability enhancement systems for automobiles are
all examples of systems that modify the stability properties of vehicles with
active means to increase the ease with which they can be controlled. Active
stability enhancement techniques will be discussed in Chapter 11 after the
dynamic properties of several types of vehicles have been analyzed.

In some cases, vehicle motion is neither actively controlled by a human
operator nor by an automatic control system but yet the vehicle may exhibit
very undesirable dynamic behavior under certain conditions. A trailer being
pulled by a car, for example, should obviously follow the path of the car in
a stable fashion. As we will see in Chapter 5, a trailer that is not properly
designed or loaded may however exhibit growing oscillations at high speeds,
which could lead to a serious accident. Trains that use tapered wheelsets are
intended to self-center on the tracks without any active control, but above
a critical speed, an increasing oscillatory motion called hunt can develop
that may lead to derailment in extreme cases. For many vehicles, this type
of unstable behavior may suddenly appear as a critical speed is exceeded.
This type of unstable behavior is particularly insidious since the vehicle
will appear to act in a perfectly normal manner until the first time the criti-
cal speed is exceeded, at which time the unstable motion can have serious
consequences.

This book will concentrate on the mathematical description of the dynam-
ics of vehicles. An important topic that can be treated with some general-
ity involves the stability of the motion of vehicles. Other aspects of vehicle
dynamics to be discussed fall into the more general category of “vehicle
handling” or “vehicle controllability” and are of particular importance
under extreme conditions associated with emergency maneuvers.

Obviously, vehicle stability is of interest to anyone involved in the design
or use of vehicles, but the topic of stability is of a more general interest. Since
the dynamic behavior of vehicles such as cars, trailers, and airplanes is to
some extent familiar to almost everybody, these systems can be used to
introduce a number of concepts in system dynamics, stability, and control.
To many people, these concepts seem abstract and difficult to understand
when presented as topics in applied mathematics without some familiar
physical examples. Everyday experience with a variety of vehicles can pro-
vide examples of these otherwise abstract mathematical concepts.

Engineers involved in the design and construction of vehicles typically
use mathematical models of vehicles in order to understand the fundamen-
tal dynamic problems of real vehicles and to devise means for controlling
vehicle motion. Unfortunately, it can be a formidable task to find accurate
mathematical descriptions of the dynamics of a wide variety of vehicles. Not
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only do the descriptions involve nonlinear differential equations that seem
to have little similarity from vehicle type to vehicle type, but in particular,
the characterization of the force-producing elements can be quite disparate.
One can easily imagine that rubber tires, steel wheels, boat hulls, or airplane
wings act in quite different ways to influence the motions of vehicles operat-
ing on land, on water, or in the air.

On the other hand, all vehicles have some aspects in common. They are all
usefully described for many purposes as essentially rigid bodies acted upon
by forces that control their motion. Some of the forces are under control of
a human operator, some may be under active control of an automatic con-
trol system, but all are influenced by the very nature of the force-generating
mechanisms inherent to the particular vehicle type. This means that not
very many people claim to be experts in the dynamics of a large number of
types of vehicles.

When describing the stability of vehicle motion, however, the treatment of
the various types of force-generating elements exhibits a great deal of simi-
larity. In stability analysis, it is often sufficient to consider small deviations
from a steady state of motion. The basic idea is that a stable vehicle will tend
to return to the steady motion if it has been disturbed while an unstable
vehicle will deviate further from the steady state after a disturbance. The
mathematical description of the vehicle dynamics for stability analysis typi-
cally uses a linearized differential equation form based on the nonlinear dif-
ferential equations that generally apply. The linearized equations show more
similarity among vehicle types than the more accurate nonlinear equations.
Thus, a focus on stability allows one to appreciate that there are interesting
similarities and differences among the dynamic properties of a variety of
vehicle types without being confronted with the complexities of nonlinear
differential equation models.

In this chapter, stability analyses will be performed for two extremely
simplified vehicle models to illustrate the approach. In later chapters more
realistic vehicle models will be introduced and it will become clear that
despite some analogous effects among vehicle types, ultimately the differ-
ences among the force-generating mechanisms for various vehicle types
determine their behavior particularly under more extreme conditions than
are considered in stability analyses. Complicated mathematical models are
routinely used in the design of many vehicle types and are studied using
computer simulation. Such models often contain so many parameters that
it is not easy to see how to solve dynamic problems that may arise. In this
book we will restrict the discussion mainly to relative simple but insightful
models that are particularly good at illuminating stability problems.

In this introductory chapter, the two examples that will be analyzed
require essentially no discussion of force-generating elements such as tires
or wings. They do, however, introduce the basic ideas of vehicle stability
analysis. The first example is actually kinematic rather than dynamic in the
usual sense, since Newton’s laws are not needed. The second example is



