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PREFACE

MICROWAVE spectroscopy began vigorous life ir: the post-l% 5
years, as a’ tesult of war-time technicai advances. It rapidly
proved to be a powerful instrument for both n‘*ystcaa and
chemical research. \ Experimental advances have caused ths
portion of the electro-magnetic specirum embraced by the
term microwave now to be generally considered that radiative
hawng a wavelength from a few millimetres to a {aw tens of
centimetres.| The relevant detailed theory necessary tc discuss

microwave absorption phenomena had been establisiied
previous to the development of the experimental apparatus.

Further necessary advances in the form of detailed application
of quantum theory have been made, e.g., in the field of
nuclear quadrupole effects and the Zeeman efiect, so ihat
microwave spectroscopy to-day is firmly established in both
experimental and theoretical techniques.

. The following discussion was undertaken by the auther i
make Conveniently available the relevant information used ro
obtair and mterpret microwave spectroscopic data. The
emphasis has been on presenting a compact, unified treatment
of the...cld. The treatment presupposes some familiarity with
modern quantum mechanics and matrix methods. This back-

1‘1‘\ 3

ground is readily accessibie -in the texts a:wmed m ih
-bibliography. o |

The process of becoming acquainted mth the material in
this book may be considered several ways. It will put withir
the grasp of someone interested in working in the fieid the
necessary fundamental tools, These tools are then conveniesity
extended zither through investigation of specialized c*xgm. i
sources or through a course of supplementary lectures.
Alternatively, the material may be considered a second courss
in quantum theory whose framework consists of the muny
- problems which may be precisely illustrated experimentatly
by microwave spectroscopic methods.
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The text begins with a calculation of the quantum energy -
levels of a rotating molecule, and considers the various
pc:nurbatlons which may or must be recognized to interpret
precise experimental data. The final sections deal with the
instrumentation necessary to measure the frequencies in the
microwave region which are characteristic of . differences
- between these energy levels. With the resolution that micro-
wave spectroscopy affords these frequencies are unique with
each molecule. Furthermore by mvertmg thé process, the
moiccular parameters which are used in the theory may be
derived from a sufficient namber of energy level differences or
absorption frequencies. The study of these rotational levels
ana their measurement includes the bulk of the microwave
spactroscopic material and hence they are ireated to the
~exClusion of the also interesting electronic hyperfine structure

which may come within the scope of microwave experimenta-

tioti. Although microwave studies of paramagnetic materials

ATe dlSO justifiably termed microwave spectroscopy, they too -
¢ been omitted.

3:1 short the material presented here, which should cover the
bulk of present-day interest, in .microwave spectroscopy,
should be qualified by the phrase “of rotatmg molecuyles.”

The whole field of microwave physics should be tieated else-
where in a text which even as of now would be several tlmes |
ihe size of the present one.
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QH.APTER 1
| BACKGR@UND MATERIAL
| A The Gengral Hanultonmn

THE basic problem of determlmng quantum mechamcally the'

oharacteristic energies ‘ofa rotating molecule is one of expres- *

~ sing the Hamiltonian in terms of relevant co-ordinates and
their conjugate’ momenta. ' The classical Hamiltonian for a
general. polyatomic molecule may be wntten formally as a
“sum of terms: o , -

.H H,,+H +H +H +H +Ht+H‘fG+Hﬂ’lA :
 hHy o+ Hy b Hy o+ H 4 Hetark + Hiae (L)

Such a dwcrlptton of the Hamlltoman in terms of separate
: nuclear electronic, vibrational, mversmn, rotational, and
translational energy and their mutual interaction contributions
- mmay seem inappropriate at first sight. However, the descrip-
-tion, based on the Born-Oppenheimer approximation, is
adequate when the symbols are properly interpreted. We.
consider the construction of a molecule. The act of assembling
-individual nucleons into a nucleus has associated -with it an
“energy H,. The addition of electrons to create a molecule adds
.- a term H . The nuclei may- vibrate in this molecule. giving
“rise to a term H,; the inversion energy, if such a possibility
 exists, is described by H;. The molecule, as a whole, is allowed
to rotate, and the pure rotational Hamiltonian H, is added.
Finally, the existence of translational energy is accounted for
- .byH, New correstion terms must be added to account for. .
the difference between the nucleat, electronic, vibrational, and
"inversion energles as described by H,,, H,; H,, H,,.and H,and
- the actual energy in the presence of rotation. Termsexpressing
| the modlﬁcatlon of H,. due to H and so forth, whxch wﬂl not °
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concern us since they are constant and small perturbatxons
we lump in H'. Finally, the possible presencs of electric and
magnetic fields, applied at will in the laboratory, is accounted
© for by Hgtark and Hmag which describe the interaction energy
of such fields with the molecular charges and currents.

The main objective of this monograph is to study concisely"
the allowed quantum mechanical states, or energies, that arise
. from the rotational term H,. Successively, the modifications

necessary to accommodate the interaction terms will be.
vensidered.  The specific forms of these terms will be ¢on-
sidered when they are studied later in detail. We consider
- that the ground states of the terms H,,, H,, H,, and H; have
.been successively detenmned and proceed to the free rotation
problem. -
B. Propemes' of Momenmm

We may express H, in the usual way in terms of the com-
ponents of the momentum on the pr-ncipal inertial axes.of
" the molecule

- H, = X,P221,;; g =x,y,z2 (principal -akes) (L 2)"

The stationary energy states of a free molecule are thus
determined by the quantum mechanical properties of the
components of the angular momentum.

The algebra of non-commuting vectors is well known 50
we teview only briefly these properties. The commutation
relations for the matrices of the components of the total
angular momentum of a system resolved along molecule-fixed
axes are wr:tten as: -

PP, — P,P, = — ikP,

PP, —P,P, = — ifiP, :
PP, — PP, = —ikP, ~ . . (L3
~ Identical commutanon relattons with the sign of / changed
apply for the components of the angular momentum along
spaced-fixed axes (X, Y,Z = F). Ina representatlon in which

P’—P,2+P3+P3--PX + Pyt P2 = )T 1) A2
and P, and ‘P7 are smultaneously dtagonal (te. equal to
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BK and hM Tespectively), the solullon to these matnx equa-
- tions may be shown to be:

SO KM K+, M)_»f'_-aa K, MIPxIJ K+L,M) -
| = -[J(J+1)—-K(K+ 1)1* |

(JKM|P|JKM)--7@ | N
(J K, M|PY|J K, M+1)-—:(J K, M{PX|J KM+

C=3 [J(J+ 1)«—-M(M+ 1)]*

| (J K, M]Pz]J K M)-—ﬁM . (14)

- The matrices are herntitian {i.e.; ({JP {m) = (mIP_,,)[)*

" where the astensk mgmﬁes complex conj ugate) Henee for |
‘example, - o~

| v i-r » orlww 1 'rr-‘ 4+ -.;I\ o ﬁ r . .‘

.3, Mm'z Kot M= #73{3—(}%‘ 13- K(K — ;,*_

Futher, the space-ﬁxed and molecu;le-ﬁxed components of
the angular momentum are related by a transformation matrix
glven by the ditection cosines relatmg any two axes. Thus: = .

PF = Z {DF,P‘,, P == EF(I)FﬂPE' (I qﬂ)

| where GI) , is the diréction cosine transformation coefficient
relating the F and g axjs compodents of & vector. The quan-
‘tum mechanical matrix elements of these direction cosines
mnay be determined by algebraically solving the set of matrix -
equations given. by the. commutation and normahrauou
relauonshlps S -

enor - Oy, =0
POy, — @p,P, =0
 PeOp, ~DpPp=0 _
P @F.y @ng = iﬁq)gz, etc.
| P}[{D&a ‘DYch—'ﬁ(DZm etc. ,f" - o
’EFQ)F, -—E'tbp,*_—-l L (1.5h)
. 1. - J
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The results may be factored into I, K, and M dependent
terms in this fashion: | SR -
J, K, M|®p,|V, K’ M)

h(JQQ)Fg]J) , K[@g,|T, K'): J, M|(DFQ|J M) (L6

~ Thus the direction cosine matrix elcments may be dlspldyed in
the form given imTable 1.

TasLE 1. Direction cosine matrix elements

et = i —————_—_— = a——

Matrix Element Factor - |- J+t .’. . Value OF'}! B 5 . 1
QlDp, 3D - (40 + DIQT + 1D {40 + DI | {4402 — ni
. Tarahry o |

G KO K |20+ 2 =Kt 2K 232 — Kot
U.K@pl, KD | | FIO£K+D |B0+D | £ WF K

= FihKiOp K| OxK+2}| KK+ 1)1'3 GFK-m)
ML M agepronent o7 daam o

MO M+ [ FIOEM+D |BO+D + 0 F M

=% :(J.lebxgls’.'M £ GEM+0B| —MMEDH | GFM - ‘1)'1%

These expressions for the components of momentum and
their transformation properties form the foundation upon
‘which the followmg discussions will depend. They are hastily
sketched, since. their application rather than their derivation-
is the object of this book. They should be well understood,
however, so that the succeedmg work will be intelligible. -

L]

p——
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. .- CHAPTER NI - - w
CHARACT ERIST]C ENERGIES OF FREE’ ROTATION-

- -SINCE the free rotational energy, giveri in Chapter I, equatnon
(1.2), depends only upon P,2 the squares of the matrices for
P, Py, and P, must be formed. If 7 and m signify the totality
'of quantum or state numbers we have by matrix maltiplication: -

| _‘ ("ipyzlm.) ""‘ (nlpyll)(tlpgh”)
Since only' (J, K, M|J, K, M) or ¢, K, M|J,-K +'1, M)

i elements exist for P, then P, 2 can have only (J, K, M|J, K, M)

" elements (when n =1 = m) and (J, K, MlJ K:+2, My
_elements (when /=J, K+ 1, M and = J, K+2 M),
The non-vamshmg mamx clements of P,* are thus found to be:

U, K, M|P2|J K:l:2 M) = —(, K, M]P ), K +2, M)
B
) ---—-[{J(J+ 1) - KK+ D}

f‘- “" -ﬂ'-pU+n~miDmimm
0K M[P2J, K, M) = (J, K, M[P,2)J, K, M)
‘ 2
=£[J(J+l)—~l(2]
0, K, M}leJ K, M)-—?iFK’ N aLl

The charactensuc energy ‘matrix, W/, may “then be obtained
'by writing equation (1.2), in Chapter I, page 2, in terms of - -
these angular momentum matrices. The enérgy is diagonal
_in J and M, so for a given. value of J and M, the rotatlonal‘
energy’ matnx elements may be written: -~ ~ ]

B2 1 . B [} P
. (J KIW,-IJ K) 4 {Iz Iy Iz}K +4 (Ig»'-lx).J(J_iF D

N -
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@, KIW |J K+2)= ——{[J(J + 1) — KK = 1)]

UU*DHUQtMKiDW(%*%)
: L4 &
For reasons either immediately obvious, or soon ta become
apparcnt it is convenient to introduce at this point a series of
changes in variables. To apply the foregomg results to any
particular molecule the gyrating z-axis, along which we have
- chosen to represent the K momentum, may be asspciated with
any of thé three principal axes of inertia of the molecule. If
the principal axes are labelled a, b,and csuchthatl, <I, <1,
then three right-handed associations of axes may be made:
(1) with K along the axis-of least mema so that z— a,
x->b, y-»c; (2) with K along the axis of mtermedtate
moment of inertia, so the z— b, x — c, y - a; or (3) with
K along the axis of greatest moment of inertia so that z > c,

x->a, y—~ b. It 1s evident that tor the present all of these
representations are equally useful, though later discussions
will indicate the factors which, for reasons of simplicity,
indicate the particular representation to be used in the -
solution of a given problem. . |

Now define reciprocal moments of inertia such that

a= - C.p.S., €iC.’
81?‘2[ P h ' .
Further define an asymmetry factor K such that

L ®—a—c
a——c ‘

In terms of these definitions the rotational energy matrix

_elements for the three equxvalent ng‘* -handed rcpresenta tions
become:

o K|W,.IJ K) =1 + ¢

J(J + 1)k

.+w§%%wdﬁa+D~Kﬂ+WM
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v (J K}w |3, KiZ) = — f-h-————(x+ l){[J(J

- ch + DY + - 1)(K i 2)1}*#

\,

- ap (J;.:Klw;.IJ,' K_)_m ii‘:' 6 + m + f-‘g-f <Ko

' .

g, KIW |J K:l:

KK 1)][1(1 + 1) - (K a: 1)(K + 2)1}*& |

(m) (J,Iqw,p K)é-".'_+“J(J+1)h_' SN

s +—-——;—-fé(x+l)[J(J 1)-—1(’1 K-"}h

-q, 1(|w-|J K 2)= -3:—-5 (e = 1) (b6 + 1)7- |
¢ KK m[m +1)— (K + 1)a< + zn}*h .

» These three féms of the charactensuc rotatlonal energy.
~ may be further factored to good purpose into the form |

a+c

\‘2 J(J 1)h+

W - E(x)h (11.3’)
where in general the matnx elements of the reduwd energy,. -
E(x), are given as: |

3 . s

NS K|E(~)|J K) = FUI( 1) --K=1 +GK= o
o KIE(«)IJ K:i: 2 -——-{[J(J +n.

- K(K + 1)1{!(1 +- 1) — (K :f: 1)(K + 2)1}* al 4)

; ~ .
» o

~
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The values of the new coefficients F, G, and H are glven in
terms of « and the type of axis 1dent1ﬁcat10n by Table 2.

TABLE 2.. Reduced cncrg} factors

’ i I . mur
Fol oae—n | o | e+ |
ag. 1 e =1

\ H.o| =441 | 1 | =D

i

The E(x) matrlx is infinite in extent because of the p0351ble
infinite number .of values of J. However, since it is diagonal
in J, it is immediately factored into separate J blocks, each of
a given value of J. The general form 0Of one such factored
component wouid be "".""': as: - :

E; s O EJ -2 O

»

0 EJ-I J-1 0 EJ-*I J—-

BJ—-z 30 EJ—2J—2 0o . -

‘ -0 i
EJ(’S): - R ‘ . .
T . . . . .- ) . - . . O
. E-J+2,—J+2o E-—J+2,——J .‘
OE ;4,50
- OE.T-—J—H: OE_ ; .y 7
(IL.5)
Where EK

The charac teristic values of EJ(K) are given as, usual by the
roots of the secular determlnant formed from the El(x)



K= K’ and
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matrlx ie., IEJ(K) — 6KKJ.| =0, wher.e O = 1 wihen
Ogg’ = 0 when K # K’'. Since -the B¥()
matnx (and hence the secular determinant) is of order:
27 + 1, there will be 2J +- 1 roots or characteristic values. Asa’
rocedure we shall label each root by a number
7 such that ¥ =% > — J-and siich that the magnitude of + -

'dccreascs with decrcasmg charactenstlc value. In short any

AR
matrices may b- written compactly as fpll_ows

. ”(

 general characteristic value of the reduced energy matrix will
be given as E 7(k). Sincethe only off diagonal matfix clements -
are off the dlagonal by an-even number (<4 2), the E(x) matrix

; - may be factored further into four sabmatnces by the Wang

symmetrlzmg transfonnat:on X,

- p—

. (n.é), |

when use is made of _t.he' relaﬁdpshiPS_:
Ex,x= E-—K -K

EK K+2 = EK+2 K= E—K -—K-2 ,
= E_.g_2,-x°

The transformatlon X"lEX essentlally sthches from an
- expansion in terms of function vectors |J, K, M) to an expan-
sion in terms of vectors |J, O, M) and 2-%]J, |K|, M)
— |K|, M)}, thus; with evident notation, these four sub-

2

-
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" Ep V2Ey O
V2B Fy, ‘_ Eqpy

EgdC)=|" 0 Ey. Ey,

Eg.  Fiy  Ege

I 0 ’ . 6. Fes  Egs
| Ep +E_y Eq 0
E,; - Eg "Eas
0 By, By
(Ey —E.y  Ep 0
Ey  En  Eg
0 - "By E
. .\ '

aL7
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. Each of these sub-matrices EE+J EE_J, By,J, and Eo_"
rouglify the order.of Jf2, so that the solution’ of the ‘secular.
- determinant is considerably less onerous than might appear
at first thought. For all the values of J less than or equal to
three and for some states with J values-of four or five the,
secular ‘equation is quadratic, and. hence the.roots may be
.explicitly determined. . For higher J values the continued

fraction expansion of the roots may. be fruitfully apphed
- Transform ﬁrst‘to the unsymmetrlcal matrix

M | .*_'ko -r'fhir 0 -
¢ 'bli k] bzi
T b ke . .
D = L.*II-E_JL-#-L”]-' , " 2 3 B L .
r—.—ko | 0 - -
- s R
N
L 0~ b, "k 1
D= | 2 2 | ;
10 -
_h \_.- L 0 : ' .bl__i | 0 | |
where = o e e



