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Preface

This text is intended for the standard course in college algebra. Although all
of the essential topics for further mathematical courses are carefully covered, no
assumption of specific mathematical training is made beyond a one year course
in high school algebra. Necessary background material is introduced as it is re-
quired, and the basic algebraic manipulations are extensively reviewed in the early
chapters. This is in keeping with the recent C.U.P.M. recommendations for a
course designed to meet the needs of students not equipped to begin an intensive
calculus preparatory course.

There are over 200 worked examples in the text. Full solutions to nearly half of
the exercises in the book form a wealth of additional examples to further illustrate
the material. Each section closes with a set of exercises and a true-false quiz which
is aimed at developing the student’s reasoning capacities and testing his under-
standing of the definitions and theorems.

Chapter 1 begins slowly and with an intuitive point of view, employing Venn
diagrams to discuss the concepts of union and intersection, and beginning with
the integers in the study of sets of numbers. The standard material on inequalities
and absolute value is covered, and complex numbers are discussed in terms of
their algebraic properties and geometric representations. In Chapter 2, the funda-
mental concepts of relations and functions are introduced, and an entire section is
devoted to graphs of functions to provide the student with a more intuitive ap-
proach. Polynomials and polynomial functions are discussed in Chapter 3;
included are remedial material and a study of divisibility.

Chapter 4 covers the important material on systems of linear equations, and
contains an elementary introduction to matrix theory. Matrix manipulations are
motivated by a discussion of n-vectors as solutions to systems of equations.
Chapter 5 is an elementary introduction to the analytic geometry of the line,
circle, and parabola. In Chapter 6 the exponential function and its inverse, the
logarithmic function, are introduced and their basic properties carefully discussed.
Included is a detailed description of the use of common logarithms in numerical
computations. In Chapter 7 we introduce the principle of mathematical in-
duction and use it to solve a number of interesting problems in combinatorics.
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viii Preface

There are a number of paths which may be taken through the book. For in-
stance, a very short and elementary course presupposing almost no mathematical
background would include the following:

Chapter 1 (Sets and Numbers)

Chapter 2 (Relations and Functions)

Chapter 3 Section 3.1 only (Introduction to Polynomials)

Chapter 5 (Linear and Quadratic Graphs)

Chapter 7 (Mathematical Induction)
A course assuming somewhat more knowledge, say one and a half years of high
school algebra, could easily begin with Chapter 3 and cover the material in the
remainder of the book.

The present book differs substantially from our Elementary Functions and
Coordinate Geometry. Topics not essential to a pre-calculus course, such as groups,
rings, and fields, have been omitted as has a discussion of trigonometry. Included in
their place are reviews of background material and an introduction to linear algebra.

The authors would like to express their appreciation to Miss Barbara Smith,
Mrs. Delores Brannon, and Mrs. Wanda Michalenko for their valuable assistance
in the preparation of this manuscript.

Marvin Marcus

Henryk Minc
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Sets and Numbers

1.1 Sets and Subsets

A set is one of the most elementary and primitive concepts in mathematics. The
word “‘set’’ will not be formally defined in terms of more elementary ideas. How-
ever, some synonyms for the word are collection, aggregate, totality, class. Con-
sider the following examples:

(a) the set consisting of the numbers 0, 1, 2;

(b) the set of all blue-eyed coeds at the University of California at Santa Barbara;

(c) the set of all letters appearing in the word ‘‘banana’’;

(d) the set of all even numbers between 2 and 10, including 2 and 10;

(e) the set of all grains of sand on Goleta Beach;

(f) the set of all electrons in the universe;

(g) the set of all whole numbers.

In order to discuss these examples, we introduce notation that will be fundamental
throughout this book. First is the notation for set membership. If Sis a set and x
is an item that belongs to this set, we write

¢)) x € S.

The formula (1) is read ‘‘x is a member of S,”” or “‘x belongs to S,”’ or ‘“x is an
element of S.”’ It means, then, that x is one of the items in the set S. It is clear that
we can understand a particular set if we are able to write down explicitly each one
of the elements (members) in S. In example (a) above, where S is the set con-
sisting of the numbers 0, 1, 2, we write

0€sS,1€8,2¢€8.

In example (b), we can list all the elements of the set if we can write down the
names of all blue-eyed coeds at U.C.S.B. If the set of letters in the word ‘‘banana’’
is denoted by S, then

2 b€ S,ac S,ncEsS.
1



2 Sets and Numbers

Of course, a and n both appear more than once in the word ‘‘banana,’’ but we are
interested only in the distinct letters in the word, and unless we wish to specify also
the number of times each of these letters occurs, we would not write them down
more than once. The set S in (d) is completely specified by

3) 2€8,4¢€85,6¢€8,8¢€8,10€ 8.

The sets described in (e) and (f) defy any kind of explicit enumeration of the type
that we used in (3). In principle we could label each one of the grains of sand on
Goleta Beach in some way and thereby describe the set. In the case of all electrons
in the universe, however, such a labeling process is completely out of the question,
even though we can still believe that this set is a comprehensible thing.

In example (g) there is no way, even in principle, in which we could write down
all the whole numbers explicitly. It is true, though, that given any object, most of
us can decide whether or not it is a whole number and therefore an element of the
set of whole numbers.

We see from these examples that there are essentially two ways to describe a set.
First, we can explicitly name all the elements of the set, or second, we can describe
the set in terms of some common defining property of all the elements. These two
methods of defining sets lead us to introduce some standard useful notation. Curly
brackets will be used to denote sets in the first instance. For example, in (a) we
can write

4) S = {0, 1, 2}.
The set in (c) above can be written
) S = {b,a,n}.
The set in (d) can be written
(6) S = {2,4,6,8,10}.
No order is implied in this notation. Thus (6) could also have been written
S = {4,6,8, 10, 2},
and (5) could have been written
S = {a, b, n}.
The second way of describing a set is as follows:

@) S = {x| x satisfies the defining property}.



1.1 Sets and Subsets 3

The formula in (7) is read ““S is equal to the set of all x such that x satisfies the
defining property.”” Thus the set .S in (a) could also have been denoted

S={x|x=0 or x=1 or x=2}.
We could write the set in (d) as follows:
(3) S={x|x=2kk=1,223,4,5}.

The formula (8) is read, ‘“S is equal to the set of all x which satisfy x = 2k, where k
is any one of the numbers 1, 2, 3, 4, or 5.’

There is nothing mutually exclusive about the two methods of describing a set.
We can use either one depending on circumstances; but as we have seen, it may not
always be possible to describe a set by the first method.

We shall also find it convenient to have a notation which tells us when an element
is not a member of a given set. For instance,  is not a member of the set of all
whole numbers, and we can indicate this notationally by putting a vertical
stroke through the set membership symbol,

&) 3¢S

The formula (9) is therefore read ‘‘} is not an element of S.”

We say that two sets are equal if they are the same set. Thus S and 7 are equal
if S and T consist of precisely the same objects. Of course, a set may be described
in various ways, and it is not always trivial to assert the equality of two sets. For
example, consider the following two descriptions of the same set:

S = {x| x is a whole number between 1 and 50 and x is not
divisible by any whole number except 1 and x}.

It takes a moment’s reflection to see that
S=1{1,2,3,5,7,11, 13,17, 19, 23, 29, 31, 37, 41, 43, 47}.

The set T consisting of the integers 2, 8, 10 is part of the set S in (6). We denote
this situation notationally as follows:

(10) TCS.

The formula (10) is read ‘T is contained in S,”” or “Tis a subset of S,” and the above
symbol is called an inclusion sign. It means simply that each member of the set 7"
is a member of the set S; equivalently, for each x, if x € 7, then x € S. There is an
important distinction in meaning between the set membership sign € and the
inclusion symbol C. Certainly we could not write 7 € S, for 7 itself is not any



4 Sets and Numbers

one of the numbers 2, 4, 6, 8, 10. Nor could we write 2 C S, for 2 is not a subset of
S. This second distinction is somewhat more subtle, for we have distinguished
between the elements of a set and the set consisting of those elements. Thus it is
perfectly clear and indeed correct to write

(11) {12} C S,

for, each member of the set on the left of the inclusion sign is a member of the set
on the right of the inclusion sign in (11). Of course, the set on the left in (11) has
only one member, namely 2.

As stated above, two sets S and T are equal if and only if they consist of pre-
cisely the same objects. Equivalently, to say that S is equal to 7" means that every
element in S is in 7 and every element in 7isin S: SC T and T C S.

Consider the following phrase which purports to describe a set: “The set of all
whole numbers no larger than 10, but greater than 15.” While it makes sense to
talk about the set of all whole numbers less than 10 and the set of all numbers
greater than 15, there are no numbers which belong to voth of these sets. Neverthe-
less, in mathematics it is convenient to have a symbol which stands for the set
which has no members, called the empty set. This set often arises in combining
perfectly well-defined sets. We shall denote the empty set by

(12) ®.

It is always a true statement that whatever x may be,
x ¢ o.

It is also the case that we may always write
o C S

(which includes the possibility that S is ¢!). The above inclusion is always valid,
because it is impossible to exhibit an element in ¢ which is not in S. In fact, it is
impossible to exhibit an element in ¢ at all!

SYNOPSIS

There are two méthods of describing a set: listing all the items and describing
the set in terms of a defining property. The notations appropriate for these two
methods are

{---} and {x|x satisfies - --}.
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The set membership symbol indicates that an item x belongs to a set S. This is

written

x € S.
If x is not in S, we write

x & S.
The equality of two sets,

S=T,

means that S and T consist of the same members. The inclusion symbol C as in

rcs

means that each element in 7 is also in S. The empty set ¢ is the set which has no
members.

QuIZ

Answer frue or false:

1.
2

ol b

SowNowm

If E is the set of even whole numbers, then 23 € E.

If M is the set of all whole numbers and E is the set of all even whole numbers,
then £ C M.

If 4 and B are subsets of a set .S, then the set of all items which belong to
either 4 or B (possibly to both 4 and B) is a subset of S.

If A and B are subsets of a set S, then the set of all items which belong to
both 4 and B is a subset of S.

If X is a set, then X C X.

If X is a set, then X C ¢.

If X is a set, then ¢ C X. "

It is never possible that ¢ € X for any set X.

The set which consists of the empty set, i.e., {¢}, has no elements in it.

¢ € {o}.
EXERCISES

List all subsets of the following set: S = {0, 1, 2}.

List all the subsets of the set of letters appearing inthe word “banana.”
Show by example that an element of a set can alsd be a subset of the set.
Let N be the set of all natural numbers, 1, 2, 3, ... . Let

S ={x|x=mn%nc N}
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That is, S is the set of numbers which are squares of whole numbers. Recall

that n? is just the product of n with itself. For each of the following numbers
indicate whether x € Sor x ¢ S:

x=4,x=0,x=1,
x = 10, x= 25, x= 1,000,

x = 1,000,000.
5. Let M be the set of counting numbers 0, 1, 2, 3, ..., and let
E={x|x=2mmée M}, T={x|x=3mm¢c M},
S={x|x=m,mée M}, and R={x|x=s5s+1,5s€ S}.

Insert in each blank space of the following table either YES or NO according

as the number on the left is or is not an element of the set above the blank
space.

a|lolw|lo|m

26
—1

6. Let M, E, T, S, R be the sets defined in Exercise 5. Insert in each blank space
in the following table either YES or NO according as the set indicated on the
left of the blank space is or is not a subset of the set above it.

M |E|T|S|R| ¢

elm|u|/N|ImIN




1.2 Combining Sets Z

7. How many subsets are there of a set which consists of five elements? Can you
answer this question without listing all the subsets?

8. Let M be the set of nonnegative whole numbers, i.e., M is the set of ordinary
counting numbers, 0, 1,2, ... . Let S={x|x=2m+3n,me M,n€ M},
that is, S is the set of all whole numbers which can be written in the form
2m + 3n, where m and n are nonnegative whole numbers. If E is the set of
even nonnegative whole numbers and O is the set of odd nonnegative whole
numbers, show that £ C S but that O is not a subset of S. Show that S C M.
Is it true that S = M? If not, exhibit an element of M which is not in S.

1.2 Combining Sets

There are several fundamental operations that can be performed on subsets of a
set S to produce other subsets of S. The simplest of these operations is complemen-
tation. Thus, if S is a set and X C S, we denote by

M X’

the set of all elements in S which are not in X. The subset X’ is called the comple-
ment of X with respect to S. The set S is assumed to be known even though it is
not specified in our notation. We can write down the definition of X’ as follows:

X' ={x|x€S x¢ X}

In other words, X’ consists of those items in S not in X. For example, if S = M is
the set of all nonnegative whole numbers, i.e., M consists of the numbers 0, 1, 2, 3,

., and if E is the set of even nonnegative whole numbers, and if O is the set
of all odd nonnegative whole numbers, then

E' =0
and

O’ =E.
Also observe that

(E'Y = E.

For (E’), which will henceforth be written E£”, is the complement of £’ = O, and
therefore consists of all those whole numbers which are not in O, i.e., E” = E.
It is true, of course, that whatever the subset X of a set S may be,

(€)) X' = X.
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To verify (2), just remember that X"’ is the complement of the set of objects not in
X. In other words, x € X"’ means that it is not true that x ¢ X, i.e., it is true that
x € X. We can visualize this situation by means of a simple picture known as a

Venn diagram (Figure 1.1).
X

3)

FIGURE 1.1

Another elementary method for producing new subsets of a set S is the formation
of the intersection of two subsets. If X and Y are subsets of S, then the intersection
of X and Y, denoted by

“ XNy,

is the subset of S which consists of precisely those elements which belong to both
X and Y. In our set notation we can write

%) XNY={z|z€ X and z€ Y}.

For example, if S = M, the set of nonnegative whole numbers, X = {0, 1, 2, 3},
Y =1{2,3,4,5},then XM Y = {2, 3}. As another example using M, if we take X
to be E, the set of even nonnegative whole numbers, and Y to be O, the set of odd
nonnegative whole numbers, it is clearly true that £/ O = ¢, since no whole
number is both even and odd. This is a special case of the following general state-
ment: If X C S, then

6 XNX =g

We next discuss the operation of forming the union of two subsets X and Y of a
set S. The union of X and Y, written

XUy,

is the set of all items which belong to X or Y. We use the word “or” in the non-
exclusive sense, i.e., the elements of X /M Y are also in XU Y. As an example, if



