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FOREWORD

This book grew out of courses given at the Instituto de Fisica Teérica
for many years. As the title announces, it is intended as a first, elementary
approach to "Geometrical Physics”" — to be understood as a chapter of
Mathematical Physics. Mathematical Physics is a moving subject, and has
moved faster in recent times. From the study of differential equations and
related special functions, it has migrated to the more qualitative realms of
topology and algebra. The bridge has been the framework of geometry. The
passage supposes an acquaintance with concepts and terms of a new kind, to
which this text is a tentative introduction.

In its technical uses, the word "geometry" has since long lost its metric
etymological meaning. It is the science of space, or better, of spaces. Thus,
the name should be understood as a study of those spaces which are of
interest in Physics. This emphasis on the notion of space has dominated the
choice of topics — they will have in common the use of "spaces”. Some may
seem less geometric than others, but a space is always endowed with a few
basic, irreducible properties enabling some kind of analysis, allowing a
discussion of relations between its different parts.

Up until the sixties, General Relativity was seen as the prototype of
geometrical intrusion in Physics. Gravitation stood apart as the sole example
of geometrization amongst the fundamental interactions. Things changed a
lot with the discovery of the renormalizability of gauge theories, and with
their subsequent coming to age as the theories for all the other fundamental
interactions. At least as a general principle, the gauge principle appears
nowadays as a vast unifying idea. It came as an astonishing surprise that
gauge theories are still more geometrical in character and structure than
General Relativity.

Landau's criterium, so well proven for Physics as for good wines, has
been loosely adopted: results less than ten years old in the field are given
only limited attention. It is true that some acceleration in new developments
is easily felt, but it is always graceful to present some seemingly objective
alibi for the authors' limitations. Let it be so, and let us, like those real
bourgogne connoisseurs, leave some recent vintages to rest in the shadows
for some more time.

The text falls into five parts. Parts I, I and III constitute the main text.
Part IV is made up of mathematical topics and Part V of physical topics. The
main text is intended as an introductory, largely descriptive presentation of
the basic notions of geometry from a physicist's point of view. Pedagogically,
it would provide for a first one-semester course. But it is also a kind of guide
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to the topical chapters. It refers to Part IV for further details, and uses Part V
as a source of examples. The main text is divided into chapters, these in
sections and these in paragraphs. For instance, "§4.2.5" means chapter 4 of
the main text, section 2, paragraph 5. Calls like "§n" refer to a numbered
paragraph of the same section. Paragraphs with additional examples and
complements, which can be skipped in a first lecture, are printed in smaller
characters. The topical chapters are simply divided in sections. For instance,
"Phys.7.5" means section 5 of the topical chapter Phys.7.

The topical sections oscillate between the "fascicule des résultats” and
application-almost-exercise styles. The mathematical topics should not be
mistaken as anything more than a guide for further study. They are a
physicists' presentation of mathematical subjects in broad brushstrokes,
intending to illustrate and complement the main text. The physical topics are
similarly introductory, always in a physicists' view, trying never to say twain
for two, and avoiding as long as possible the gobbledygook theoreticians
became prone to in recent times. It tries to present well known subjects from
a point of view which is more geometrical than the usual treatments. Some
general references are given at the end of each topic, the footnotes being left
for those of more immediate character.

Mathematics is, amongst many other things, the language of Physics.
Repetitions are unavoidable and, as with all language apprenticeship, they
may be even desirable. The pedagogical bias justifies some duplications, as
that of indices at the beginning of each topical section, emphatically
advocated by our students.

Like any text coming up from lecture notes, these pages owe a lot to
many. To the financing agencies, like CNPq, FAPESP and CAPES, which
supported the authors during the period. To our colleagues of Sdo Paulo and
Paris, in special C. E. Harle, B. M. Pimentel, D. Galetti, G. Francisco, R. A.
Kraenkel, G. A. Matsas, L. A. Saeger, A. L. Barbosa, M. Dubois-Violette, R.
Kerner and J. Madore. Of course, to the many consulted authors, hopefully
all quoted in the reference list. And, last but not least, to our attentive and
long-suffering editor, Tina Jeavons.



TABLE OF CONTENTS

0 SPACE AND GEOMETRY 1
PART I MANIFOLDS 5
1 GENERAL TOPOLOGY
1.0 INTRODUCTORY COMMENTS ....cococuimcrerrerememninesecreaseacesenssseessnssssnes 7
1.1 TOPOLOGICAL SPACES ................. et tnesaene 9

1.2 KINDS OF TEXTURE.............cccoonu.. et earene e ne 19
1.3 FUNCTIONS .......ootitiicnrttiircnenecsssseseseascsnrscsssssssissssssssssssassssssiesssnesas 31
1.4 QUOTIENTS AND GROUPS.........cooveiinirrecssiennieniresssssssssssesssssssessennns 40
1.4.2 QUOLIENE SPACES .....vveecernrecrerninnsnssssessensnsensssesasisssssasesesossssssssssssesnes 40
1.4.b Topological groups .............. et e aenes 45
2 HOMOLOGY 53
2.1 GRAPHS w.ovcvvsnsesssssssssssssssssssmssssssssss s s sesssssssssss e 53
2.1.a Graphs, fIfSt WAY .......coceuviiuireceivnnnensinnssssescsmssnseresesesnresesssnsessesses 54
2.1.b Graphs, second way .........c.cecouee . 56
2.2 THE FIRST TOPOLOGICAL INVARIANTS................... 61
2.2.a Simplexes, complexes & all that ..........cccoeeervereensrierrranenas .61
2.2.b Topological numbers.... 67
3 HOMOTOPY 77
3.0 GENERAL HOMOTOPY ..............
3.1 PATH HOMOTOPY................
3.1.a Homotopy of curves
3.1.b The Fundamental roup .............ccoveeerneeserssensssssesensssssnnsens 88
3.1.c Some CACUIALIONS........ccorrruererrsrrnrsrarrsnesersnerssssessessessessennns 94
3.2 COVERING SPACES ..........c.ccouveremmemrirnesersssorens 99
3.2.a Multiply-connected Spaces . 99
3.2.b COVEING SPACES......ccccrerrmrerernrernrarssrenssssssnnsesessesssssssssossseens 106
3.3 HIGHER HOMOTOPY ............ . . 116
4 MANIFOLDS & CHARTS 123
4.1 MANIFOLDS ....ccccovsrmmimmuvvenmasessssssssssssmsssssssssssssssssssssssssssssssssssssesseseesess 123
4.1.a Topological manifolds.........ccecvucerreeerrrererenreneeirererneseserseenennns 123
4.1.b Dimensions, integer and other 125
4.2 CHARTS AND COORDINATES...........ccecovremmrureirrnnnsererssssssssssnssesessnssenas 127
5 DIFFERENTIABLE MANIFOLDS 135
5.1 DEFINITION AND OVERLOOK .......covccrvecmminmrrrsrcssissensisrissesesssssesinns
5.2 SMOOTH FUNCTIONS .........ccccecevrrvrecanee

5.3 DIFFERENTIABLE SUBMANIFOLDS



X  An Introduction to Geometrical Physics

PART 1I DIFFERENTIABLE STRUCTURE 143
6 TANGENT STRUCTURE 145

6.1 INTRODUCTION ... cieerereteessseteee st aeeessnseesesanras e e e e annens
6.2 TANGENT SPACES. ........ccccevveceeennee .
6.3 TENSORS ON MANIFOLDS...........
6.4 FIELDS & TRANSFORMATIONS....

6.4aFields ..o

6.4.b Transformations
6.5 FRAMES ...t
6.6 METRIC & RIEMANNIAN MANIFOLDS

7 DIFFERENTIAL FORMS 195

7.1 INTRODUCTION .......cocoviniiiiniriniiictsinsescniscseneseisiessnsssssssssssssssmsssesessenns 195
7.2 EXTERIOR DERIVATIVE......... bbb s 204
7.3 VECTOR-VALUED FORMS ..... e 219
7.4 DUALITY AND CODERIVATION ...

7.5 INTEGRATION AND HOMOLOGY.......... ... 238

7.5.2 Integration ........ccc.covercenrirrennenrennes ....238

7.5.b Cohomology of differential forms ............cc.cccovevennne. ... 245

7.6 ALGEBRAS, ENDOMORPHISMS AND DERIVATIVES...........cco.cce... 253

8 SYMMETRIES 261
8.1 LIE GROUPS ...ttt sisssssessesessssescnssssesss e sesnes 261

8.2 TRANSFORMATIONS ON MANIFOLDS ..

8.3 LIE ALGEBRA OF A LIE GROUP....... .274
8.4 THE ADJOINT REPRESENTATION ........ccccocvumiuriiiiirecriinesearncerssnnnens 280
9 FIBER BUNDLES 289
9.1 INTRODUCTION ..ot neestsiisssesesonssesescssessssssssesessessnnns 289
9.2 VECTOR BUNDLES ............coitiiincininiscnssneisessenescss e sseassssinnes 291
9.3 THE BUNDLE OF LINEAR FRAMES...... SO SR 293
9.4 LINEAR CONNECTIONS..............cccvecune. e 300
9.5 PRINCIPAL BUNDLES....... .313
9.6 GENERAL CONNECTIONS.. .320
9.7 BUNDLE CLASSIFICATION. ........... RO 334
PART III FINAL TOUCH 339
10 NONCOMMUTATIVE GEOMETRY 341
10.1 QUANTUM GROUPS — A PEDESTRIAN OUTLINE.........ccccccevevucnee 341

10.2 QUANTUM GEOMETRY ........coeuniirinrcmemencirmsecsereaseensaemsencsensesesessasens 344



Contents Xi

PART IV MATHEMATICAL TOPICS 349
Math.1 THE BASIC ALGEBRAIC STRUCTURES 351
A GROUPS AND LESSER STRUCTURES ... 352

1 DEfIRItONS c.cvrvevevorerteereceeesreerecsensasmsceesesencaenensae st e sassenssnsssseasasaens 352

2 Transformation group . e 352

3 Representations .............cocecemeuevrernns ...353

4 Groupoids, monoids, semigroups...... ...353

5 SUbGIOUPS......cvveevirirririnniieeneniireanas ettt aaeres 355

B RINGS AND FIELDS...... rerersennaeees 336

6 Rings ....covvernrvrvienes et s 356

TFREIAS ..ttt 357

- 8 Ring of @ ZIOUP ..covcrrevrrcnrcrnarienee ettt ieen 358
C MODULES AND VECTOR SPACES .... cereiereans 359

9 Modules......cccvrrinemenirercscrienninns cereeenneeneaenene 359

10 Vector spaces ............... TR 360

11 The notion of action ..... et b s sn e senae 361

12 Dimension ..... .361

13 Dual space...... ...361

14 Inner product .....ceieiiiienniins s 362

15 Endomorphisms and projectors.............. peerere 362

16 Tensor product .........occeveieneevcennen bt 362

D ALGEBRAS.........ocomriircrceinsenneniinsnenes ettt 363

17 ALGEDIAS .....cooveriiieiisiereeesinsiscnnes e vessa s ss s s s sssssassasnes 363

18 Kinds of algebras .........ccvvecvirennenninns et naees 364

19 Lie algebra................ Fevererere et s b 365

20 Enveloping algebra ............. e s 366

21 Algebra of a group .............. ...366

22 Dual algebra.............. ... 367

- 23 Derivation............. ..367
24 Coalgebras.........ccoruvrviiirnrenens .. 367

25 Bialgebras or Hopf algebras ....................... ... 368

26 R-MALHCES ..o.ovveirmrniiriiiititinniniecii s ssesbe s en et s senans 370

Math.2 DISCRETE GROUPS. BRAIDS AND KNOTS n
A DISCRETE GROUPS .........ciiimmiminisiiscnssesnsssenssssssssssascssssssansasssonss 371

1 Words and free groups ...... ..372

2 Presentations .........eeeeeecenienennininaniennes ...373

3 Cyclic groups ......cccccceenee - ...374

4 The group of permutations.................... ....374

B BRAIDS .......coovemrrriiccriernnieneeerecsrecsens et asaene ... 377

5 Geometrical braids . ... 377

6 Braid groups........cceeucuue. .37

7 Braids in everyday life .. ..378

8 Braids presented............. ... 381

9 Braid Statistics ......c.coeovveenrerioncnnne ....381

10 Direct product representations ...

11 The Yang-Baxter equation .... .383
C KNOTS ANDLINKS .........cccceernnee ....384
12 KNOtS ooecevveeintirinccnrescnsiiesesneiene ... 384
13 Links . reteuteeae bt e b et s s s s R bRt s b ar e ne 386




xii

An Imtroduction 10 Geometrical Physics

14 KNOt BIOUPS ...cucuvreinnsrermssssisasossssssessassssssssnsesssassssssassssssessesssensansanans
15 Links and braids.............. .
16 Invariant polynomials
Math.3 SETS AND MEASURES 391
A MEASURE SPACES .........ccooinimmnnenenerrenineene B ... 391

1 The algebra of subsets...... ... 391
2 Measurable space ......... ..391
3 Borel algebra..................... ..393
4 Measure and probability.. ..393
5 Partition of identity ......... ..394
6 Riemannian metric ........... ..394
7 Measure and Integration... ... 394
B ERGODISM.........ccoovvvmennse ... 395
8 Types of flo ... 395
9 The ergodic Problem .......ccoccuvririrrnecenrrneeserrrereerrreserere e 396
Math.4 TOPOLOGICAL LINEAR SPACES 399
1 Inner product SPACE .........vevecececrciricciireeeeencsane e sesscee et snes 399
2 NOMM c.ircrcsscssssassssenssassesens SRS 400
3 NOrmed VECIOT SPACES ......cuvuermiiiriincrsinrsasessaesessessensesssesserecsssecesnsns 400
4 HIIDEIT SPACE ....evverrecrrecececrieieeie et seess s sssssssssss e sanansnenas 400
5 Banach space........c...ccoecuene. ...402
6 Topological vector spaces ... ... 402
7 FUDCHON SPACES ....cvvvvirerrreninseserencenereressesssssessesestsesasssssasssssseasosensens 403
Math.5 BANACH ALGEBRAS 405
1 Quantization ......
2 Banach algebras

3 *-algebras and C*-algebras
4 From Geometry to Algebra

5 von Neumann algebras.......
6 The Jones polynomials...........cccoeceeemeeerirescrriirennessississsasssssssssnsresennns
Math.6 REPRESENTATIONS 423
O INOQUCHON ..ottt cvcnseacesesseasesstaesises e saaransaes 423
A LINEAR REPRESENTATIONS ......ccooomimiimnrnenenmreesnssisessesnscsesesssansinns 424
1 GENETANILIES .....o.cvveecvcircriitretereesseersane e csessessassae e rererans e saesseees 424

2 DIMENSION w..covrrrrrrrereriieeiesistesstsssessesse st essssssssesesenssassasessenssosessssns 424
3 Unitary repreSentations .........cceeeeeseiecrserserseensnesmnuessessssessosseacsassssonas 425
4 Equivalent representations ............cecceereseuresesesecsersnsssessessessssessmssnenes 425

5 CRATACLELS......c.cevreieveesier et creaseaesetstses s asesssenssesasessseseseasas ...426
6 Irreducible representations ..........c.vcecevceeuerserneecreeenesnuersesnesenes ...426
7 Tensor ProdUCES ..........coceerreireeeneeererertessesssersraessesensenes .427
B REGULAR REPRESENTATION ......ccoovieeverrienrsenenreesennnssassesesenss ... 428
8 Invariant spaces................... ...428
9 Invariant measures ... .. 428
10 Generalities ..........ccoeeeveieirrerereeenans ..429

11 Relation to von Neumann algebras .....
C FOURIER EXPANSIONS ........ooiiieireinneerincnisenesseasrssssseserassanssesssssascsens 430



Contents  Xiil

12 The StANAArA CASES .vevivverrerrreererensasessesssiossisnsnesnssssnssssasssserssessescsnans 430

13 Pontryagin duality ........cceeeuscmsescniiniiisinmniisssssse s 431

14 Noncommutative harmonic analysis .......cocoveeeniimnniioniinnnns 432

15 The Peter—Weyl theOrem ....ceeveecriveercisiimisnississisnsssesisi s 432

16 Tanaka—Krein duality .......ccoeeieveimennninieisenen i 433

17 QUANIUM GIOUDS ..cvcvuremseaemssserssesssssossesscnsssasarsassrsssssbenasssssssssasssosseacs 433
Math.7 VARIATIONS & FUNCTIONALS 435
A CURVES ..ottt sr s sesstssses st e sasane s sassbe s asesassst sobassasassemsasasssnsense 435
I Variation Of @ CUIVE.........ccveevererreerreceesressassessssssesssssasaessasssssacsseessssnes 435

2 Variation fIelds.....coieriiierisniiineincie s ensnnas et 436

3 Path fUNCHONALS .......coveivereriermrreerrrersneeeenrnesiessestetsasssssnsssesbsneaserrens 437

4 Functional GIfferentials .......ccoeverierreecsimreneneneeesie s 438

5 Second-variation ..........cceceeeen. reeeraeeeerrreraaentansnrarsassaessnesaaress 440

B GENERAL FUNCTIONALS......coootrteeencseriennisnninisteseesssssnssnssseneasssssisnsnnens 440 .
6 FUNCHONALS .vevvreeeeeenirieriresieresseassssessessesessaissessestesssenasnsassassssacssessosas 440
77 Linear functionals ..........ccceevervenenseisineesionnisnenssesnsesssceensn. 442
B OPETALOLS .vevovvecrvsnenerissssssiiss s 442
9 Derivatives — Fréchet and Gateaux ............................. rrereraeeaes 443
Math.8 FUNCTIONAL FORMS 445
O INEEOAUCHION «.vveevriiieeecrrieeerresaseesesssstessensssnnesstassssnasnsesssnasssrstssssaesinanass 445
A EXTERIOR VARIATIONAL CALCULUS ... 446
1 Lagrangian density ...........ccoveeversmusscemmsesssnsiusiunsasensssnasinmsnsssssssnsiscesns 446
2 Variations and differentials .......ccoceerviiiminimnninnnnnnni, 447

3 The action functional ........... .. 448
4 Variational derivative.... .. 448
5 BULET FOITIIS . cvvevvvenrenristesieecsesenesnesssessasssnanssennessesssasnssssnaessesssssnssosans 449
6 Higher order FOIMS ..........oouiiionnniseserscssssisssncssnssnssssssinsssssns s 449
7 Relation to operators ...........c...... ceeerereneaa 449

8 Continuum Einstein CONVENtON......coeveuviermurnseessisesssosesssesesnas ...450
B EXISTENCE OF A LAGRANGIAN . ...450
9 Inverse problem of variational calculus ................... ...450
10 Helmholtz—Vainberg theorem.................. ...451
11 Equations with N0 1agrangian ..........cccocucemivesmimssensccennssienencninnees 451
2) Navier—Stokes eqUation .......oueeeieisssesscseneesmissases i 451
b) Korteweg—de Vries eqUation ...........cveveuerensecssscssmecrsuessisnunnns 452
C BUILDING LAGRANGIANS............... ... 453
12 The homotopy formula... ...453
13 BXAMPIES ..eovuriirercerriiurreiirsioressersesssststsssessmsesssssstessssssnssssssisssssssssss 454
a) The Helmholtz—Korteweg lagrangian.......c.ccooeeernencnceninens 454
b) Born-Infeld electrodynamics 455
¢) Einstein's equations
d) Electrodynamics ...
¢) Complex scalar field
f) Second order fermion equation .
14 Symmetries Of €qUAtIONS .......ccemuvrerrenurescrsesisisnesinisinsinisissieees

Math.9 SINGULAR POINTS

1 IRAEX OF @ CUIVE ..o vt e et ao e sne e 459
2 Index of a singular point ........ccecevurevrereseersieeneas 462




xiv  An Introduction to Geometrical Physics

3 Relation to topology

4 Basic two-dimensional singularities

5 Critical points

6 Morse lemma

7 Morse indices and topology

8 Catastrophes

Math.10 EUCLIDEAN SPACES AND SUBSPACES
0 Introduction

A STRUCTURE EQUATIONS

1 Moving frames

2 The Cartan lemma

3 Adapted frames

4 Second quadratic form

5 First quadratic form
B RIEMANNIAN STRUCTURE

6 Curvature

7 Connection

8 Gauss, Ricci and Codazzi equations

9 Riemann tensor

C GEOMETRY OF SURFACES

10 Gauss Theorem

D RELATION TO TOPOLOGY

11 The Gauss—Bonnet theorem

12 The Chern theorem

Math.11 NON-EUCLIDEAN GEOMETRIES

1 The old controversy

2 The curvature of a metric space

3 The spherical case
4 The Boliyai-Lobachevsky case

5 On the geodesic curves

6 The Poincaré space

Math.12 GEODESICS

0 Introduction

A SELF-PARALLEL CURVES

1 In General Relativity

2 In Optics

3 As a character of a connection

4 The absolute derivative

5 Self-parallelism

6 Complete spaces

7 Fermi transport

B CONGRUENCES OF CURVES

8 Jacobi equation

9 Vorticity, shear and expansion

10 Landau-Raychaudhury equation

ZESEIRSRSITRT 2 EaasE2 B EARF3NJJINN233333 § sadpad



Contents Xv

PART V PHYSICAL TOPICS 507
Phys.l1 HAMILTONIAN MECHANICS 509
0 Introduction 509

1 SymplectiC SIUCTURE..........ocuceveerrtreecninitenscncmeeeescsasaerersasens 510

2 Time evolution 512

3 Canonical transformations . 513

4 Phase spaces as bundles 516

5 The algebraic structure ...518

6 Relations between Lie algebras 521

7 Liouville integrability 524

Phys2 MORE MECHANICS oere 525
A HAMILTON-JACOBI 525

1 Hamiltonian structure 525

2 Hamilton—Jacobi equation ..527

B THE LAGRANGE DERIVATIVE 529

3 The Lagrange derivative as a covariant object 529

C THE RIGID BODY .........rrcrcsecnscncesiisessssassessssssssssssessssessasesessans 533

4 Frames 533

5 The configuration space 533

6 The phase space 534

7 Dynamics 534

8 The "space”™ and the "body” derivatives 535

9 The reduced phase space 535

10 Moving frames 536

11 The rotation group 538

12 Left- and right-invariant fields 538

13 The Poinsot construction 541

Fhys.3 STATISTICS AND ELASTICITY 543
0 Introduction 543

A STATISTICAL MECHANICS 544

1 General overview 544

B LATTICE MODELS 548

2 The Ising model 548

3 Spontancous breakdown of symmetry 551

4 The Potts model 553

5 Cayley tree and Bethe lattice 557

6 The four-color problem...........c.cverceceiecenenccntneeeseeseneneeses s esens 557

C ELASTICITY 558

7 Regularity and defects 558

8 Classical elasticity 562

9 Nematic systems . 566

10 The Franck index 569

Phys4 PROPAGATION OF DISCONTINUITIES 571
1 Characteristics 571

2 Pantial differential equations . 572




xvi  An Introduction to Geometrical Physics

3 Maxwell's equations in a medium

4 The eikonal equUation.............ceerseessesnns
Phys.5 GEOMETRICAL OPTICS 583
O INtrOdUCHION ...cvvvvvinieirriniicirrcriei s snese s sstsases s eaaees
1 The light ray equation ...............
2 Hamilton's point of view ...........
3 Relation to geodesics ................
4 The Fermat principle ......
5 Maxwell's fish-eye .........
6 Fresnel's €llipsoid ... nnnsesecsssenaesecsesassanns
Phys.6 CLASSICAL RELATIVISTIC FIELDS . 593
A THE FUNDAMENTAL FIELDS .........cccoconenmmmrnscinersrmnssssssssaessssensssssanns 593
0 Introduction .......c.ovveerceerennencirennenns ceererernenssstsasnsssssnsassnerssssnastossas 593
B SPACETIME TRANSFORMATIONS.........ccosvuermiirneemmmsssnenssssesssrnenennsses 594
1 The Poincaré group ...........ccecevnenas vt 594
2 The basic Cases....cc.oouurvvrrncecnnncns s 595
C INTERNAL TRANSFORMATIONS................ TN 597
3 Global and local gauge transformations... veeenes 597
D LAGRANGIAN FORMALISM .........ccccorunee. prs s 598
4 The Euler-Lagrange Equation .. ... 598
5 First Noether's theOrem .......ccovueereereeernnirisennsinsnesesesssensessesseseesassns 599
6 Minimal Coupling Prescription.........cuveueecveinennnncressneesensenceeennenns 602
7 Local phase transformations ..............cceevesrseereenrenrisssecsensesissesesissens 603
8 Second Noether's theorem...........ocivecnesiserrosssssesssssssesssnessessessnenns 604
9 Using general frames ............cccouveuvmrivecnmrnsrssssrernssseressonsassnseesessenses 607
Phys.7 GAUGE FIELDS 611
A THE GAUGE TENETS .......ccosscvetmerrsnsnesnsnicsessssnsssiesssssssssesessesssasens 611

0 Introduction................... ..611
1 Electromagnetism...........coevevreremernrireeensnnnisessssssssssesses ..612
2 NoNabelian theories. ........cvvveririeiecreirerivseesssnssssesssessesesssssesssssssssens 613

3 The gauge Prescription............ccceveeneirmrenssissrinsressssssnsseseeressesesnnenes 616
4 Hamiltonian approach................... e s aae 616
5_Exterior differential formulation ..............cceo.coommivennrsvesrsnnresenienecrennss 618
B FUNCTIONAL DIFFERENTIAL APPROACH ... PR 619

6 Functional Forms ..........cc.c.corvvrveemneererninnn. renesiensenrsas 619

7 The space of gauge potentials ...... revstsieneniennes 620

8 Gauge conditions..........c..cccrernneee e 624

9 Gauge aNOMANES ........coveururivreerrneicteisieccrseseneacssoreeassssasessasesssenes 625

1O BRST SYMIMELLY ......coccvruriienrireensinernsr s esnssassssesessseasesesesseasen 626

C CHIRAL FIELDS...........coovimicvrseineeissesiinssss s ssesssessssssensossocessensensseessassens 627

11 Some comments on chiral fields ...........ocooeevveevereveeeerreesseeserereesennn. 627

Phys.8 GENERAL RELATIVITY 629
1 Einstein's €QUAtION..........cc..cceeeeererenrisectinseenssssessessssses s sesesessesnsesss

2 The equivalence principle ..
3 Spinors and torsion




Contents  xvii

Phys.9 DE SITTER SPACES 641

1 General characteriStiCs .......oveueueurrecciiinmensiisisionres e
2 Curvature............
3 Geodesics and Jacobi equations

4 Some qualitative aspects .............
5 Wigner-Inonii contraction

Phys.10 SYMMETRIES ON PHASE SPACE 651

1 Symmetries and anomalies..........ooveevnereinnernesinnerninnieseicreiese s 651
2 The Souriau momentum...
3 The Kirillov form.........

4 Integrability revisited ...................... 656

5 Classical Yang—Baxter equation ............ocuvevcenemeninicnnsneinninssnneneenns 657

661

REFERENCES 669

ALPHABETIC INDEX 683




0 SPACE AND GEOMETRY

What stuff'tis made of, whereof it is born,
I am to learn.
Merchant of Venice

The simplest geometrical setting used — consciously or not — by
physicists in their everyday work is the 3-dimensional euclidean space E>. It
oomsists of the set R? of ordered triples of real numbers such as p = (p!, p2,
P, 9=(q", q% q?), etc, and is endowed with a very special characteristic, a
metric defined by the distance function

3
d(p, q) = [gi(p‘q‘)z]v2 :

it is the space of ordinary human experience and the starting point of our
geometric intuition. Studied for two and a half millenia, it has been the object
of celebrated controversies, the most famous concerning the minimum
mmmber of properties necessary to define it completely.

From Aristotle to Newton, through Galileo and Descartes, the very
ward space has been reserved to E3. Only in the last century it has become
clear that other different spaces could be thought of, and mathematicians
trawe since greatly amused themselves by inventing all kinds of them. For
physicists, the age-long debate shifted to another question: how can we
recognize, amongst such innumerable possible spaces, that real space chosen
by Nature as the stage-set of its processes? For example, suppose the space
of our everyday experience consists of the same set of triples above, but with
a different distance function, such as

3 . .
d(p,q)=i§.1|p‘<1‘|-

This would define a different metric space, in principle as good as the one
given above. Were it only a matter of principle, it would be as good as any
other space given by any distance function with R as set point. It so
happens, however, that Nature has chosen the former and not the latter space
for us to live in. To know which one is the real space is not a simple question
of principle — something else is needed. What else? The answer may seem



2 An lmroduction to Geometrical Physics

rather trivial in the case of our home space, though less so in other spaces
singled out by Nature in the many different situations which are objects of
physical study. It was given by Riemann in his famous Inaugural Address!:

" ... those properties which distinguish Space from other conceivable triply
extended quantities can only be deduced from experience.”

Thus, from experience! It is experiment which tells us in which space
we actually live in. When we measure distances we find them to be
independent of the direction of the straight lines joining the points. And this
isotropy property rules out the second proposed distance function while
admitting the metric of the euclidean space.

In reality, Riemann's statement implies an epistemological limitation:
it will never be possible to ascertain exactly which one is the real space.
Other isotropic distance functions are, in principle, admissible and more
experiments are necessary to decide between them. In Riemann's time
already other geometries were known (those found by Lobachevsky and
Boliyai) that could be as similar to the euclidean geometry as we might wish
in the restricted regions experience is confined to. In honesty, all we can say
is that E3, as a model for our ambient space, is strongly favored by present
day experimental evidence in scales ranging from (say) human dimensions
down to about 107" cm. Our knowledge on smaller scales is limited by our
capacity to probe them. For larger scales, according to General Relativity,
the validity of this model depends on the presence and strength of

gravitational fields — E3is good only as long as gravitational fields are very
weak.

" These data are — like all data — not logically necessary, but only of
empirical certainty . . . one can therefore investigate their likelihood, which
is certainly very great within the bounds of observation, and afterwards
decide upon the legitimacy of extending them beyond the bounds of
observation, both in the direction of the immeasurably large and in the
direction of the immeasurably small.”

The only remark we could add to these words, pronounced in 1854, is
that the "bounds of observation" have greatly receded with respect to the
values of Riemann times.

... geometry presupposes the concept of space, as well as assuming the

1 A translation of Riemann's Address can be found in Spivak 1970, vol. IL.



