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Preface

This volume contains the refereed proceedings of the Fourth International Con-
ference on Sequences and Their Applications (SETA 2006), held in Beijing, China
during September 24-28, 2006. The previous three conferences SETA '98, SETA
2001, and SETA 2004 were held in Singapore, Bergen, and Seoul, respectively.
The SETA conferences are motivated by the numerous applications of sequences
in modern communication systems. These applications include pseudorandom
sequences in spread spectrum, code-division-multiple-access, stream ciphers in
cryptography, and several connections to coding theory and boolean functions.

The Technical Program Committee of SETA 2006 refereed 70 submitted pa-
pers. This represented more submissions than to any of the previous SETA
conferences. The committee therefore had the challenging task of selecting 32
papers to be presented at the conference in addition to 4 invited papers.

The Co-chairs of the Technical Program Committee for SETA 2006, were
Guang Gong (University of Waterloo) and Tor Helleseth (University of Bergen),
with Hong-Yeop Song (Yonsei University, Korea) and Kyeongcheol Yang (Po-
hang University of Science and Technology, Korea) as the co-editors for these
proceedings.

The editors wish to thank the other members of the Technical Program Com-
mittee: Anne Canteaut (INRIA, France), Claude Carlet (INRIA and
University of Paris 8, France), Habong Chung, (Hongik University, Korea), Zong-
duo Dai (University of Science and Technology of China, Beijing, China), Cun-
sheng Ding (Hong Kong University of Science and Technology, Hong Kong),
Pingzhi Fan (Southwest Jiaotong University, China), Dengguo Feng (Chinese
Academy of Sciences, China), Solomon W. Golomb (University of Southern
California, USA), Kyoki Imamura (Kyushu Institute of Technology, Japan),
Jonathan Jedwab (Simon Fraser University, Canada), Thomas Johansson (Uni-
versity of Lund, Sweden), Andrew Klapper (University of Kentucky, USA), P.
Vijay Kumar (University of Southern California, USA), Wai Ho Mow (Hong
Kong University of Science and Technology, Hong Kong), Harald Niederre-
iter (National University of Singapore, Singapore), Jong-Seon No (Seoul Na-
tional University, Korea), Matthew G. Parker (University of Bergen, Norway),
Kenneth G. Paterson (Royal Holloway, University of London, UK), Alexan-
der Pott (Otto-von-Guericke-University Magdeburg, Germany), Hans Schotten
(Qualcomm Germany, Nuremberg, Germany), Parampalli Udaya (University of
Melbourne, Australia), and Amr Youssef (Concordia University, Canada) for
providing clear, insightful, and prompt reviews of the submitted papers.

The editors are also grateful to Serdar Boztas, Jin-Ho Chung, Deepak Ku-
mar Dalai, Frédéric Didier, Gary Greenfield, Yun-Kyoung Han, Tom Hgholdst,
Alexander Kholosha, Margreta Kuijper, Gohar Kyureghyan, Cedric Lauradoux,
Subhamoy Maitra, Joe Rushanan, Frank Ruskey, Igor Semaev, Jean-Pierre



VI Preface

Tillich, and Nam Yul Yu for their help and assistance in the reviewing of papers
for SETA 2006. A special thanks goes to Sondre Rgnjom for handling all the
submissions and the web-review software during the review process.

In addition to the contributed papers, there are four invited papers. These
papers provide a historical overview as well as new developments in important ar-
eas of the design and analysis of sequences. The invited contribution by Solomon
Golomb presents a retro-perspective of some selected results on sequences. The
invited paper by Harald Niederreiter includes an updated overview and some
recent important results on the complexity of multisequences. Vijay Kumar pro-
vides an overview and new results on optical orthogonal codes. This topic is
motivated by applying code division multiple access (CDMA) techniques in op-
tical networks. Zongduo Dai presents an overview of multi-continued fraction
algorithms and their applications to sequences.

We wish to thank Pingzhi Fan and Dengguo Feng for their support as Gen-
eral Co-chairs of SETA 2006, and Chuan-Kun Wu for local arrangements and
updating the web site of SETA ’06. We also thank Yi Qin for her support as
secretary of SETA 2006, and Shi Zhang for her support as treasurer of SETA
2006. Last but not least, we thank all the authors of the papers for their help
and collaboration in preparing this volume. Finally, we would like to thank the
National Science Foundation of China (NSFC) and the Chinese Academy of
Sciences (CAS) for their financial support.

September 2006 Guang Gong
Tor Helleseth

Hong-Yeop Song

Kyeongcheol Yang
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Shift Register Sequences — A Retrospective
Account

Solomon W. Golomb

University of Southern California
Viterbi School of Engineering
Los Angeles, CA 90089-2565

millyQusc.edu

Abstract. Binary feedback shift registers, with applications to reliable
communications, stream cipher cryptography, radar signal design, pseu-
dorandom number generation, digital wireless telephony, and many other
areas, have been studied for more than half a century. The maximum-
length binary linear feedback shift registers, called m-sequences or PN
sequences, are the best-known and most thoroughly understood special
case.

The m-sequences have several important randomness properties, and
are known as pseudo-random sequences. They are characterized by the
cycle-and-add property, whereby the term-by-term sum of two cyclic
shifts is a third cyclic shift. Along with other families of binary sequences
that correspond to cyclic Hadamard difference sets, they have the two-
level autocorrelation property. The m-sequences share the span-n prop-
erty (all subsequences of length n, except n zeroes, occur in each period
of length 2™ — 1) with a far larger class of nonlinear shift register se-
quences. No counterexample has been found to the conjecture that only
the m-sequences have both the two-level autocorrelation and the span-n
properties.

The class of m-sequences is too small, and has too many regularities,
to provide useful cryptographic security as key sequences for stream ci-
phers. For this purpose, nonlinear shift register sequences which have
large linear span and a sufficiently high degree of correlation immunity
may be employed.

1 Linear Shift Register Sequences

Let So = {ai1,as,...,ap} = {a;} be a binary sequence of period p, and S; =
{a14j,a2+4;j...,a;}or all 0 < j < p— 1. Then S is an m-sequence if and only
if S; +S; = Sk for all 0 < i < j < p— 1, where addition of sequences is term-
by-term and modulo 2. Equivalently, if a p-component binary vector, together
with all its cyclic shifts and the p-component zero vector, form a subspace of
GF(2P), then p = 2™ — 1 for some n, and the binary sequence is an m-sequence;
and conversely, every m-sequence has this property.

There are ﬂnﬂ = ﬂ%——lz cyclically distinct m-sequences of degree n and
period p, where ¢ is Euler’s phi-function. Of the many additional properties
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2 S.W. Golomb

possessed by these sequences, two of the most important are the span-n property
and the two-level autocorrelation property. The span-n property here refers to a
binary sequence of period p = 2™ — 1 in which every possible n-bit subsequence
except for n zeroes occurs exactly once in each period. These sequences are
in direct one-to-one correspondence with the de Bruijn sequences of span n,
which have period 2", and in which every possible n-bit subsequence appears
exactly once in each period; and the exact number of cyclically distinct de Bruijn
sequences is well known [1] to be 22" =" for span n, for every positive integer
n. The two-level autocorrelation property for m-sequences asserts that between
S; and Sj, for all 0 < ¢ < 57 < p — 1, there are 2;—1 = 277! _ 1 term-by-
term agreements and ?é—l = 2771 term-by-term disagreements. The cyclically
distinct binary two-level autocorrelation sequences of period p are in one-to-one
correspondence with cyclic Hadamard difference sets modulo p, which are the
perfecé (v, k, \) difference sets having (v,k, ) = (p, E—;—l, %3) = (2" —1,2""1 —
1,2n7% —1).

All cyclic Hadamard difference sets with these parameters have been found by
exhaustive computer searches for each degree n, 2 < n < 10. All the examples
thus found belong to families of cyclic Hadamard difference sets, for multiple
values of p, which were all known before the complete search at p = 219—1 = 1023
was undertaken. There is some optimism that all the constructions which yield
cyclic Hadamard difference sets are now known (see [2]), but this has not been
proved.

Every m-sequence of period p = 2™ — 1 is simultaneously a span-n sequence
and a (p, Rg—l, LZ—S) cyclic Hadamard sequence. It has been conjectured that the
converse is also true: that is, that if a binary sequence has both span-n and
two-level autocorrelation, then it must be an m-sequence. While the truth of
this conjecture has been verified for all n < 10, and for certain two-level auto-
correlation sequences with n > 10, the general case of this conjecture remains
open.

The m-sequences of period p = 2™ — 1 are in one-to-one correspondence with
the irreducible polynomials of degree n over GF'(2) whose roots are primitive pth—
roots of unity. It is conjectured that there are infinitely many such polynomials
with only three terms, 2™ + z® 4 1, called primitive trinomials over GF(2).
It has even been conjectured that z™ + z + 1 is primitive for infinitely many
values of n. By a theorem of Richard Swan, there are no primitive (or even
irreducible) trinomials z™ + z* + 1 where the degree n is a multiple of 8. By a
theorem of Gystein Ore, if f(z) = >_1 , a;z" is a primitive irreducible polynomial
over GF(2), then F(z) = Y. ;a;x? ! is irreducible (though not necessarily
primitive). While primitive trinomials fail to exist for infinitely many degrees
n, it is conjectured that primitive pentanomials (five-term polynomials) exist
for every degree n > 5. However, it has not even been proved that there are
infinitely many degrees n having a primitive polynomial with no more than ¢
terms, for any specific positive integer t.
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2 Nonlinear Shift Register Sequences

In contrast to linear binary feedback shift registers, which are well-understood
mathematically, the much larger family of nonlinear feedback shift registers has
far fewer regularities. The most general feedback function for an n-stage binary
shift register is an arbitrary one of the 22" boolean functions f(z1, 2, ..,%n) of
n binary variables, where the variables are taken from the n stages of the shift
register. The 2™ possible states of an n-stage shift register become the vertices
of a directed graph (“digraph”) whose directed edges go from each state to its
successor state. For any particular shift register, this digraph is a subgraph of the
de Bruijn graph, whose edges indicate all the possible shift register transitions
from one state to the next. In the de Bruijn graph for the general n-stage shift
register there are 2" vertices and 2"*! directed edges, showing the two possible
predecessors and the two possible successors of each state of the shift register.
For any specific nonlinear shift register, its digraph will decompose entirely
into one or more disjoint cycles (i.e. “cycles without branches”) if and only if one
can write the feedback function f(z1,z2,...,Z,) in the form g(z1,z2,...,2Zn-1)
+ z,,, where z,, comes from the “oldest” stage of the shift register, and is added
modulo 2 to an arbitrary boolean function g(z1,x2, ..., Zn—1) of the other n —1
stages. In this case of “pure cycles without branches”, the number of cycles
has the same parity (even or odd) as the number of ones in the truth table of
g9(x1,Z2,...,Tn-1), for all n > 2. In particular, for n > 2, in order to get all 2"
possible states of the shift register to lie on a single cycle, the truth table for
g(x1, T2, . .., Tn—1) must have an odd number of ones, which requires that all n—1
variables occur, and occur nonlinearly, in the computation of g(z1, 2, ..., Zn—1).

3 Applications

When a nonlinear shift register is used to generate a key stream for use in a
stream cipher, cryptanalytic attacks which attempt to reconstruct, in whole
or in part, the structure of the shift register being used, are usually based
on multi-dimensional correlations of the key sequence. These correlation values
correspond directly to the invariants, described in [1], of the boolean function
g(x1,Z2,...,ZTn-1), which can be obtained from the Walsh function expansion
coefficients of the truth table of the function g.

Shift registers are also used for both the encoding and the decoding of both
block codes and convolutional codes. They are used to generate the pseudo-
random binary chip sequences needed for spectral spreading in “direct-sequence
spread spectrum” secure communications and for mutual non-interference be-
tween callers in code division multiple access (CDMA) wireless telephony. The
two-level correlation property makes m-sequences very well suited for use as
modulation patterns in radar and sonar applications.

For a more detailed account of the properties of both linear and nonlinear
shift register sequences, see [1]. For a description of the various constructions
now known for (2" —1,2"~! —1,2"~2 — 1) cyclic (Hadamard) difference sets, as
well as a concluding chapter briefly mentioning various applications, see [2].



