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DEDICATION

There are many reasons to celebrate in this tenth year of FST&TCS conferences. This
conferen.e is organised and run by the Computer Science Research community in India
without support from any professional societies. Itis an expression of solidarity of
this community to find effective means of exposure to the quality of research
elsewhere, and to be visible on account of merit. Its purpose has been to provide a
forum for professional interaction between members of this research community and
their counterparts in different parts of the world. The effects of this sustained exposure
is locally visible: the quality of teaching in theoretical aspects of Computer Science has
uniformly improved in all the major Departments of Computer Science in India; also,
the number and quality of papers in Theoretical Computer Science reporting on original
research carried out in India has steadily increased.

The Tenth Conference on Foundations of Software Technology and Theoretical
Computer Science is dedicated to Professor R. Narasimhan ori the eve of his retirement
from the Computer Science Group at TIFR. It was his vision of finding means to
integrate individual researchers into a community, his emphasis on quality, his ideas on
methods of maintaining quality in a visible manner, and his constant support to the
Conference Committees in their endeavours to implerhent his ideas, which have helped
make this conference an accepted annual event. We will aiwaysbe beholden to him
for having helped us believe in ourselves.:

Technical Programme Committee, FST&TCS 10
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Reasoning About Linear Constraints Using Parametric Queries

Tien Huynh  Leo Joskowicz  Catherine Lassez  Jean-Louis Lassez
IBM T.J. Watson Research Center
P.O.Box 704
Yorktown Heights, NY 10598

Abstract

We address the problem of building intelligent query systems to reason about linear
arithmetic constraints. The central issue is the development of tools for testing solvability,
for constraints representation, for incremental updates and for intelligent feedback. The
concept of parametric queries introduced in the context of constraint logic programming
provides the starting point for this study. The relevance of this approach is illustrated by
examples from the domain of spatial reasoning.

1 Introduction

Linear arithmetic constraints are key elements in applications such as Operations Research, Con-
structive Solid Geometry, Robotics, CAD/CAM, Spreadsheets, Model-based Reasoning, Theo-
rem Proving and Program Verification. Constraints hasdling techniques have been incorporated
in a number of programming systems including CLP(R), CHIP, CAL, Prolog 111, BNR-Prolog,
Mathematica and Trilogy. More recently constraints have been introduced in committed choice
languages [M], [S] and in database querying languages [KKR]. Here we address the general
problem of designing systems to reason about linear arithmetic using the constraints as the
basic entity. The domain knowledge is expressed as constraints, and queries are asked on these
constraints to extract new information. These queries are asked in an interactive context where
the constraints in store can be dynamically added and deleted. Apart from the problem of
finding suitable query-answering mechanisms, this raises the complex problem of coordinating
the various operations.

To answer queries, efficient mechanisms are required to deal with subsumption, implicit

equalities, redundancy, .canonical representation, projections, and incrementally updating. For
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each of these problems, one can import algorithms from Symbolic Computation, Computational
Geometry, Automated Reasoning and Operations Research. However, a collection of discon-
nected algorithms only makes an ad-hoc system. A general system requires a coherent underly-
ing thecry and an integrated implementation. In this paper, we informally present an integrated
framework based on the concept of parametric gueries which provides a unifying formalism and
leads to a general query-answering method.

The rest of the paper is organized 2s follows. In the next section, we present examples
of the use of constraints in the domain of spatial reasoning. These examples illustrate how
the various kinds of information in this particular domain translate naturally into constraints
and what the required constraint-handling operations are. In section 3 we define the general
concept of parametric queries that provides a framework to express the different aspects of
reasoning with constraints. We also show how a basic but somewhat ignored result of Linear
Programming leads to a method to answer these queries. In section 4, we discuss the key issue
of constraints representation and present a natural canonical form that fits the requirements
of both the interaction and the processing of queries. In section $, we address the problem of
dynamically updatirg the constraints in store and we show the importance of proper feedback
information for maintaining a coherent system of constraints. In the last section, we show
how linear programming generalizes naturally into a symbolic computation method to answer
parametric queries. As a particular case, we show how a variant of the dual simplex leads to
a solver which provides, for free, information on the algebraic properties of the constraints and

the geometric structure of the associated polyhedron.

2 Spatial reasoning: a case study

Spatial reasoning covers a wide spectrum of tasks and domains, such as planning the motion
of a robot’s arm, analyzing and designing machines, and solving commonsense problems. The
fundamental question underlying these tasks is: given an assembly of rigid objects, determine
how they move and interact with each other in space. Object geometry determines the motion
properties of an assembly. For example, Figure 1 shows a simple puzzle consisting of an enclosing
frame containing three identical red and blue blocks. Given that the blocks have opposite
orientations, we want to determire if the blocks can move, how many blocks can move at a time

or if the blue and red blocks can exchange positions.

Finding the motion properties of objects in an assembly can be formulated as a constraint



Figure 1: Geometric description of a puzzle consisting of a fixed frame containing three identical

red R; (upper) and blue (lower) B; unit length diamond-sha.pé blocks.

satisfaction problem [Ja). Every moving object is assigned a reference point and one motion
parameter for each of its potential degrees of freedom. Specific parameter values define the
objects’ configuration, i.e., its position and orientation in space. The space generated by all
objects’ motion parameters is called a configuration space. For example, each l;lock in the
puzzle has its reference point attached to its lower left corner and two translational parameters:
z; and y; for the red blocks, and u; and v; for the blue blocks. The parameters’ axes are aligned
with the cartesian z-y coordinate frame and define a 12-dimensional coqﬁguration space. The

configuration depicted in Figure 1 corresponds to the point:

{z1=1, ;m=1, z3=15, p=05 z3=0, =0,
y=1 n=-1, =2 v=-1, u3=25 vy=-2}

Since rigid objects cannot deform or interpenetrate, their motions are constrained by the
contacts between them: FEach pairwise contact defines a motion constraint on the objects’
degrees of freedom. Motion constraints are non-linear inequality functions on the objects’ motion
parameters. Their exact form is determined by the object geometry and degrees of freedom.
Translating polyhedral objects generate linear constraints®. The set of motion constraints for
each object pair is computed by examining all possible contacts betweeix the objects’ faces,
edges, and vertices [LW]. |

In the puzzle, the frame restricts red blocks to slide along its edges. The corresponding

motion constraints are graphically depicted in Figure 2(a). The axes are the motion parameters

1Other non-linear constraints of curved geometry and rotations can sometimes be apﬁmﬁmated by linear
inequalities [Jb).
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Figure 2: Graphical representation of the local motion constraints: (a) the frame and a red
block; (b) two red blocks; (c) the frame and a blue block; (d) two blue blocks, and (e) a red and
a blue block. Shaded areas correspond to forbidden object configurations.

of block R;, z; and y;. Each of the trapezoid’s boundaries corresponds to a contact: the left
line corresponds to the red block’s left edge sliding along the frame’s upper left edge. The
red blocks are constrained to slide around each others’ contours, as shown in Figure 2(b).
Motion constraints are described by disjunctions and conjunctions of linear constraints. Each
conjunctive clause defines a convex region. The union of all conjunctive clauses defines the set
of legal configurations. The frame and red block motion constraints are described by a single
region:
Wil 2i-4%20, 2;4420, z,-y <1}

for i =1,2,3, whereas the motion constraints of two red blocks R; and R; are described by four

regions, partitioned as indicated by the dashed lines in the figure:
(@i-2)~(m-)21, pi-y>-1, Yi-yi>=1} V gi—y;21 v
{E-z) -~y <=1, -y > -1, %i-yi>-1} V y-yi<~1
fori,j=1,2,3and ¢ # j. Similar sets of constraints describe the remaining three interactions,

shown in Figure 2. Physical object motions must be within the pairwise object contacts. That

is, they must satisfy the set of all pairwise motion constraints.



Properties of the objects’ motions can be extracted from queries on the set S of ali motion

constraints. These questions include, among many others:
1. Assembly: can the objects be asserabled? I not, which object must be removed?

2. Freedom: is an object fixed? How many degrees of freedom does it have? Can an object

move in a fixed direction?
3. Planning: can we get from one assembly configuration to another?

4. Editing: what happens if the shape of an object is modified, or a new object is added? Do

the assembly’s motion properties change?

To determine if objects can be assembled, we test if S is solvable. A solvable S is a non-
empty configuration space which contains at least one point corresponding to a feasible object
configuration. If S is unsolvable, the constraints causing its unsolvability define the objects
that interpenetrate. Removing one of these objects deletes the problematic constraints. To
determine an objects’ degrees of freedom, we find the values of its motion parameters. Each
constant parameter removes a degree of freedom. When they are all constant, the object is
fixed. To find the motion range, we project S on the space of the variable motion parameters.
Equa.lity relations of the type az + By = vy where z and y are the motion parameters of an
objecé define an axis of motion. To determine if we can go from one configuration to another,
we test if the correéponding configuration space points 'belong to the same connected region.
Finally, to determine what happens as a cohsequence of a structural change, we must replace
the motion constraints of the original object with the motion constraints of the new ob ject. To
test for assembly equivalence, we must test if their constraints are equivalent.

The set S generally confains many redundant inequalities and implicit equalities. Removing
them and putting S in a canonical form directly answers many of the above questions. For
example, the region of the puzzle’s configuration space containing the conﬁéuration in Figure 1

is defined by the set S of 45 inequalities:



Nigi{vi €1, 2i -4 20, zi+ 4 20, zi -4 < 1,
ui>-2 Ui+ <1, -2 4i+v20, % —v; 21}
N{n-n>-1, n-n<l, (@-2)-M-w)<-1,
n-wmz21,
Br-w>-1, p-y<l, (2-23)-(-w21,
n-v>=l, m-v2<l, (u-u)+(n—-v)<-1,
n-v321,
vz —v3 > 1}

for i,7 = 1,2,3. The canonical representation S’ is much mote compact and informative:

{z1=1, =1, =z3=0, y3 =0,
y=1, v=-1, up=2, v = -1,
2252, %2220, zZ-p=1,

w322, u3<3, wv3=-2}

These 10 equalities and 6 inequalities provide direct answers to some of the above queries.
First, S is solvable and thus contains feasible object configurations. All blocks except R; and
Bs are fixed. Bj has a single degree of freedom, whereas R moves along the axis defined by
z2 — y2 = 1. Further, since there is no functional relationship between the parameters of R; and
Ba, their motions are independent. The other configuration space regions are similar and can
be constructed incrementally [JS]. By examining them, we conclude that only one red and one
blue object can move independently at a time, that the red and blue blocks do not mix, and
that the clockwise or ler of the blocks cannot be reversed.

Editing queries require updating the motion constraints. Suppose we remove block R3 and
want to know if this affects the motion range of B;. We delete all the motion constraints related
to Ra from S, and project the result onto the uz-vy plane. The resulting projection is:

{2215, u2<2, wp=1-w}

that is, B is no longer fixed but can slide into the upper part of the puzzle.
The following sections show how the various operations discussed here naturally translate
into basic operations of the proposed constraint based system and the importance of a suitable

canonical form for the constraints.



