24 7 R

i ,

e [

'} ments
;"," - 2
- i rk Th

" in Network Theory

i 4




RECENT DEVELOPMENTS
IN
NETWORK THEORY

Proceedings of the Symposium held at

The College of Aeronautics, Cranfield, September 1961

Edited by

S. R. DEARDS

Sponsored by the
DEPARTMENT OF ELECTRICAL
AND CONTROL ENGINEERING

THE COLLEGE OF AERONAUTICS
CRANEFIELD

SYMPOSIUM PUBLICATIONS DIVISION

PERGAMON PRESS
OXFORD - LONDON - NEW YORK - PARIS .

1963



PERGAMON PRESS LTD.
Headington Hill Hall, Oxford
4 & 5 Fitzroy Square, London W.\

PERGAMON PRESS INC.
122 East 55th Street, New York 22, N.Y.

GAUTHIER-VILLARS ED.
55 Quai des Grands-Augustins, Paris 6

PERGAMON PRESS G.m.b.H.

Kaiserstrasse 15, Frankfurt am Main

Distributed in the Western Hemisphere by
THE MACMILLAN COMPANY - NEW YORK
pursuant to a special arrangement with
PERGAMON PRESS LIMITED

Copyright © 1963
PERGAMON PRESs LTD.

Library of Congress Card No. 62-19083

Set by Santype, Ltd., Salisbury, Wilts.

Printed in Great Britain by
Barnicotts Ltd., Taunton, Somersét.



e

INTERNATIONAL SERIES OF MONOGRAPHS IN
AERONAUTICS AND ASTRONAUTICS

CHAIRMEN: TH. vON KARMAN AND H. L. DRYDEN

DIVISION IX: SYMPOSIA

VOLUME 13

RECENT DEVELOPMENTS
"IN
NETWORK THEORY



INTERNATIONAL SERIES OF MONOGRAPHS IN
AERONAUTICS AND ASTRONAUTICS
CHAIRMEN

H. L. DRYDEN

Deputy Administrator,
National Aeronautics & Space Administration,
Washington 25, D.C.

TH. voN KARMAN

Advisory Group for Aeronautical
Research and Development,
North Atlantic Treaty Organization,

64 rue de Varenne, Paris VIIe,

France

U.S.A.

HONORARY ADVISORY BOARD

UNITED KINGDOM UNITED STATES (cont.) GERMANY
A. M. Ballantyne C. Kaplan G. Bock
A. D. Baxter J. Kaplan H. Gortler
W. Cawood J. Keto O. Lutz
J. S. Clarke W. B. Klemperer A. W. Quick
Sir H. Roxbee Cox E. Kotcher
Sir W. S. Farren E. H. Krause AUSTRALIA
G. W. H. Gardner Col. N. L. Krisberg L. P. Coombes
W. S. Hemp A. M. Kuethe
S. G. Hooker J. P. Layton BELGIUM
E. T. Jones L. Lees J. Ducarme
W. P. Jones B. Lewis ITALY
G. V. Lachmann P. A. Libby G. Gabrielli
A. A. Lombard H. W. Liepmann
B. P. Mullins J. R. Markham CANADA
A. J. Murphy C. B. Millikan J. J. Green
L. F. Nicholson W. F. Milliken, Jr. H. C. Luttman
F. W. Page W. C. Nelson D. C. MacPhail
Sir A. G. Pugsley W. H. Pickering - D. L. Mordeil
L. H. Sterne R. W. Porter
A.D. Young L. E. Root SWEDEN
G. S. Schairer B. K. O. Lundberg
UNITED STATES F. R. Shanley HOLLAND
H. J. Allen E. R. Sharp H. J. van der Maas
M. Alperin S. F. Singer C. Zwikker
R. L. Bisplinghoff C. R. Soderberg
W. von Braun J. Stack FRANCE
F. H. Clauser M. Stern L. Malavard
M. U. Clauser H. G. Stever M. Roy
J. R. Dempsey G. P. Sutton
W. S. Diehl R. J. Thompson SPAIN .
C. S. Draper L. A. Wood Col. A. Pérez-Marin
A. Ferri T. P. Wright
C. C. Furnas M. J. Zucrow {Aj?;:?
C. Gazley, Jr. .
E. H. Heinemann POLAND RUSSIA
N. J. Hoff F. Misztal A. A. Tlyushin



SYMPOSIUM ON NETWORK THEORY

18-22 September 1961

ORGANIZER
S. R. DEARDS

SECRETARY
MARGARET STEARMAN

PARTICIPANTS

. Apawms, Dr. K. M., Philips Research Laboratories, Eindhoven, Netherlands.

ALl A. A, Imperial College of Science and Technology, London, England.

ArpLEBY, T. H., The Plessey Co. Ltd., Towcester, Northants., England.

AusTiN, E. R,, Post Office Research Station, London, England.

BANDYOPADHYAY, A. K., A.E.l. Ltd., Manchester, England.

BARRETT, H. A. J., Brunel College of Technology, London, England.

BELEVIICH, Prof. V., C.E.C.E., Brussels, Belgium.

BrAYSHAW, Dr. G. S., Northampton College of Advanced Technology,
London, England.

Broap, E. R., Post Office Research Station, London, England.

BrownE, K. F., Dundee Technical Coliege, Dundee, Scotland.

BrYanT, Dr. P. R., The General Electric Co. Ltd.,, Wembley, Middlesex,
England. :

Burns, R. W., Rutherford College of Technology, Newcastle upon Tyne.
England.

Burrows, Dr. F. M., The College of Aeronautics, Cranfield, England.

Burrows, W. G., Hatfield College of Technology, Hatfield, Herts., England.

CHERRY, Prof. E. C., Imperial College of Science and Technology. London,
England.

CivaLLerl, Dr. P. P, Istituto Elettrotecnico Nazionale, Turin, Italy.

CUTTERIDGE, Dr. O. P. D., The University of Leicester, England.

Dapp, R. H., College of Technology, Portsmouth, England.

Davis, P. G., College of Science and Technology, Bristol, England.

DeARDS, S. R., The College of Aeronautics, Cranfield, England.

DE JAGER, Ir. F., Philips Research Laboratories,-Eindhoven, Netherlands.

Duuveston, Drs.ir. A.J. W, Philips Computing Centre, Eindhoven, Netherlands.



vi PARTICIPANTS

DUINKER, Dr. ir. S., Philips Research Laboratories, Eindhoven, Netherlands.

FALLSIDE, Dr. F., The University of Cambridge, England.

FETTWEIS, A., Bell Telephone Mfg. Co., Antwerp, Belgium.

FISHER, J. E., The College of Aeronautics, Cranfield, England.

GARNER, K. C., The College of Aeronautics, Cranfield, England.

GATLAND, H. B., The College of Aeronautics, Cranfield, England.

GoRrskI-PoPIEL, J., A.E.I. (Woolwich) Ltd., London, England.

GREENWOOD, J. R., B.B.C., Wood Norton, Evesham, Worcs., England.

Gurpy, C. B., Atomic Energy Establishment, Winfrith, Dorset, England.

Havy, K. S., Northampton College of Advanced Technology, London, England.

HARRILD, R. T., British Telecommunications Research Ltd., Taplow, Berks.,
England.

HeaAp, J. W, B.B.C. Research Department, Kingswood Warren, Tadworth,
Surrey, England.

HouMmaN, D. F., The English Electric Co. Ltd., Whetstone, Leics., England.

HoLirt, Dr. A. G. J,, King’s College, Newcastle-upon-Tyne, England.

Hoskins, R. F., A.E.I. (Woolwich) Ltd., London, England.

Howerr, D. A., A.U.W.E., HM. Naval Base, Portland, Dorset, England.

HyYNDMAN, D. E., The College of Aeronautics, Cranfield, England.

JonnsoN, Miss M. H., A.E.L. (Woolwich) Ltd., London, England.

KEeeN, A. W., Lanchester College of Technology, Coventry, War., England.

KiNG, W. E., 37, Knollys Road, London, S.W.16, England.

LinkEg, Dr.-Ing. J. M., Post Office Research Station, London, England.

Lorp, R. N., The College of Aeronautics, Cranfield, England.

MaAcLEAN, D. J. H,, Barr and Stroud Ltd., Glasgow, Scotland.

McInTtosH, D. J., Harrow Technical College and School of Art, Harrow,
England.

MILTON, J. F., A.U.W.E., H M. Naval Base, Portland, Dorset, England.

PaceLLo, E. A., Marconi’s Wireless Telegraph Co. Ltd., Chelmsford, Essex,

~ England.

PARKER, F. W., The General Electric Co. Ltd., Wembley, Middlesex, England.

PiErCEY, R. N. G, 25, Glentworth Place, Slough, Bucks., England.

PiriE, E., Royal College of Science and Technology, Glasgow, Scotland.

Potrs, P. D., College of Advanced Technology, Birmingham, England.

RICHARDS, A. E., British Telecommunications Research Ltd., Taplow, Berks.,
England.

RoBsoN, D. W., The General Electric Co. Ltd., Coventry, War., England.

SaaL, Dipl. Ing. R., Institut fiir Elektrische Nachrichtentechnik, Munich,
Germany.

SANDER, Dr. K. F., The University of Cambridge, England.

SARAGA, Dr. W., A.E.I., (Woolwich) Ltd., London, England.

Say, Prof. M. G., Heriot-Watt College, Edinburgh, Scotland.

g.



PARTICIPANTS vii

SkwirzyNsk1, J. K., Marconi’s Wireless Telegraph Co. Ltd., Chelmsford,
Essex, England.

SMiTH, Dr. A. C., The College of Aeronautics, Cranfield, England.

SmitH, J. L., British Telecommunications Research Ltd., Taplow, Berks.,
England.

STEARMAN, G. H., The College of Aeronautics, Cranfield, England.

SterANI, 1. E., Woolwich Polytechnic, Woolwich, London, England.

STEPHENSON, J., Bradford Institute of Technology, Bradford, Yorkshire,
England.

STEWART, K. L., The English Electric Co. Ltd., Whetstone, Leics., England.

TALBOT, Dr. A., Imperial College of Science and Technology, London, England.

TAYLOR, D. G., Nelson Research Laboratories, Stafford, Staffs., England.

WaRD, Prof. G. N., The College of Aeronautics, Cranfield, England.

WarD, R. W. G., Rugby College of Engineering Technology, Rugby, War.,
England.

WarsoN, J. J., The General Electric Co. Ltd., Coventry, War., England.

WHITE, D. E. W., Short Bros. and Harland Ltd., Castlereach, Belfast, Northern
Ireland.

WHITFIELD, Prof. G. A., The College of Aeronautics, Cranfield, England.

ZpuUNEK, Dipl. Ing. J., Standard Telephones and Cables Ltd., Harlow, Essex,
England.



PREFACE

ELECTRICAL network theory has its origin in a paper published by Kirchhoff at
the age of twenty-one. From an investigation of the distribution of steady
current in a system of interconnected conductors, he deduced the basic laws and
established the combinatorial principles. Maxwell developed the general
theory of electromagnetic networks within the framework of Lagrangian
dynamics and Larmor gave an interpretation of Maxwell’s theory based on a
correspondence between Kirchhoft’s interconnexion constraints and Euler’s
theory of polyhedra. He also observed the reciprocal relation between the current
and voltage representations of network behaviour which Sire de Vilar subse-
quently identified with Gergonne's geometrical principle of duality. With the
introduction of Heaviside’s algebra of transients and the development of
electrical technology at the beginning of the present century, the dynamical
theory gave way to the specification of electrical problems in terms of the
terminal behaviour of idealized elements. Modern electrical network theory has
developed from this simpler and more direct approach to the study of electrical
systems in which the associated electromagnetic field is not the predominant
feature.

With the invention of the telephone and the introduction of alternating
current as a source of commercial power, the centre of activity in network
theory moved to America. Kennelly and Steinmetz applied the algebra of
complex numbers to the study of linear networks in the sinusoidal steady state
and Campbell and Zobel developed the theory of the wave-filter. Foster adapted
Campbell’s reactance theorem to the exact design of reactive one-ports according
to prescribed reactance functions and Cauer in Germany extended Foster's
work to the design of two-element one-ports containing resistanc2. Brune
showed that the impedance function of a reciprocal one-port is a “positive
real™ function and that any such function can be realized by a reciprocal one-
port. He also gave a procedure for the design of one-ports containing three
kinds of elements and thus initiated the theory of network synthesis.

During recent years, network analysis and synthesis have been the subjects
of extensive study and network theory has developed into a unitied discipline.
It has reached a level of abstraction comparable with that of pure science. The
modern theory proceeds from a set of definitions (the elements) and axioms
(the constraints) and is concerned with the logical outcome according to the
methods of strict mathematical reasoning. By venturing beyond the bounds of

physical realizability. it has indicated the way to worthwhile technological
research.
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COMPOUND MATRICES IN NETWORK THEORY

P. R. BRYANT

The General Electric Company Limited, Telecommunications Research Laboratories,
Hirst Research Centre, Wembley, Middlesex, England

1. Introduction

" AN OUTSTANDING problem in electric network theory is the realization of multi-

port networks containing only resistors, self-inductors and capacitors (i.e. RLC
multi-ports) from their admittance or impedance matrices. Even the realization
problem of resistor-only multi-ports is still unsolved. In 1952 Professor Weber
made the following remark**) “Synthesis is like the roof of a building it has
come to last. We must first have a strong structure of analysis before we can
proceed to the much more intricate problem of synthesis.” This paper is essen-
tially an analysis paper, but it is believed that it may have interest and utility in

-the field of network synthesis.

The algebraic relationship between the admittance and impedance matrices
y and z of any multi-port network, and the matrices of two “parent” networks
has been given by Cederbaum.”) This relation may be expressed in the form

y or z = [principal submatrix of M~1]™! (3

where M is an admittance or impedance matrix of an associated “parent"
network.

The relationship (1) is common to many physical situations. Thus, suppose
a linear system is specified by an n x n matrix M, so that a set of n “forcing
functions” represented by a column vector y, gives a set of n “response functions”
represented by a vector x, where

Mx=y. | @)

Now suppose that access to this physical system from the outside world is
such that only & of the n forcing functions y, can be activated, and only the
corresponding & response functions x; can be observed. For convenience, let us
suppose it is the last & of the y, which are available, denoted by the vector Yay
then the first (n — k) of the y, are zero. Denote the last k of the x; by Xk, and
let us ask for the relation between Y and xg,; i.e. if we write

MyXay = Yoy (3
then we ask for M, in terms of M.

oA
&
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Before we assume that the first (7 — k) of the y; are zero, let us rewrite
eqgn. (2) in the following form:
X | Y1
= 4)
[XZJ [Yz] (

M, M,,

My, M,
where x, and y, are A x 1 vectors, and M is conformably partitioned as shown.
Let us denote the inverse of M by N, then if we also conformably partition N,

we obtain
Xyt Ny, N\:][Y!} 5)
["z] [Nzx Ny fly2) (
If now we assume y, = 0, so thaty, becomes y,, and x, becomes the required
X4, then we obtain from eqn. (5)

Xy = Nya2Yup

which gives, assuming N,, to be non-singular,

N3 Xy = Xeiy- (6)

Thus we see that
My, = N33 M
i.e. .
M, = {Last principal submatrix of order k of, M ™'}~ ". (8)

This is, of course, obvious and well known.
Another well known'"? form for M, derives as follows. From equation (4)

M xi + M3x, =y, (9a)
Myx, + MyX, =y, (9b)

Ifnowy, = 0, and x, = X;,, ¥, = ¥, We obtain from 9(a), assuming M,
to be non-singular,

X; = —=M{'M,x, (10)
and on substituting into 9(b) we obtain
[Mzz_M21M1_|lMlz]"(k)=Y(m (1)

which gives
My, =Mz, — leA’In—llsz]- (12)

It may be shown that the non-singularity of N,, in (5) and (6), and the non-
singularity of M|, in (9) and (10) are equivalent conditions, and in fact are neces-
sary and sufficient for the existence of M ,,.

In this paper we obtain yet another form for M, in terms of compounds
of the matrix M.
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This expression for M, was originally obtained by the author in his doctoral
thesis®) in 1959. The author has recently discovered that an equivalent result
had previously been given by Campbell®? in 1922, although Campbell’s expres-
sion is not in terms of compound matrices (see Section 3).

The compound expressions obtained are closely allied to the Gaussian
method of elimination by pivotal condensation, and indeed in the English
translation of his book, Gantmacher'®) gives a mechanical interpretation of
Gauss’s algorithm which is essentially identical with the physical interpretation
of M, given above.

Other writers who have given results closely allied to those obtained here are
Adams,*+?) Boxall,*) Cederbaum,®’ Shipley and> Coleman.(!?’

It is felt that the expressions and results we obtain in this paper may provide

the network theorist with a new tool to help him in his search for network
realization criteria and techniques.

2. Compound Matrices
The definitions and results of this section may all be found in Chapter § of
Aitken.®
DEerFINITION 1. The k-th compound matrix M®) of the n x n matrix M,
(I € k < n), has as its elements all the kth order minors of M; all the minors

which come from the same group of k rows (or columns) of M are placed in the
same row (or column) of M®’, and arranged in “lexical order”.

Notes: (i) By “lexical order”, it is meant that the priority of minors in rows
and columns of M®) is decided on the same basis by which words are ordered in
a dictionary or lexicon. For example, taking the case of k = 2, the second order
minors formed from the first two rows of M form the first row of M®), the
minor formed from columns (1, 2) coming first (M{%), followed by those formed

by columns (1, 3), (1, 4), ... (1, n), (2, 3), ... 2, n), ..., (n — 1, n), in that order.
(ii) M™ will be square and of order (), which we denote by #,.
(iii)) MY = M; M@ is defined to be 1 (scalar unity).
(iv) MM isa 1 x 1 matrix whose single element M (Y is det M.
(v) If Adj M is the adjugate matrix of M, then
(Adj M),; = (=) iMe=Y, . G j=1,2,...,n).

n—j+in—i+1

(vi) Since, when M is non-singular,

M~ =[Adj M]/det M (13)
we have .
=VHIMETR i i

- ( r.
(M~ = M ihj=1,2,..,n). (19
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(vii) Definition 1 may be extended to rectangular matrices in the obvious way.
If M is of order m x n, then we must have 1 < k < Min (m, n), and then M®
is of order m, x n,.

DEFINITION 2. To form the k-th adjugate compound matrix Adj*®*M of the
n X nmatrix M, take the kth compound matrix M® and replace every element
in it by its cofactor, or signed minor, of order (n — k) which is associated with it
in the Laplacian expansion of det M. The transpose of the resultant matrix we
call the kth adjugate compound of M, and denote it by Adj®' M.

Notes: (viii) Adj'VM = Adj M.

(ix) Since Adj*" M and M™® have identical elements, though

transposed, written in complete reversed order and with the sign added, we have

MS" = (")Hj[Adj("—k)M]m‘-j+1,nk—i+1 (15)
(,j=1,2,...,n).
The following two important theorems are proved by Aitken:®

THEOREM 1 (Binet—Cauchy theorem). If M and N are two rectangular matrices
of order m x n and n x p respectively, and if 1 < k < Min (m, n, p) then

( M N)(") = M®ON®

THEOREM 2 (Jacobi’s theorem). If M is square, of ordern x n,and1 < k < n
*then (Adj M)® = (det M)~ Adj®'M.

y

3. Two New Theorems

In this section we obtain an expression for M, in terms of compounds of M,
and also derive an iterative relation involving M ,,. We recall first that in Section
1 we defined M ,, as follows:

M, = {Last principal submatrix of order k of M ™'}~ ',

We now prove the following theorem:
THEOREM 3. If M is non-singular, and the first principal minor of order (n — k)
of M is also non-zero, then M, exists and is given by

. Mg'!_k+ 1)
[M]; =-M_:":T G,j=1,2,...,k).
11

Proof. Throughout this proof, great attention must be paid to the ranges of
the indices which are indicated.

We have ]
M~ = (Adj M)/det M. (16)
Denote the last principal submatrices of order k of Adj M and M~ ! by V
and U respectively; then
U=V/det M {an



