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FOREWORD

State-of-the-art engineering practices in pressure vessel and piping technology are the result of con-
tinual efforts in the evaluation of problems which have been experienced and the development of
appropriate design and analysis methods for those applications. The resulting advances in technology
benefit industry with properly engineered, safe, cost-effective pressure vessels and piping systems. To
this end, advanced study continues in specialized areas of mechanical engineering such as fracture
mechanics, experimental stress analysis, high pressure applications and related material considerations,
as well as advanced techniques for evaluation of commonly encountered design problems.

This volume is comprised of current technical papers on various aspects of fracture, fatigue and ad-
vanced mechanics as related to the design and analysis of pressure vessels and piping.

The papers in this volume were prepared for presentation in technical sessions developed for the
1985 ASME Pressure Vessel and Piping Division Conference in New Orleans, La. The sessions on
Design and Analysis of Pressure Vessels, Fracture and Fatigue of Pressure Vessels and Piping, and
Thermal Fatigue and Thermal Striping were developed under the auspice of the Design and Analysis
Committee. The sessions on High Pressure Technology are under the auspice of the Sub-Committee
on High Pressure Technology.

While most of the individual papers in this volume were prepared for problems associated with a
specific industry, much of these works can be applicable to other industries as well. Hence, the subject

matter of the various papers may be suitable in analogous situations for the chemical, petro-chemical
and nuclear industries.

W. E. Short
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DESIGN AND ANALYSIS OF PRESSURE VESSELS — |
G. E. O. Widera

All the papers in this session deal with some aspect of the design and analysis of pressure vessels,
whether they be used for power generation, space and ocean exploration, coal gasification or other
applications.

In the paper by Natarajan and Widera, a three-dimensional FEM analysis of a T-branch pipe con-
nection under internal pressure loadingis presented. Comparison with experimental results shows that
the stress distributions and intensity factors can be predicted quite accurately. It is also shown that
the normal stress index increases as d/D increases.

The paper by Batra and Sun presents the values of the rotational spring constants at the juncture
of a radial nozzle and a spherical shell. It is shown that the value of this spring constant may be
reduced by increasing the shell diameter and decreasing the shell thickness, nozzle diameter and
nozzle thickness.

In his paper, Chao presents analytical solutions for stresses and displacements in spherical shells
due to various types of loading over a rectangular area.

McGrattan employs energy methods to derive the equations needed to rapidly assess the minimum
weight of cylindrical panels. Optimization techniques are applied to stress, stability and deflection
constraints.

The paper by Pourmohamadian and Sabbaghian deals with the application of thermoelastoplastic
theory using temperature dependent properties to determine the transient and residual stresses in a
cooling solid cylinder.






THREE-DIMENSIONAL ANALYSIS OF A T-BRANCH PIPING CONNECTION

R. Natarajan and G. E. O. Widera
Mechanical Engineering Department
University of lllinois at Chicago
Chicago, lllinois

ABSTRACT

Regulatory authorities require one to prove that
the main primary piping systems of nuclear power plants
are safety protected against different types of damages.
In particular, this proof has to be shown for normal
and lateral branch connections. Failures of these con-
nections are directly related to the peak stress re-
sulting from different loadings. Thus, an in-depth
parametric analysis of T-branch connections is
necessary.

Experimental or numerical studies on intersections
with diameter ratio larger than 0.5 are generally
lacking. The present authors have therefore focused
the attention on the diameter ratios of greater than
0.5. A brief description of the finite element model
for T-branch connection is presented. Using this, four
different diameter ratios have been studied. The re-
sults have been compared and the cost effectiveness is
brought out.

NOMENCLATURE

= outside diameter of the main shell

= outside diameter of the nozzle

stress intensity factor = 0/0,

internal pressure

thickness of the main shell

thickness of the nozzle

maximum stress in the shell

= hoop stresses in the shell

= angle measured along nozzle-cylinder intersections
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INTRODUCTION

The wide use of normally intersecting cylindrical
shells in nuclear and fossil power plants, as well as
petro-chemical industries, makes it an important,
necessary and interesting topic for study. Further,
regulatory authorities require one to prove that the
main primary piping systems of nuclear power plants
are safety protected against different types of damages.
Among these are excessive deformation, elastic, plastic
and elasto-plastic instability, fatigue, etc. 1In
particular, this proof has to be shown for normal and

lateral branch connections. Failures of these connec-

tions are directly related to the peak stress resulting
from different loadings. Thus, an in-depth parametric

analysis of T-branch connections is necessary.

Most of the analyses so far published have been
limited to configurations where the ratio of the diam-
eters of the branch to the main shell was less than 0.5
and for the range of the diameter to thickness ratio of
the main shell from ten to hundred. Experimental or
numerical studies on intersections with diameter ratio
larger than 0.5 are generally lacking. The present
authors have therefore embarked on a comprehensive
research project with a focus on the diameter ratios of
greater than 0.5. Further, the cost effectiveness of
this study has to be examined if the analysis is to be
extended to the in-elastic region.

In the following, a brief description of the finite
element model for the T-branch connection is presented.
Using this, four different diameter ratios have been
studied. The results have been compared and the cost
effectiveness is brought out.

IMPORTANCE OF THE PROBLEM

Of the different modes of failures to be guarded
against in the design of high temperature and pressure
bounded piping and components, fatigue failure due to
peak stress resulting from cyclic loading is very com-
plex to predict and very detrimental to the safety and
reliability of power plants. Peak stress is the highest
stress that a component or piping is subjected to in the
presence of local geometrical discontinuites. The
accurate determination of peak stresses in complex
asymmetric and quasisymmetric configurations is neither
practical nor feasible in all cases. For this reason,
the design codes, such as the ASME Boiler and Pressure
Vessel Code, Section III, and Division 2 of Section VIII
[15], provide stress indices or concentration factors
that can be readily used in design.

Section III of the ASME Code provides stress in-
dices for nozzles in spherical shells, formed heads and
cylindrical shells under low internal pressure loading
only. The stress index method simply consists of



expressing the peak stress as a product of amultiplier
called stress index and a known reference stress
component such as the nominal hoop stress of a main
pipe. The present code rules provide values of stress
indices for pressure loading normal stress index esti-
mate for d/D < 0.15.

Since the early analytical investigation of
Bijlaard (1), there have been numerous other studies on
this subject using both analytical and experimental
methods. Raju (2,3,4) studied 45 degree lateral
connections subjected to inplane moment and pressure
loading using three-dimensional finite elements. The
analyses were restricted to d/D ratios of 0.08 and 0.5.
The shells considered were shallow since the value of
A ( = =r» a measure of the inclusion size) was below 3.0.
In the Conclusion section, suggestions were made for
the study of lateral connections with d/D > 0.5 along
with other loading conditions. In Reference 5, Steele
studied the case of a radial nozzle loaded due to
normal load and longitudinal and circumferential moment.
He used Flugge-Conrad and Sanders-Simmonds solutions
and developed a computer code named 'FAST'. It is
worth mentioning that the case studies carried out, had
d/D < 0.5. Here again, it was recommended that a more
detailed analysis was necessary to study the effect of
reinforcements on the stress indices. The above re-
ferred method of analysis was extended by Ranjan (6) to
include three more loading cases. The computer code
developed, called NUTSHELL, was capable of analyzing
shell intersections with d/D = 0.2. Berger (7) dis-
cussed the stress distribution at the intersections,
due to four moment loads, pressure load and thermal
load, with the help of the finite element analysis. In
that report, a case of d/D ratio greater than 0.5 was
considered. Khan (8) compared the stress distribution
in reinforced and unreinforced radial branchings of
pipes under inplane, out of plane and internal pressure
loading using the finite element method. With the help
of a combination of eight noded brick and shell elements
he showed excellent agreement of the stresses near the
junction with experimental results. A similar type of
finite element approach was used by Kozluk (9) for the
analysis of a T-junction used in the Bruce Nuclear
generating station 'A' steam generator. In this case
sixteen unit loading conditions were taken into account
(12 mechanical + pressure + 3 thermal loadings) but
only one quarter of the geometry of the pipe assembly
was considered. This was made possible by adjusting
the boundary conditions. Zhixiang (10) studied both
experimentally and numerically equal diameter tees and
reported a good correlation between the results. The
reinforced small opening vessel data presented as
SHELLTECH report 81-5 has been recently published in
the form of a WRC Bulletin (11) by Mershon et al. This
bulletin presents the plots of stress resultants on the
vessel for radial as well as two moment loads at the
nozzle end. The ratio d/D is again limited to 0.5.
Steele (12) extended his previous study on small
openings in vessels, to large openings but the analysis
is again restricted to rigid nozzles and due to exter-
nal loads only. A wealth of experimental results for
stress concentrations factors and flexibility factors
are available in Ref. (13) but again they are restric-
ted to d/D < 0.5.

From the above short review of progress made on
the present topic, it is seen that studies have not
been conducted on the effect of internal pressure pipe
branch connections with d/D > 0.5, and, in particular,
on lateral connections. The flexibility of the con-
nection, an important aspect from the piping point of
view, has also surprisingly been given very little
attention so far. All the finite element analyses
conducted have either used three-dimensional elements

or shell elements. Furthermore, the analysis of the
present problem is very expensive and a cost effective-
ness study is very important when it is required to
analyze the intersection problems for a large number of
load cases and different geometries. This becomes even
more critical when an in-elastic study needs to be
conducted.

In the present paper a study of the T-branch pipe
connection under internal pressure loading is attempted
using 20-noded iso-parametric elements. A comparative
study of the stress field in the intersection region
of the two cylindrical shells with no reinforcement
with other such published results are presented to show
the validity of the present model as well as to examine
the cost effectiveness.

FINITE ELEMENT ANALYSIS

The finite element analysis has been performed
using a computer source code developed by the first
named author [14]. The generation of the mesh and
nodal coordinates are also incorporated in the program.
In the analyses, 20-noded iso-parametric elements have
been used and its stiffness generated with economical
use of the elasticity matrix. The finite element re-
presentative distribution is shown in Fig. 1. Due to
the symmetry of the structure and loading, only a quar-
ter of the model was used for the analysis. The analy-
sis was performed with two different mesh distributions
to study the convergence with respect to the element
size. By comparison, a model with 100 elements was
found to be adequate. The complete model has everywhere
one element though the thickness and has 818 nodes. The
boundary conditions used in the analyses are as follows:
(a) Symmetry boundary conditions are imposed on sym-

metry surfaces.

(b) The free end of the branch pipe and the main shell
are subjected to a longitudinal stress as obtained
from the corresponding relation Pd/2t.

The finite element analyses have been carried out
for four different ratios of d/D and the nominal
dimensions of T-branch are shown:

donei Pinck Sinet Timgh 4D
Model 1 (Ref. 8) 4.5 6.25 0.237 0.28 0.68
Model 2 4.5 9.0 0.237 0.28 0.5
Model 3 4.5 7.5 0.237 0.28 0.6
Model & 4.5 6.0 0.237 0.28 0.75

RESULTS AND DISCUSSION

To check the validity of the present model, the
elastic stress analysis of the T-branch with pipe
dimensions as per Ref. 8 (Model 1) was used since, to
the knowledge of the authors, it is the only analysis
available for d/D > 0.5. The hoop and longitudinal
stress on the main cylinder have been plotted and
compared as shown in Fig. 2. The stress components are
normalized by dividing them by "hoop stress'" in themain
shell. It has been seen that the hoop and longitudinal
stress distribution obtained from the present finite
element analysis agrees very well with those of
Reference 8, thus validating the model for its accuracy.
It is now thus possible to use the present three-
dimensional finite element program for the parametric
study of T-branch pipe connections.

It is a normal practice, in cylindrical pressure
vessels, to assume that the effect of singularities are
not felt after a distance of one diameter along the
length of the cylinder. Thus to understand the impor-
tance of the end conditions of the shell, an analysis



was conducted with both the main shell end and branch
shell end free. The length of the main shell was taken
more than two times its diameter. The normalized hoop
stress distribution is shown in Fig. 3 indicating the
remarkable difference in the stress distribution. The
comparison of the curves show that the bending produced
on the main shell due to the presence of the nozzle is
more prominent if the ends of the cylinder are
considered free.

Having established a three-dimensional finite
element model, a parametric study of the T-branch con-
nection has been carried out. The contour plot of the
normalized hoop stress at © = 180° has been calculated
by interpolating the stresses obtained at the integra-
tion point in the element. Thus the stress index (as
defined by ASME code NB-3683.1 (d)) has been calculated
for the four models analyzed and is given as follows:

0n g In

Model 1 26.0 11.58 2.:25

Model 2 29.5 15.6 1.89

Model 3 25.0 12.9 1.94

Model 4 24.0 10.20 2.35
CONCLUSIONS

(1) An effective three-dimensional finite element
model has been developed for the analysis of T-branch
pipe connections since the resulting stress distribu-
tion agrees very well with those already available in
the literature.

(2) The number of elements used in the present
study, conducted for comparison sake, is 100 and is
much less than the corresponding member used in
Reference 8. The stress distributions and stress in-
tensity factors have been predicted quite accurately
with the present model. The effect of end conditions
on the stress distribution has also been studied
accurately. Thus with lesser pre- and post-processing
time as well as lesser execution time, it is now
possible with the present model to study the T-branch
connection accurately.

(3) Results for the normal stress index for four
different d/D ratio have been reported and found to in-
crease as d/D increases.
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ON ROTATIONAL SPRING CONSTANTS AT THE JUNCTURE OF
A RADIAL NOZZLE AND A SPHERICAL SHELL

B. Batra* and B. C. Sun, Associate Professor
Mechanical Engineering, New Jersey Institute of Technology
Newark, New Jersey

ABSTRACT K = Rotational Spring Constant
This paper presents the values of the rotational K, to'R, = Constants

spring constants (i.e. Spring Constants due to bending

moment) at the juncture of a radial nozzle and a spher- Rer s, Kel 8, Ker u, Kel u =

ical shell. This rotational spring constant is a func- Kelvin functions of zero order

tion of diameters and thicknesses of nozzle and vessel. Ker's, Kei's, Ker'u, Kei'u =

It is known that a lower Rotational Spring Constant at
the juncture would reduce the local peak stresses
which is very important in fatigue design of pressure
vessel. This study shows that the value of the Rota-
tional Spring Constant may be reduced by increasing the 1
shell diameter and decreasing the shell thickness,
nozzle diameter and nozzle thickness. Analytical der-
ivations for this spring constant are presented in
this paper. The actual values of Rotational Spring
Constants for various nozzle-shell combination have
been computed using a digital computer. These values

Derivatives of Kelvin functions
2
= R%2/ (2102 1%

to L4 = Constants

= =

= Bending moment coming through a nozzle

Bending moment (Mx) in the nozzle at x=0

el Al
1

= Radial moment acting per unit width upon
a normal section of the spherical shell

are tabulated and plotted in this paper to facilitate My = Tangential' moment acting per unit width
the vessel design and stress analysis. uﬁo? a meridional section of the spherical
shell
NOMENCLATURE Mxy= Twisting moment in the nozzle or spherical
shell
a = Radius of the middle surface 3 2
of the radial nozzle W = En7/[12(1-u")
Flexural rigidity of nozzle
A 1 to A4 5= Constants
1, i Nx = Radial membrane force, acting per unit
Bl to B4 = Constants width upon a normal section of the
CB,C4’012 = Constants spherical shell
N = Tangential membr f i
3 2., embrane force, acting per
D = Et”/[12(1-u")] = Flexural Ridigity of y unit width upon a meridional section of
spherical shell the spherical shell
D, to D = Constants
1 12 Q = Transverse shear force in cross-section
E. = Modulus of elasticity at room temperature of the nozzle
Q= Equivalent transverse shear force for
Eh = Modulus of elasticity at temperature X nozzle in section upon which Q acts
of operation 2
va= Transverse shear force in cross-section
= Stress Function of the spherical shell
h = Thickness of the radial nozzle Q_ = Equivalent transverse shear force for
XV
H. to H. = Constants spherical shell in section upon which
1 8 va acts
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R = Radius of middle plane of spherical shell

= Radius of curvature of middle surface of
Spherical Shell in a latitudinal plane
(Refer Fig. 1)

= 1/1=1.81784(r/R). (R/t) 2

s

t = Thickness of the spherical shell

T = Temperature of operation

Tx = Axial membrane force in the nozzle

Ty = Tangential membrane force in the nozzle

Tx9= Membrane shear force in the nozzle

u = a/1=l.81784(a/R).(R/t)li

u; = Axial displacement of the nozzle

vy = Displacement of the nozzle in the
tangential, (6) direction

v = Transverse shear Ve in nozzle at x=0

w, = Radial deflection of the nozzle, positive
if directed outwards

w, = Radial deflection of the spherical shell,
positive if directed outwards

X = Axial coordinate of cylindrical shell
(nozzle)

y = Tangential coordinate of cylindrical
and spherical shells

z = Radial coordinate of cylindrical shell

(nozzle)

Greek Symbols

a = Slope angle at the juncture of spherical
shell and nozzle with respect to their
original positions due to their deflections

ay = (1/a) [1- (/20 +(3A-1H) r41-(3/40)) 717

B = R/t (A Shell Parameter)
2
B, = (332 /(%1
% 2 2yy3.%
g1 = (1/a) [-1+(1/2w)+(3(1-u ) r +1-(3/4u")) )
Y = a/h (A Nozzle Parameter)
€ = Unit strain
® = Polar coordinate for spherical shell
and nozzle, in radians
u = Poisson's Ratio (Assumed as 0.3 for
calculations)

= t/h (Shell Thickness/Nozzle Thickness)

¢ = Angle between shell axis and normal to
middle surface of spherical shell,
in radians

V= (d%/ar®)+(1/r) (d/dr)

INTRODUCTION

With the advent of more and more chemical plants,
power plants and other process plants, the safety re-
quirement and economy in design of pressure vessels are
gaining high priority. This leads to the requirement
of a more accurate stress analysis.

It is known that there exist highly localized
stresses at the juncture of nozzle and pressure vessels,
both in cylindrical and spherical tupes. However, these
stresses cannot be accurately evaluated even with most
modern and highly sophisticated computer programs with-
out reliable values of the spring constants at these
junctures. The radial spring constants at the juncture
of a radial nozzle and a spherical shell are given in
Ref [1]. This paper deals specifically with rotational
spring constants (i.e. spring constants due to bending
moment) at the juncture of a nozzle and a spherical
shell.

Bijlaard has studied the differential equations for
a bending moment acting on a spherical shell. His so-
lution leads to the deflection of the spherical shell
only [2]. He did not specify the relationships of ro-
tational spring constants in terms of shell parameters
(diameter and thickness) and the nozzle parameters (di-
ameter and thickness). This part is explicitly devel-
oped here. The solution involves Kelvin functions of
zero and first order along with their derivatives.

These are obtained by programming the mathematical
equations given by Abromowitz and Stegun [3].

DERIVATION OF EXPRESSION FOR DEFLECTION OF SPHERICAL
SHELL DUE TO BENDING MOMENT

The radial deflection and stress function for the
case of bending moment acting on the nozzle is given
by [4]:

w, = (C3Ker's + ChKei's)Cos 0 (1)
F o= [Et2/(12(1-12)) %]. (C Kei's=C, Ker's+C, s 1)
3 4 12
Cos 6 (2)

where v, = Radial deflection of spherical shell
(in the direction of exterior normal)
F = Stress function
6 = Polar co-ordinate for cylindrical and spherical
shells, in radians
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Fig.l Spherical shell subjected to a bending moment
(M) acting on a nozzle



The deflections of the nozzle in axial, tangential
and radial directions are given by [2]:
u = [e alx(H Cos B x + HGSin B X)—
(M/(WahE)).(x/a)—H3a].Cos ] (3)
v, = [e alx(H Cos B x + HgSin B x)—
" (/(2mahE)). (x>/a° )-Hyx-H, ] (4)
= sarx
L [e (HlCos le + HZSin le)+
(W (2nahE)) . (x*/a”)+2u)+ By, ] 5)

Equations (1) and (2) contain 3 unknown constants,
namely C3,C, and Cy, while equations (3),(4) and (5)
contain 2 unknown constants, namely Hj,Hp,H3 and Hy.
(The constants Hs,Hg,H; and Hg can be expressed in
terms of constants Hj and Hy as per equations (27)
and (40) of Ref. [2]). These 7 unknown constants
require 7 boundary conditions between the spherical
shell and the nozzle. These are given as follows:

Boundary Condition I:
The cross-section of the nozzle remains circular

and its radius does not change. Hence B.C. I is given
by:
W), o =0 6)

Boundary Condition II:
Since the plane cross-section remains the same,
the B.C. II is given by:

(ul) =0 7

X=0

Fig.2 Deflections of nozzle and spherical shell due
to a bending moment

Fig.3 Normal and shear forces acting on the spherical
shell at the nozzle-sphrical shell juncture

Boundary Condition III:
Since the shell is subjected to the external
moment, we have from Ref. [5]:

¢, = [3(-u2) 1% R/ (nEt%1) (8)

12
Boundary Condition IV:

From Fig. 2, the compatibility of rotation at
the juncture of spherical shell and nozzle requires:

’(Bwv/ar)—(awllax) = -wv/a

or, (wv/a-Bwv/Br‘)r=a = (awllax)x=0 9)
Boundary Condition V:

The rotation of the spherical shell at r=a and
that of nozzle at x=0 should be equal. This leads to:

(e ) = (e

yv’r=a 6

) (10)

x=0

Boundary Condition VI:
At the juncture, the bending moment My in the

walls of the nozzle and shell should be equal. Hence,
we set:
(Mxv)r=a = (Mx)x=0 an

Boundary Condition VII:

The shear force Qy in the nozzle at x=0 has to
be in equilibrium with the horizontal components of
the force in the shell at r=a. Hence from Fig. 1
and Fig. 3, we have:

NxCos¢o+QXVSin¢o = Qx

Here 6;v and 6& are the equivalent transverse
shear forces for shell and nozzle respectively, in-
cluding the effects of the twisting moments. Since
¢o is assumed to be small, this condition reduces to:

(-a2/28DN_+ 2/, = @), (12)

Since boundary condition-III determine Cjj, the
rest six unknowns Hl,Hz,HB,H4, and C are to be
found using conditions I,II and I% through VII.

From conditions I & III, we set [2]:
H, = -H-(uM/mahE) (13)

and Hy = Hs/a (14)
Using the remaining 4 conditions (i.e. IV

through VII), the constants C3,C4, Hj and Hy can be

found from equations (54),(59),(61) and (68) of

Ref. [2]. These equations are numbered (15) to

(18) in this paper and are given below:

D1C3+D2C4 [al—

¢,- [+ y(12(A-u ))1/pu 1 —[th(12(l—u2))1/

(L,/a) 18 - [8,+(L,/a) JH, = O (15)

3 C4*D,
o2 1= (1/m) 1 o )~ (1) (120170 F) 1. (/e 1)
(16)

p.Cc.,+b.C,-D H +D

_ 2 2 2
5C4+DgC,, H,=[(2-p )/(12(1-u")m) 1. (RM/Et"1)

an



. —T(1- _ 23y} 3
D903+D10C4+D11H1 D, ,H, [(1-1) (12(1-u7)) % /wa”].

(RM/Et21) (18)
where constants Dl to D12 are given below:

Dl = (u/a).[Kei u + (2/u)Ker~u] (19)
D, = (u/a)[(2/u).Kei’u - Ker u] (20)
D, = [(1+1)/ul.Ker u + Ker’u + [2(1+u/u’].Kei’u (21)

=]
]

, = ~[(+) /ul.Kei u + Kei“u- [2(1+w)u’].Kei‘u (22)
Dy = [v2u/(12(1-13) %] [(1-wu L Ket u +
2(1-p)u 2. Ker™u = Kei*u] (23)
Dg = [v’u/ (12111 [~(1-w)u L Ker u

+ 2(1-u)u 2.Kei’u + Ker“u] (24)
b, = e’/ u2a-u")) . [od-67-u 0+ ) /a2

+ (NlLl+BlL2)/a] (25)
Dg = v’a’/ (o u(121-4")) 1. (20,8, +
ULA/az-(ale—BlLl)/a] (26)
Dy = (1-n)u " (Ker u-2u 'Keiu) -

(%7 (1215 1. 1= 002 Kei w
- Ker u+u_l.Kei‘u + 2(l—u).u_3.Ker‘u 1 (27)

D10= (l—n).u—l.(Kei u+2u—l.Ker’u) +

[w3e?/(12(1-45)v21. [(1-wu 2. Ker u

+ Kel why YRer“u-2(1-#).u >.Kei“u] (28)
1

D= [a”/ (wPo®y(12(1-1")) ). [a, (a2-367) -

(Z—u)al/a2+(3—u)(—alLB—BlLa)/(ZaZ) +

2 -2
(o]-B)L +2a,8 L,
22 !
D,= [a*/u’e?y(21-1%)) 1. 18, (3a*-82) -

)/a+(1-wL, /(2a)] (29)

(2-1)8, /2"~ (3-u) (- L, 48,1 )/ (2a%) -
((a2-8D)L)=20,811)) fa=(1-W)L,/ (2a%) ] (30)

where aj and By are given by Eq. (11) of Ref. [2]
and are as follows:

D L. 1

)) 1%

By = (1/a). [- (- (1/20+(3(1-u7)y241-3/ () )T (32)

ap = (1/a). [1-1/ @u)+(3(1-12)y +1-3/ (4 (31)

The constants L, to L, are as follows:

1 4
L = K /Kg (33)
L, = K,/Kg (34)
L, = K3/K5 (35)
L, = K,/K (36)

where constants Kl to K5 are as given below:
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Kl = aal[(l—u).(l-3u(1+u+u2))—12(l—u4)Y2 +

@) 2+33u?) 1260 1-uP)vP) a8 (37)
K, = =8 [(1-w). (1-3u(L+r+u2))-12(1-u*)y2 -

= . 33D 126u1-uP) D) a%el ] (38)
Ky = (=) (34 (1-3uH) 412 (1-2p-1%) (1-u2) v (39)
R, = 200w (- +2 2+ D)y la%ag 8, (40)
K = (120224 (143012 (41)

Thus the final solution for the deflection of
the spherical shell due to a bending moment M is
given by equation (1) where constants C3 and C4 are
obtained by solution of 4 simultaneous equations (15)
to (18) for 4 unknowns; namely Cj3,C4,H; and Hp. The
other constants; namely Dj to Dj2, L to L4, K1 to Ks,
o] and By used in these equations are given by equa-
tions (19) to (41).

APPROACH FOR EVALUATION OF ROTATIONAL SPRING CONSTANTS
The expression for deflection

w_ = (C3Ker’s + C,Kei”s)Cos 6 (1)

v 4

is valid at any point of spherical pressure vessel
specified by radius r. Since, we are interested only
in the deflection of the vessel at the juncture of
nozzle and spherical shell, we let r=a.

At r=a, s=a/l=u

Also, for present analysis 6=0 since we are interested
in maximum deflection due to moment which occurs in
the plane where the moment is acting. Hence, the
expression for w, for this case becomes:

w = C,Ker“u + C,Kei’u (42)
v 3 4
1
where u = a/1=a.[12(1—u2)/R2t2]1
Substituting p=0.3, we set:
u = 1.81784.a/V/Rt  or
u = 1.81784.(a/R)VR/t (43)

The rotational spring constant due to bending moment
is given by referring to Fig. 4:

K, = M/ | o] (44)
From Fig. 4:

wV = ¢.a

lol= lul/a

Substituting this expression for ¢ in equation (44),
we set:

Ky = M.a/lwv| (45)



