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Preface to Second Edition

This book provides an introduction to the analysis of time
series, a subject which is of increasing interest at the present
time. The book can be used as a text for an undergraduate
or postgraduate course in time series, or it can be used for
self-tuition by research workers. In writing the book 1 was
conscious of the fact that several books had already been
written on theoretical aspects of time-series analysis, So my
aim was to provide a comprehensible introduction to a
rather difficult subject which bridges the gap between theory
and practice. Enough theory is given to introduce the
concepts of time-series analysis and to make the book
mathematically interesting. In addition practical problems
are considered so as to help the reader tackle the analysis of
real data.

Although the book is primarily an introductory text, I
have nevertheless added appropriate references to further
reading and to more advanced topics so that the interested
reader can pursue his studies if he wishes. These references
are mainly to comprehensible and readily accessible sources
rather than to the original attributive references.

The book assumes a knowledge of basic probability theory
and elementary statistical inference.

One difficulty in writing an introductory textbook is that
many practical problems contain at least one feature which
is ‘non-standard’ and these cannot all be envisaged in a book
of reasonable length. Thus the reader who has grasped the
basic concepts of time-series analysis should always be
prepared to use his common-sense in tackling a problem.
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PREFACE TO THE SECOND EDITION

Example 1 of Section 5.5 is a typical situation where
common-sense has to be applied and also stresses the fact
that the first step in any time-series analysis should always
be to plot the data.

The second edition has much the same structure as the
first edition, The text has been clarified and updated in
many places, particularly in Chapters 3 and 4. Some sections
such as Sections 1.5, 2.3, 4.2.2, 4.6 and 9.1 have been
completely rewritten. But these changes have been made
without altering the Section numbering or the page numbers
up to p. 227, This should be helpful to teachers who are
used to the first edition and should also keep down costs
and new typesetting errors. Chapter 10 has been substantially
rewritten, and the references have been completely revised.
The subtitle of the book has been changed to indicate the
introductory nature of the book.

I am indebted to many people for assistance in the
preparation of this book including V. Barnett, D. R. Cox,
K. V. Diprose, R. Fenton, P. R. Fisk, H. Neave, J. Marshall,
P. Newbold, M. P. G. Pepper, M. B. Priestley, D. L. Prothero
and C. M. Theobald. Of course, any errors, omissions or
obscurities which remain are entirely my responsibility. The
author will be glad to hear from any reader who wishes to
make constructive comments.

Finally it is a pleasure to thank Mrs Jean Honebon for
typing the first edition and Mrs Doreen Faulds for typing
the changes for the second edition in such an efficient way.

School of Mathematics, Christopher Chatfield
Bath University,
September 1979.
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Abbreviations

AR

MA
ARMA
ARIMA
ac.f
acv.f.
FFT
N(u,0%)
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Xv

Notation
v
B
E

Autoregressive

Moving Average

Mixed Autoregressive Moving Average

Autoregressive Integrated Moving Average

Autocorrelation function

Autocovariance function

Fast Fourier Transform

A normally distributed random variable, mean u,
variance g2.

A chi-squared random variable with » degrees of
freedom

The difference operator such thatVx, = x, — x,_,.

The backward shift operator such that Bx, = x,_,
Expected value or expectation
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CHAPTER1

Introduction

A time series is a collection of observations made sequentially
in time. Examples occur in a variety of fields, ranging from
economics to engineering, and methods of analysing time
series constitute an important area of statistics.

1.1 Examples

We begin with some examples of the sort of time series which
arise in practice

(a) Economic time series Many time series arise in
economics, including such series as share prices on successive
days, export totals in successive months, average incomes in
successive months, company profits in successive years; and
so on. Fig. 1.1 shows part of the classic Beveridge wheat price
index series which consists of the average wheat price in
nearly 50 places in various countries measured in successive
years from 1500 to 1869. The complete series is given by
Anderson (1971). This series is of particular interest to
economic historians, and, when analysed (Granger and
Hughes, 1971), shows clear evidence of an important cycle
with a period of roughly 13.3 years.

(b) Physical time series  Many types of time series occur in
the physical sciences, particularly in meteorology, marine
science, and geophysics. Examples are rainfall on successive

1



Beveridge wheat price index
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Figure 1.1  Part of the Beveridge wheat price index series.

days, and air temperature measured in successive hours, days
or months. Fig. 1.2 shows the air temperature at Recife, in
Brazil, measured over 10 years, where the individual
observations are averaged over periods of one month.

Some mechanical recorders take measurements
continuously and produce a continuous trace rather than
observations at discrete intervals of time. For example in
some laboratories it is important to keep temperature and
humidity as constant as possible and so devices are installed
to measure these variables continuously. Some examples of
continuous traces are given in Chapter 7 in Fig. 7.4.
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Figure 1.2 Average air temperature at Recife, Brazil, in successive
months,
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THE ANALYSIS OF TIME SERIES

Continuous recorders often smooth the data to some extent
as they are insensitive to high frequency variation.

(c) Marketing time series  The analysis of sales figures in
successive weeks or months is an important problem in
commerce. Fig. 1.3, taken from Chatfield and Prothero
(1973a), shows the sales of an engineering product by a
certain company in successive months over a seven-year
period. Marketing data have many similarities to economic
data. It is often important to forecast future sales so as to
plan production. It is also of interest to examine the
relationship between sales and other time series such as
advertising expenditure in successive time periods.

(d) Demographic time series  Time series occur in the
study of population. An example is the population of
England and Wales measured annually. Demographers want
to predict changes in population for as long as ten or twenty
years into the future (e.g. Brass, 1974).

(e) Process control 1In process control, the problem is to
detect changes in the performance of a manufacturing
process by measuring a variable which shows the quality of
the process. These measurements can be plotted against time
as in Fig. 1.4. When the measurements stray too far from
some target value, appropriate corrective action should be

[s3)

o

g /AVMV 2 ’\V/\\V/ Target value
3 ~N

g

[8]

&

a

1=

Time

Figure 1.4 A process control chart,

4



INTRODUCTION

taken to control the process. Special techniques have been
developed for this type of time-series problem and the reader
is referred to a book on statistical quality control (e.g.
Wetherill, 1977).

(f) Binary processes A special type of time series arises
when observations can take one of only two values, usually
denoted by 0 and 1 (see Fig. 1.5). Time series of this type,
called binary processes, occur particularly in communication
theory. For example the position of a switch, either ‘on’ or
‘off’, could be recorded as one or zero respectively.

1 B )

0 - L] L

Time —#

Figure 1.5 A realization of a binary process.

(g) Point processes A different type of time series occurs
when we consider a series of events occurring ‘randomly’ in
time. For example we could record the dates of major
railway disasters. A series of events of this type is often called
a point process (see Fig. 1.6). For observations of this type,
we are interested in the distribution of the number of events
occurring in a given time-period and also in the distribution
of time intervals between events. Methods of analysing data
of this type are discussed by Cox and Lewis (1966), and will
not be specifically discussed in this book.

ALY Az VARAVAY) Y4 Y\
TANITA 7K TANERAYAY 7% FANIVAN
Time ——#

Figure 1.6 A realization of a point process. { X denotes
an event.)
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THE ANALYSIS OF TIME SERIES

1.2 Terminology

A time series is said to be continuous when observations are
made continuously in time as in Figs. 1.5 and 7.4. The term
continuous is used for series of this type even when the
measured variable can only take a discrete set of values, as in
Fig. 1.5. A time series is said to be discrete when observations
are taken only at specific times, usually equally spaced. The
term discrete is used for series of this type even when the
measured variable is a continuous variable.

In this book we are mainly concerned with discrete time
series, where the observations are taken at equal intervals, We
will also consider continuous time series, and in Chapter 10
will briefly consider discrete time series where the
observations are taken at unequal intervals of time.

Discrete time series can arise in several ways. Given a
continuous time series, we could read off the values at equal
intervals of time to give a discrete series called a sampled
series. Another type of discrete series occurs when a variable
does not have an instantaneous value but we can aggregate
(or accumulate) the values over equal intervals of time.
Examples of this type are exports measured monthly and
rainfall measured daily. Finally some time series are
inherently discrete, an example being the dividend paid by a
company to shareholders in successive years.

Much statistical theory is concerned with random samples
of independent observations. The special feature of
time-series analysis is the fact that successive observations are
usually nor independent and that the analysis must take into
account the time order of the observations. When successive
observations are dependent, future values may be predicted
from past observations. If a time series can be predicted
exactly, it is said to be deterministic But most time series are
stochastic in that the future is only partly determined by past
values. For stochastic series exact predictions are impossible
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INTRODUCTION

and must be replaced by the idea that future values have a
probability distribution which is conditioned by a knowledge
of past values.

1.3 Objectives of time-series analysis

There are several possible objectives in analysing a time series.
These objectives may be classified as description, explanation,
prediction and control, and will be considered in turn.

(a) Description When presented with a time series, the
first step in the analysis is usually to plot the data and to
obtain simple descriptive measures of the main properties of
the series as described in Chapter 2. For example, looking at
Fig. 1.3 it can be seen that there is a regular seasonal effect
with sales ‘high’ in winter and ‘low’ in summer. It also looks
as though annual sales are increasing (i.e. show an upward
trend). For some series, the variation is dominated by such
‘obvious’ features, and a fairly simple model, which only
attempts to describe trend and seasonal variation, may be
perfectly adequate to describe the variation in the time series.
For other series, more sophisticated techniques will be
required to provide an adequate analysis. Then a more
complex model will be constructed, such as the various types
of stochastic process described in Chapter 3.

This book devotes a greater amount of space to the more
advanced techniques, but this does not mean that elementary
descriptive techniques are unimportant. Anyone who tries to
analyse a time series, without plotting it first, is asking for
trouble. Not only will a graph show up trend and seasonal
variation, but it also enables one to look for ‘wild’
observations or outliers which do not appear to be consistent
with the rest of the data. The treatment of outliers is a
complex subject in which common-sense is more important
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