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Preface

Elementary number theory is concerned with the arithmetic properties of
the ring of integers, Z, and its field of fractions, the rational numbers, Q.
Early on in the development of the subject it was noticed that Z has many
properties in common with A = F[T], the ring of polynomials over a finite
field. Both rings are principal ideal domains, both have the property that
the residue class ring of any non-zero ideal is finite, both rings have infinitely
many prime elements, and both rings have finitely many units. Thus, one
is led to suspect that many results waich hold for Z have analogues of
the ring A. This is indeed the case. The first four chapters of this book
are devoted to illustrating this by presenting, for example, analogues of
the little theorems of Fermat and Euler, Wilson’s theorem, quadratic (and
higher) reciprocity, the prime number theorem, and Dirichlet’s theorem on
primes in an arithmetic progression. All these results have been known for
a long time, but it is hard to locate any exposition of them outside of the
original papers.

Algebraic number theory arises from elementary number theory by con-
sidering finite algebraic extensions K of Q, which are called algebraic num-
ber fields, and investigating properties of the ring of algebraic integers
Ok C K, defined as the integral closure of Z in K. Similarly, we can con-
sider k = F(T'), the quotient field of A and finite algebraic extensions L of
k. Fields of this type are called algebraic function fields. More precisely, an
algebraic function fields with a finite constant field is called a global func-
tion field. A global function field is the true analogue of algebraic number
field and much of this book will be concerned with investigating proper-
ties of global function fields. In Chapters 5 and 6, we will discuss function
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fields over arbitrary constant fields and review (sometimes in detail) the
basic theory up to and including the fundamental theorem of Riemann-
Roch and its corollaries. This will serve as the basis for many of the later
developments.

It is important to point out that the theory of algebraic function fields
is but another guise for the theory of algebraic curves. The point of view
of this book will be very arithmetic. At every turn the emphasis will be
on the analogy of algebaic function fields with algebraic number fields.
Curves will be mentioned only in passing. However, the algebraic-geometric
point of view is very powerful and we will freely borrow theorems about
algebraic curves (and their Jacobian varieties) which, up to now, have no
purely arithmetic proof. In some cases we will not give the proof, but will
be content to state the result accurately and to draw from it the needed
arithmetic consequences.

This book is aimed primarily at graduate students who have had a good
introductory course in abstract algebra covering, in-addition to Galois the-
ory, commutative algebra as presented, for example, in the classic text of
Atiyah and MacDonald. In the interest of preserting some advanced re-
sults in a relatively elementary text, we do not aspire to prove everything.
However, we do prove most of the results that we present and hope to in-
spire the reader to search out the proofs of those important results whose
proof we omit. In addition to graduate students, we hope that this material
will be of interest to many others who know some algebraic number the-
ory and/or algebraic geometry and are curious about what number theory
in function field is all about. Although the presentation is not primarily
directed toward people with an interest in algebraic coding theory, much
of what is discussed can serve as useful background for those wishing to
pursue the arithmetic side of this topic.

Now for a brief tour through the later chapters of the book.

Chapter 7 covers the background leading up to the statement and proof
of the Riemann-Hurwitz theorem. As an application we discuss and prove
the analogue of the ABC conjecture in the function field context. This
important result has many consequences and we present a few applications
to diophantine problems over function fields.

Chapter 8 gives the theory of constant field extensions, mostly under the
assumption that the constant field is perfect. This is basic material which
will be put to use repeatedly in later chapters.

Chapter 9 is primarily devoted to the theory of finite Galois extensions
and the theory of Artin and Hecke L-functions. Two versions of the very
important T'chebatorov density theorem are presented: one using Dirichlet
density and the other using natural density. Toward the end of the chapter
there is a sketch of global class field theory which enables one, in the abelian
case, to identify Artin L-series with Hecke L-series.

Chapter 10 is devoted to the proof of a theorem of Bilharz (a studentof
Hasse) which is the function field version of Artin’s famous conjecture on
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primitive roots. This material, interesting in itself, illustrates the use of
many of the results developed in the preceding chapters.

Chapter 11 discusses the behavior of the class group under constant field
extensions. It is this circle of ideas which led Iwasawa to develop “Iwasawa
theory,” one of the most powerful tools of modern number theory.

Chapters 12 and 13 provide an introduction to the theory of Drinfeld
modules. Chapter 12 presents the theory of the Carlitz module, which was
developed by L. Carlitz in the 1930s. Drinfeld’s papers, published in the
1970s, contain a vast generalization of Carlitz’s work. Drinfeld’s work was
directed toward a proof of the Langlands’ conjectures in function fields.
Another consequence of the theory, worked out separately by Drinfeld and
Hayes, is an explicit class field theory for global function fields. These chap-
ters present the basic definitions and concepts, as well as the beginnings of
the general theory.

Chapter 14 presents preliminary material on S-units, S-class groups, and
the corresponding L-functions. This leads up to the statement and proof of
a special case of the Brumer-Stark conjecture in the function field context.
This is the content of Chapter 15. The Brumer-Stark conjecture in function
fields is now known in full generality. There are two proofs — one due to
Tate and Deligne, another due to Hayes. It is the author’s hope that anyone
who has read Chapters 14 and 15 will be inspired to go on to master one
or both of the proofs of the general result.

Chapter 16 presents function field analogues of the famous class number
formulas of Kummer for cyclotomic number fields together with variations
on this theme. Once again, most of this material has been generalized
considerably and the material in this chapter, which has its own interest,
can also serve as the background for further study.

Finally, in Chapter 17 we discuss average value theorems in global fields.
The material presented here generalizes work of Carlitz over the ring A =
F[T]. A novel feature is a function field analogue of the Wiener-Ikehara
Tauberian theorem. The beginning of the chapter discusses average values
of elementary number-theoretic functions. The last part of the chapter deals
with average values for class numbers of hyperelliptic function fields.

In the effort to keep this book reasonably short, many topics which could
have been included were left out. For example, chapters had been contem-
plated on automorphisms and the inverse Galois problem, the number of
rational points with applications to algebraic coding theory, and the theory
of character sums. Thought had been given to a more extensive discussion
of Drinfeld modules and the subject of explicit class field theory in global
fields. Also omitted is any discussion of the fascinating subject of transcen-
dental numbers in the function field context (for an excellent survey see J.
Yu [1]). Clearly, number theory in function fields is a vast subject. It is of
interest for its own sake and because it has so often served as a stimulous to
research in algebraic number theory and arithmetic geometry. We hope this
book will arouse in the reader a desire to learn more and explore further.
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Polynomials over Finite Fields

In all that follows F will denote a finite field with ¢ elements. The model for
such a field is Z/pZ, where p is a prime number. This field has p elements.
In general the number of elements in a finite field is a power of a prime,
q = p!. Of course, p is the characteristic of F.

Let A = F[T], the polynomial ring over F. A has many properties in
common with the ring of integers Z. Both are principal ideal domains, both
have a finite unit group, and both have the property that every residue class
ring modulo a non-zero ideal has finitely many elements. We will verify all
this shortly. The result is that many of the number theoretic questions we
ask about Z have their analogues for A. We will explore these in some
detail.

Every element in A has the form f(T) = a¢T™ + a1 T + - 4 a,,.
If ag # 0 we say that f has degree n, notationally deg(f) = n. In this
case we set sgn(f) = ag and call this element of F* the sign of f. Note
the following very important properties of these functions. If f and ¢ are
non-zero polynomials we have

deg(fg) = deg(f) +deg(g) and sgn(fg) = sgn(f)sgn(g).

deg(f + g) < max(deg(f), deg(g)).

In the second line, equality holds if deg(f) # deg(g).

If sgn(f) = 1 we say that f is a monic polynomial. Monic polynomials
play the role of positive integers. It is sometimes useful to define the sign of
the zero polynomial to be 0 and its degree to be —oo. The above properties
of degree then remain true without restriction.
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Proposition 1.1. Let f,g € A with g # 0. Then there exist elements
q,7 € A such that f = qg + r and r is either 0 or deg(r) < deg(g).
Moreover, q and r are uniquely determined by these conditions.

Proof. Let n = deg(f), m = deg(g), o = sgn(f), B = sgn(g). We give
the proof by induction on n = deg(f). If n < m, set ¢ =0 and r = f. If
n > m, we note that f| = f — af~'T" ™g has smaller degree than f. By
induction, there exist ¢;,7; € A such that f; = q1g-+r; with r; being either
0 or with degree less than deg(g). In this case, set ¢ = a3~ 'T" ™ + ¢, and
r = r; and we are done.

If f =qg+7r =q g+7', then g divides » — 7" and by degree considerations
we see 7 = r’. In this case, qg = ¢'g so ¢ = ¢ and the uniqueness is
established.

This proposition shows that A is a Euclidean domain and thus a principal
ideal domain and a unique factorization domain. It also allows a quick proof
of the finiteness of the residue class rings.

Proposition 1.2. Suppose g € A and g # 0. Then A/gA is a finite ring
with q4°89) elements.

Proof. Let m = deg(g). By Proposition 1.1 one easily verifies that {r €
A | deg(r) < m } is a complete set of representatives for A/gA. Such
elements look like

r= Oton_1 + Olle_2 +or+ o1 with oz € F.

Since the «; vary independently through F there are g™ such polynomials
and the result follows.

Definition. Let g € A. If g # 0, set |g| = q@°8(9). If g = 0, set |g| = 0.

|g| is a measure of the size of g. Note that if n is an ordinary integer, then
its usual absolute value, |n|, is the number of elements in Z/nZ. Similarly,
|g| is the number of elements in A/gA. It is immediate that |fg| = |f| |g]
and |f + g| < max(|f],|g|) with equality holding if |f| # |g|.

It is a simple matter to determine the group of units in A, A*. If ¢
is a unit, then there is an f such that fg = 1. Thus, 0 = deg(l) =
deg(f) + deg(g) and so deg(f) = deg(g) = 0. The only units are the non-
zero constants and each such constant is a unit.

Proposition 1.3. The group of units in A is F*. In particular, it is a finite
cyclic group with ¢ — 1 elements.

Proof. The only thing left to prove is the cyclicity of F*. This follows from
the very general fact that a finite subgroup of the multiplicative group of
a field is cyclic.

In what follows we will see that the number ¢ — 1 often occurs where the
number 2 occurs in ordinary number theory. This stems from the fact that
the order of Z* is 2.
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By definition, a non-constant polynomial f € A is irreducible if it cannot
be written as a product of two polynomials, each of positive degree. Since
every ideal in A is principal, we see that a polynomial is irreducible if and
only if it is prime (for the definitions of divisibility, prime, irreducible, etc.,
see Ireland and Rosen [1]). These words will be used interchangeably. Every
non-zero polynomial can be written uniquely as a non-zero constant times
a monic polynomial. Thus, every ideal in A has a unique monic generator.
This should be compared with the statement that evey non-zero ideal in Z
has a unique positive generator. Finally, the unique factorization property
in A can be sharpened to the following statement. Every f € A, f # 0, can
be written uniquely in the form

f=aPO P ... P,

where a € F* , each P; is a monic irreducible, P; # P; for ¢ # j, and each
e; is a non-negative integer. '

The letter P will often be used for a monic irreducible polynomial in A.
We use P instead of p since the latter letter is reserved for the characteristic
of F. This is a bit awkward, but it is compensated for by being less likely
to lead to confusion.

The next order of business will be to investigate the structure of the
rings A/fA and the unit groups (A/fA)*. A valuable tool is the Chinese
Remainder Theorem.

Proposition 1.4. Let my, mao,...,m; be elements of A which are pairwise
relatively prime. Let m = mimy...m; and ¢; be the natural homomor-
phism from A/mA to A/m;A. Then, the map ¢ : A/mA — A/mA®
A/meA®---® A/miA given by

#(a) = (¢1(a), 2(a), . .., ¢e(a))

is a ring isomorphism.

Proof. This is a standard result which holds in any principal ideal domain
(properly formulated it holds in much greater generality).

Corollary. The same map ¢ restricted to the units of A, A*, gives rise to
a group isomorphism

(A/mA)* ~ (A/m1A)" x (A/maA)* x -+ x (A/m,A)*.

Proof. This is a standard exercise. See Ireland and Rosen [1], Proposition
3.4.1.

Now, let f € A be non-zero and not a unit and suppose that f =
aP{' Py? .. PPt is its prime decomposition. From the above considerations
we have

(A/fA)" ~ (A/P{YA)" x (A/P52A)" x --- x (A/ Pt A)*.
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This isomorphism reduces our task to that of determining the structure
of the groups (A/P¢A)* where P is an irreducible polynomial and e is a
positive integer. When e = 1 the situation is very similar to that is Z.

Proposition 1.5. Let P € A be an irreducible polynomial. Then, (A/PA)*
is a cyclic group with |P| — 1 elements.

Proof. Since A is a principal ideal domain, PA is a maximal ideal and so
A/PA is a field. A finite subgroup of the multiplicative group of a field is
cyclic. Thus (A/PA)* is cyclic. That the order of this group is |P| — 1 is
immediate.

We now consider the situation when e > 1. Here we encounter something
which is quite different in A from the situation in Z. If p is an odd prime
number in Z then it is a standard result that (Z/p°Z)* is cyclic for all
positive integers e. If p = 2 and e > 3 then (Z/2°Z)* is the direct product
of a cyclic group of order 2 and a cyclic group of order 2¢~2. The situation
is very different in A.

Proposition 1.6. Let P € A be an irreducible polynomial and e a positive
integer. The order of (A/P¢A)* is |P|*~}(|P| —1). Let (A/P¢A)(") be the
kernel of the natural map from (A/P¢A)* to (A/PA)*. It is a p-group of
order |P|°~1. As e tends to infinity, the minimal number of generators of

(A/P¢A)D) tends to infinity.

Proof. The ring A/P*¢A has only one maximal ideal PA/P¢A which has
|P|*~! elements. Thus, (4/P¢A)* = A/P*A—PA/P®A has |P|°*—|P|*~! =
|P|¢=1(|P| — 1) number of elements. Since (A/P¢A)* — (A/PA)* is onto,
and the latter group has |P| — 1 elements the assertion about the size of
(A/P¢A)D follows. It remains to prove the assertion about the minimal
number of generators.

It is instructive to first consider the case e = 2. Every element in
(A/P%2A)() can be represented by a polynomial of the form a = 1 + bP.
Since we are-working in characteristic p we have a? = 1 4+ bPP? = 1

(mod P?). So, we have a group of order |P| with exponent p. If ¢ = p/ it.
follows that (A/P?A)(") is a direct sum of fdeg(P) number of copies of
Z/pZ. This is a cyclic group only under the very restrictive conditions that
q = p and deg(P) = 1.

To deal with the general case, suppose that s is the smallest integer such
that p* > e. Since (1 +bP)P" = 1+ (bP)?" = 1 (mod P¢) we have that
raising to the p*-power annihilates G = (4/P¢A)). Let d be the minimal
number of generators of this group. It follows that there is an onto map
from (Z/p*Z)¢ onto G. Thus, p?* > pfdes(P)(e=1) apd so

4> Fdeg(P)e—1)

Since s is the smallest integer bigger than or equal to log,,(e) it is clear that
d — 00 as e — 0.
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It is possible to do a much closer analysis of the structure of these groups,
but it is not necessary to do so now. The fact that these groups get very
complicated does cause problems in the more advanced parts of the theory.

We have developed more than enough material to enable us to give in-
teresting analogues of the Euler ¢-function and the little theorems of Euler
and Fermat.

To begin with, let f € A be a non-zero polynomial. Define ®(f) to
be the number of elements in the group (A/fA)*. We can give another
characterization of this number which makes the relation to the Euler ¢-
function even more evident. We have seen that {r € A | deg(r) < deg(f)}
is a set of representatives for A/fA. Such an r represents a unit in A/fA if
and only if it is relatively prime to f. Thus ®(f) is the number of non-zero
polynomials of degree less than deg(f) and relatively prime to f.

Proposition 1.7. .
o(f) = 11110 - -
P|f

Proof. Let f = aP;*P;? ... P{* be the prime decomposition of f. By the
corollary to Propositions 1.4 and by Proposition 1.6, we see that

o(f) = [Je@) =[P = |RI=Y),
i=1 i=1

from which the result follows immediately.

The similarity of the formula in this proposition to the classical formula
for ¢(n) is striking.

Proposition 1.8. If f € A, f #0, and a € A is relatively prime to f, i.e.,
(a,f) =1, then
a®P =1 (mod f).

Proof. The group (A/fA)* has ®(f) elements. The coset of a modulo f, a,
lies in this group. Thus, a®/) = 1 and this is equivalent to the congruence
in the proposition.

Corollary. Let P € A be irreducible and a € A be a polynomial not divisible
by P. Then,

af=1 =1 (mod P).

Proof. Since P is irreducible, it is relatively prime to a if and only if it
does not divide a. The corollary follows from the proposition and the fact
that for an irreducible P, ®(P) = |P| — 1 (Proposition 1.5).

It is clear that Proposition 1.8 and its corollary are direct analogues of
Euler’s little theorem and Fermat’s little theorem. They play the same very
important role in this context as they do in elementary number theory. By
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way of illustration we proceed to the analogue of Wilson’s theorem. Recall
that this states that (p —1)! = —1 (mod p) where p is a prime number.

Proposition 1.9. Let P € A be irreducible of degree d. Suppose X is an
indeterminate. Then,

xPto1= I (X -§£) (mod P).
0<deg(f)<d

Proof. Recall that {f € A | deg(f) < d} is a set of representatives for the

cosets of A/PA. If we throw out f = 0 we get a set of representatives for
(A/PA)*. We find

xPo1= I (x -,

0<deg(f)<d

where the bars denote cosets modulo P. This follows from the corollary to
Proposition 1.8 since both sides of the equation are monic polynomials in
X with the same set of roots in the field A/PA. Since there are |P| — 1
roots and the difference of the two sides has degree less than |P| — 1, the
difference of the two sides must be 0. The congruence in the Proposition is
equivalent to this assertion.

Corollary 1. Let d divide |P| — 1. The congruence X¢ = 1 (mod P)
has exactly d solutions. Equivalently, the equation X¢ = 1 has ezactly d
solutions in (A/PA)*.

Proof. We prove the second assertion. Since d | |P| — 1 it follows that
X4 1 divides X!PI=1 —1. By the proposition, the latter polynomial splits
as a product of distinct linear factors. Thus so does the former polynomial.
This establishes the result.

Corollary 2. With the same notation,

1T f=-1 (mod P).

0<deg(f)<deg P

Proof. Just set X = 0 in the proposition. If the characteristic of IF is odd
|P| — 1 is even and the result follows. If the characteristic is 2 then the
result also follows since in characteristic 2 we have —1 = 1.

The above corollary is the polynomial version of Wilson’s theorem. It’s
interesting to note that the left-hand side of the congruence only depends
on the degree of P and not on P itself.

As a final topic in this chapter we give some of the theory of d-th power
residues. This will be of importance in Chapter 3 when we discuss quadratic
reciprocity and more general reciprocity laws for A.
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If f € A is of positive degree and a € A is relatively prime to f, we say
that a is a d-th power residue modulo f if the equation z¢ =a (mod f) is
solvable in A. Equivalently, @ is a d-th power in (A/fA)*.

Suppose f = aP{'Ps?... P/t is the prime decomposition of f. Then it
is easy to check that a is a d-th power residue modulo f if and only if a
is a d-th power residue modulo P;* for all i between 1 and ¢. This reduces

the problem to the case where the modulus is a prime power.

Proposition 1.10. Let P be irreducible and a € A not divisible by P.
Assume d divides |P| — 1. The congruence X =a (mod P¢) is solvable if
and only if

o =1 (mod P).

There are q)(fc) d-th power residues modulo P¢.

Proof. Assume to begin with that e = 1. :

If b4 = a (mod P), then ot = bPI-l = 1 (mod P) by the corollary
to Proposition 1.8. This shows the condition is necessary. To show it is
sufficient recall that by Corollary 1 to Proposition 1.9 all the d-th roots of
unity are in the field A/PA. Consider the homomorphism from (A/PA)*
to itself given by raising to the d-th power. It’s kernel has order d and its
image is the d-th powers. Thus, there are precisely Jﬂdll- d-th powers in

(A/PA)*. We have seen that they all satisfy XERE -0 Thus, they
are precisely the roots of this equation. This proves all assertions in the
case e = 1.

To deal with the remaining cases, we employ a little group theory. The
natural map (i.e., reduction modulo P) is a homomorphism from (A/P¢A)*
onto (A/PA)* and the kernel is a p-group as follows from Proposition
1.6. Since the order of (A/PA)* is |P| — 1 which is prime to p it follows
that (A/P¢A)* is the direct product of a p-group and a copy of (A/PA)*.
Since (d,p) = 1, raising to the d-th power in an abelian p-group is an
automorphism. Thus, a € A is a d-th power modulo P¢ if and only if it
is a d-th power modulo P. The latter has been shown to hold if and only
if oFr =1 (mod P). Now consider the homomorphism from (A/P€A)*
to itself given by raising to the d-th power. It easily follows from what has
been said that the kernel has d elements and the image is the subgroup of
d-th powers. It follows that the latter group has order Lfgz. This concludes
the proof.

Exercises
1. If m € A =F[T], and deg(m) > 0, show that ¢ — 1 | &(m).

2. If ¢ = p is a prime number and P € A is an irreducible, show
(F[T)/P%A)* is cyclic if and only if deg P = 1.
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Michael Rosen

. Suppose m € A is monic and that m = mms is a factorization into

two monics which are relatively prime and of positive degree. Show
(A/mA)* is not cyclic except possibly in the case ¢ = 2 and m, and
mo have relatively prime degrees.

. Assume q # 2. Determine all m for which (A/mA)* is cyclic (see the

proof of Proposition 1.6).

. Suppose d | ¢ — 1. Show z? = —1 (mod P) is solvable if and only if

(—1)%desP — 1.

. Show [] cp. @ = —1.

. Let P € A be a monic irreducible. Show

H f=+1 (mod P),
deg f<d
f monic

where d = deg P. Determine the sign on the right-hand side of this
congruence.

. For an integer m > 1 define [m] = T9" — T. Show that [m] is the

product of all monic irreducible polynomials P(T') such that deg P(T')
divides m.

. Working in the polynomial ring Fluo,ui,...,u,], define D(ug,u;,

sy Up) = det Iu;-rT |, where 4,7 = 0,1,...,n. This is called the Moore
determinant. Show

n
D(uo,us,...,un) = [[ [T -+ [T (w +cicrtics + -+ + couo) .
1=0c¢,_1€F coeF

Hint: Show each factor on the right divides the determinant and then
count degrees.

Define Fj = [[Z0(T? —T7") = [[!Z3[j — i]7". Show that
DQ,T,T?,...,T") = HF]- .
7=0

Hint: Use the fact that D(1,7,72,...,T") can be viewed as a
Vandermonde determinant.

Show that Fj; is the product of all monic polynomials in A of degee
3-
Define L; = g=1(Tqi —T) = [I_,[i]. Use Exercise 8 to prove that

i=1
L; is the least common multiple of all monics of degree j.



