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PREFACE

The Fourth Funnonian Symposium on Mathematical Statistics was
held in Bad Tatzmannsdorf, Austria, 4-10 September, 1983. The
first two Symposia were held there in 1979 and 1981, whereas
the Third Symposium was staged in Visegrdd, Hungary in 1982.
The proceedings volumes of these conferences, published by
Springer, D. Reidel,and D. Reidel & Akadémiai Kiadd, respec-
tively give information about the objectives of the Pannonian
Symposia and the topics covered.

About 130 participants from 17 countries took part in this
Fourth Symposium, and 92 lectures were presented. This volume
contains 21 reviewed contributions which cover various aspects
of the application of mathematical statistics. A second group of
papers dealing with problems of probability theory and decision
theory is published in a separate volume entitled “"Probability
and Statistical Decision Theory".

Roughly speaking, the papers can be grouped into three mair
categories. The first group is the application of probability
theory. A special type of application is shown in the invited
paper of P. Erdds, namely probabilistic methods in number
theory. Further models of applied probability covered by the
papers are game theory, urn models, best choice models and
random graphs. The second group could be best characterized by
the term mathematical statistics for models of real data. Such
models are linear models, regression, discrimination, time
series, analvsis of censcred data, goodness of fit approxima-~

tion of processes. The papers show the increasing importance of

Vil



new theoretical results (i.e. in nonparametric regression,
robustness or limit theorems) to applied problems. The last
group of papers shows various aspects of computational statis-
tics and the application of Monte Carlo methods for numerical
problems such as integration or optimization.

We wish to express our thanks to many persons who gave us
indispensable aid in the preparation of this volume: J. And&l,
O. Bunke, 1. CsiszAdr, L. Devroye, B. Gyires, J. Hurt,

M. Buskova, T. Nemetz, E. Neuwirth, H. Niederreiter, D. Plachky,
B. Pbtscher, F. Pukelsheim, P. Révész, E. Ronchetti, H. Stetter,
W. Stute, K. Urbanik, and R. Zielitski, for their help in refereeing
the papers and in other editorial matters, the secretarial staff
of Professor I. K4&tai at the University of Budapest, who did

the laborious typing of the manuscript under the supervision

of Mrs. 2. Andrdsné Krdlik and, last but not least, Akadémiai
Kiadd and D. Reidel Publishers for their good cocperation.
(After the refereeing process and retyping, all papers were
returned to the authors for correction.)

The organization of the Symposium was made possible by
the help of many individuals and institutions. The organizers
gratefully acknowledge the generous support given by the State
Government of Burgenland, the Federal Ministry of Science and
Research, the Austrian Statistical Society, the Control Data Co.
Hypobank of Burgenland Co., the Volksbank Oberwart Co., the
Raiffeisenbank Oberwart Co., the Kurbad Tatzmannsdorf Co. and
the focal Authority of Bad Tatzmannsdorf; special thanks go to
Th. Kery and Dr. R. Grohotolsky (Head and Vice-Head of Burgen-
land, respectively), Dr. J. Karall (Member of the State Govern-
ment of Burgenland), DPr. Schranz (Member of State Parliament
of Burgenland)} and Mag. R. Luipersbeck (Director of the Kurbad
Tatzmannsdorf AG) for their help in many respects. Finally, we
express our thanks to the ladies for their splendid work in the
preparation and local organization of the meeting; in particular
to Ms. Ingrid Danzinger who patiently undertook most of the typ-
ing for the organization.

Wolfgang WERTZ

viti
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SOME APPLICATIONS OF PROBABILITY METHODS TO NUMBER THEORY
P. ERDOS

Budapest

I wrote many papers on these subjects. In this note I
will mainly state some unsolved problems which have perhaps
been somewhat neglected and which perhaps cannot be solved
completely by probability methods, but where slightly weaker
results can be obtained by these mgthods. I will mainly dis-
Ccuss my own problems and those of my coworkers not because I
consider these more important but because I hope I know more
about them than the reader. Also since my memory is still good
I will occasionally add some historical remarks.

First a few words about the literature, this list of
references will be very incomplete.

P.D.T.A. Elliott, Probabilistic number theory, Springer
Verlag, Grundlehren der Math. Wissenschaften, Vol. 239 and 240
(1980) . This comprehensive handbook deals with additive and
multiplicative arithmetical functions, it contains also many
references to the earlier literature and many unsolved problems
and interesting historical remarks.

H. Halberstam and K. F. Roth, Sequences, Springer Verlag
1982. The third chapter of this excellent book contains

applications of probability methods to additive number theory.

1



The first survey paper on probability methods in number
theory is M. Kac, Probability methods in some problems of
analysis and number theory, Bull. Amer. Math. Soc. 55’(1949),
641-665. I feel that this interesting paper deserves careful
study even now.

I will give references only if they are not contained
in these books.

Before I start my subject I just remark that probabilistic
ideas are often useful in making plausible conjectures which
cannot be attacked by our methods which are at our disposal

at present., The best known such conjecture is due to Cramer:

Let p:<p:<... be the sequence of consecutive primes. Then
P %
(1) Tim _Eil__ﬁz = 1.
(log n)
1.

2
n+1 -pn<pn

and the currently known best inequality from below due to

The Riemann hypothesis would only imply p

Rankin states that there is a ¢>0 so that for infinitely

many n

, € log n ioglog n loglogloglog n
{logloglog n)?

(2) p

n+1 " Pn

Rankin obtained (2) 45 years ago, no progress has been
made since then except that Schdnhage and Rankin himself impro-
ved the value of ¢ . This prompted me to offer a reward of
10000 dollars for a proof that (2) holds for every c¢ and
infinitely many n . I am so sure tha:t (2) holds that for a

disproof I offer 25000 dollars. The only reason that I do not



offer 106 dollars that is thg very unlikely event that I am
wrong and (2) does not hold for every ¢ I could not pay my
debt.

Let me state two less well known conjectures of myself:
Denote by P(m) the greatest prime factor of m . Is it true
that for every n>n_(e) P(n(n+1)) > (log n)27¢, but for
infinitely many n P{n{n+1)) < {log n)2+€. Also is it true
that every n > no(e) can be written in the form n=atb P(a-b)<

< (log n)2+E? It is easy to see that the result fails if we

2-¢

2re by {(log n) . Very much weaker positive

replace (log n)
results have been proved by analytic methods by Balog and Sé&r-
kézy. Balog and Sarkdzy will publish several papers on this

and related subjects.

A. Balog and A. S&rkdzy, On sums of integers having small
prime factors, I-II, Studia Sci. Math. Hung., and On sums of
sequences of integers, I-III, Acta Arithmetica and Acta Math.
Acad. Sci. Hung., to appear.

H. Cramer, On the order of magnitude of the difference
between consecutive prime numbers, Acta Arith. 2 {1936), 23-46.

R. A. Rankin, The difference between consecutive prime
numbers, J. London Math. Soc. 13 (1938), 242-247.

First a few words about additive and multiplicative
number theoretic functions, this chapter will be very short in
view of the book of Elliott. I proved many years ago that the
density of integers n for which «(n) > ¢ (n+1) 1is % and
the same resuit holds for »{n) and for d(n) the number of
divisors of n . This later result was a conjecture of Chowla.

I could never prove that the density of integers with



P(n) > P(n+1} is % and this conjecture is probably unattackable

by methods at our disposal. Very much weaker results have
been proved by Pomerance and myself.
On the other hand easy independence arguments will give
that the density of integers for which o(n) > ¢(n+1) and
d(n) > d(n+1) is % since the two inequalities are asymptoti-

1 .
cally independent. Put f(n) = I +s——=——— . With very little
oln loglog p

more trouble I can prove that the three inequalities d(n) >
> d(n+1), f(n) > f£(n+1) and ¢ (n) > ¢(n+1) are asymptotically
independent. On the other hand ¢(n) > ¢{(n+1) and <(n) < o(n+1)
are strongly correlated. The density of integers which satisfy
both ipequalities is strictly between 1 ana 1. Finally fhe

4 2
density of integers with d(n) > d(n+1), w(n) > w(n+1) is 1

2
(w({n) denotes the number of distinct prime factors of n ).

I am not sure if these results are in the literuture but

anyone familiar with the methods of probabilistic number theory
can easily supply the proofs. I just want to state one of my
old problems which does not seem quite hopeless but which so
far resisted all attacks. Let f(n) be an additive function

and assume that for a pair a, b of real numbers the density

of integers n for which a<f(n)<b exists and is positive.

Does it then follow that f(n}) has a limiting distribution?

It is not difficult to prove that our condition implies that

the two series

2

Ti-

£(pi
b2 ’ X P

Eip) il Ep) )<t

both converge, but I could not prove that



by £(p) -
[£(p) <1 P

also converges. If this wouid also be proved then by the theore
of Wintner and my'conjecture would be settled. Elliott gave a
purely probabilistic formulation of my conjecture (see Vol. 2,
331 of Elliott’s book).
An old conjecture of mine on multiplicative functions sta
Let f(n) be é multiplicative function which only takes t

values = 1. I conjectured that £(n) has a mean value, i.e.

that
1 X
(3) lim X L f(n)
n=1
exists, and is 0 if and only if I = », (3) was first

1
£(p)=-1 P

proved by Wirsing and later in a more general férm by Haldsz.

Tchudakoff and I conjectured (independently) that for such a

multiplicative function

(4) lim |

[

f = o
n=1 (n) |= =,

In fact I have a more general conjecture: Let f(n) =¥
be any number theoretic function (not necessarily multiplicativ

then to every ¢ there isa 4@ and m so that

(5) O

[}

£(kd)| > c.
k=1 .



(5) was one of my first conjectures and is now more than 50

years old. I offer 500 dollars for a proof or disproof of (5).

Choose f(p) = +1 or £(p) = -1 with probability % and
o, Q.
for n =11 p; *put £f(n) =N £(p) 1. Wwintner asked what can
pin
x +
be said about L f(n) for almost all choices of f(p) = -1.
n=1

He proved that for almost all functions f(r} we have

N|=
+
™

(6)

[ e I

f(n) < x .

I improved (6) and showed that for almost all functions f(n)

x
_) < £ f£(n) < x1/2(log x) €2

and conjectured that for almost all functions

1 X
(7) lim T7E E f(n) = =
X n=1
but
x
z f(n)
(8) lim n=1 = . 0

x1/2(log x) €

I could not even guess the analog of the law of the
iterated logarithm. Haldsz proved (8), but only proved a
slightly weaker result thah (7).As far as I know nobody has a

X
plausible guess for the true order of magnitude of |I £{n) .

|
n=1



Many further interesting questions could be asked e.g.: What

can be said about the numberof 0-s of the partial Sumsnfx f{n)

for the random multiplicative function? By analogy with the

Rademacher functions one would expect that the number of zeros

1 N 1
5 — © anc 5 * €
2 2

X X

is between ,

of course more precise results would be very desirable.

G. Halész, On random multiplication functions, Publ. Math.
D’Orsay 1983, Journées Arith. Coll. H. Delange 79-96.

P. Erdds and Carl Pomerance, On the largest prime factors
of n and n+1, Aequationes Math. 17 (1978}, 311-321.

Now I discuss some problems and results on additive num-
ber theory. These problems were first stated by Sidon more than
50 years ago, he was led to these problems by his study of
lacunary trigonometric series. Let a; < a,< ... be an infinite
sequence of integers, denote by f(n) the number of solutions
of n=ai+aj. Sidon asked me in 1932 when we first met whether
there is a seguence A = {a; < a; <...} for which f(n) > 0 for
all n but for which £(n)/n® » 0 for every €>0 i.e. A is
a basis of order 2 but f(n) is small. I at first thought
that the problem will not be hard and that it will be easy to
construct such an A . I never succeeded in constructing such
an A but about 20 years later I proved by probabilistic

methods that there is a sequence A for which
(9) c; logn < f(n) < ¢, 1logn

holds for every n . An outstanding problem here is whether

there is a sequence A for which



(10) f(n) = (1 +0(1))log n

I expect that such a sequence A does not exist. As a

first step one should prove that for every sequence A
(11) 1im [f(n) - log n| = «

(11) will perhaps not be hard to prove. I offer 500 dollars
. for a proof or disproof of (10). If there is no A satis-

fying (10) then one tould ask: Put

Iim £(n)/log n = C;, lim f(n)/log n = C,

Is there an ¢>0 so that for every A, C;/C; > 1+¢ ?

This question just occured to me while I write these lines
and I hope it will not turn out to be trivial. Let g(n) be
a monotonic function 'which tends to infinity arbitrarily

slowly. It is easy to prove by the probability metﬁod that

there is a sequence A for which

f(n)/g(n) log n + 1.

An old conjecture of Turé&n and ﬁyself states that if
¢

(12) f(n) > 0 for all n then Iim f(n) = =

I offer 500 dollars for a proof or disproof of (12).



Perhaps £(n) > 0 for all n > ng already implies that
there {8 an absolute constant ¢ so that £f(n) > ¢ log n.
If this conjecture is true one can again ask: Is it tfue that
in fact ¢ > co?

Another possible strengthening of my conjecture with
Turén would be: Assure a,<c kz. Is it then true that
Tim £f(n) = » and perhaps even f(n) > ¢ log n fbr infinitely
many n?
' Sidon calls an infinite sequence A a B2 sequence if the
integers ai*“j are all d;stinct. When we first met Sidon asked
for a B, sequence for which a, increases as slowly as possible.
The greedy algorithm easily gives that there is a 82 sequence
for which a<c k3 and we both conjectured that in fact ‘
there is a B, sequence for which ak<k2*e. Rényi and I proved
by probabilistié methods that there is a sequence A with
2+¢

a <k and £(n) < c_ for all n . For nearly 50 years we

could not prove that there is a B, sequence for which
a = 01k3). A few years ago Ajtai, Komlds and Szemerédi,

proved by an ingenious combination of combinatorial and

probabilistic methods that there is a B, sequence for
which

]
(13) . a <ck / log k.

(13) at the moment seems to be the natural boundary of their
method.

Let me state an interesting problem in connection with

the greedy algorithm. We construct a B, sequence as follows:

24 Mogyorédi



Assume a,<a,<...<a, . has already been constructed. Then
2y is the smallest integer for which (a1,...,ak} is a B,
sequence. It is easy to see that a, <c k3 and Chowla and Mian
carried out extensive calculations on the basis of which they

suggest that a, ~ kZ*c‘ It is not even known if

2
(14) ak/k > o and a /x =+ 0.

I am not an expert on algorithms but find (14) a fascinating
conjecture and offer 250 dollars for a proof or disproof.
I proved that if A is a 82 sequence then
a

(15) IIm —2 >c>0
x? log k

for a certain ¢>0. Is (15) best possible? I have no informa-
tion and offer 500 dollars for a proof or disproof. It is
best possible in the following much weaker sense. I proved
(15) by showing that if a, < c1k2 log k for all k > ko' c
sufficiently small, then the number of solutions g(x) of

1

0 < aj-ai < x satisfies g(x) > x. Thus our sequence cannot
be a B2 sequence. It is not hard to show that (15) is best

2

possible in this case i.e. if a =C k“ log k, C sufficiently

large, then g{(x)<x. Krickeberg and I proved that there is a

B, sequence for which

2
(16) lim ak/k < C

for some C . The best result in (16) is due to Krickeberg:

10



