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4 ' L.D. Kudryavtsev, S.M. Nikol'skii
Introduction

In the Part at hand the authors undertake to give a presentation of the
historical development of the theory of imbedding of function spaces, of the
internal as well as the externals motives which have stimulated it, and of
the current state of art in the field, in particular t’nat regards the methods
employed today.

The impossibility to cover all the enormous maicrial connected with these
questions inevitably forced on us the necessity to restrict ourselves to a limited
circle of ideas which are both fundamental and of principal interest. Of course,
such a choice had to some extent have a subjective character, being in the
first place dictated by the personal interests of the authors. Thus, the Part
does not constitute a survey of all contemporary questions in the theory of
imbedding of function spaces. Therefore also the bibliographical references
given do not pretend to be exhaustive; we only list works mentioned in the
text, and a more complete bibliography can be found in appropriate other
monographs.

O.V. Besov, V.I. Burenkov, PI. Lizorkin and V.G. Maz’ya have grac1ously
read the Part in manuscript form. All their critical remarks, for which the
authors hereby express their sincere thanks, were taken account of in the final
editing of the manuscript.

Chapter 1

Function Spaces

§ 1. The Concept of Space

Around the turn of the century mathematicians formulated the notion
of function space. By this is meant a set of functions of similar type in a
suitable sense, equipped with additional structure: algebraic, topological or
metric. Already in the 17th and 18th centuries, in the very period of birth of
mathematical analysis and the creation of its methods, much use was made of
the linearity of the operations of differentiation and integration. In the sequel
it was realized that many important classes of functions, analytic, differentiable
or integrable, in some sense or other, enjoy the property of being closed under
linear operations: if we take any pair of functions of the class in question then
any linear combination of them belongs to the same class. In the second half
of the 19th century, after one had rigorously defined the concepts of continuity
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and continuous differentiability and begun to use these notions more widely,
one also began to consider classes of continuous, respectively continuously
differentiable functions. In this way ground was prepared for the appearance
of the notion of linear (vector) space or, as one often says, linear manifold.
However, in the beginning it was not necessary to consider such classes as a
kind of spaces, that'is, to consider them as in a certain sense homogeneous
sets, that is, sets consisting of elements all regarded as equivalent, otherwise
put, to substitute points for functions, because in this epoch the individual
functions were the central objects of study. But already isolated results of
this period, established essentially for function classes, (as, for instance, the
Cauchy-Bunyakovskii(-Schwarz) inequality (cf. §6 of Chap. 1) pointed to an
analogy between the class of square integrable functions and the geometry of
an infinite dimensional vector space) inexorably foreshadowed a time when
the notion of function space unfolded itself in a natural way.

An important step in the development of function theory, accelerating the
clarification of this notion, was the proof of various limit theorems, asserting
the validity of a property of the limit function if this property holds true for
all the functions whose limit we consider. Thus one obtained classes which
are closed not only under linear combinations but also under a passage to the
limit. As an example of such a set we quote the family of continous functions
under passage to the limit in the sense of uniform convergence. From this
one might infer that only a small step remained for the introduction of the
notion of function space. The difficulty was connected with the fact that in
the solution of many problems with the aid of a suitable passage to the
limit within a given class (for instance, the search of an exact solution of
a differential equation as a limit of an approximate solution) the required
smoothness properties are not always preserved. For instance, one cannot find
a continuously differentiable curve of minimal length passing through three
given points, not all three lying on a line; the minimal curve in the case at
hand is a two linked broken line consisting of two links passing through the
given points. In view of this, in the process of solving a problem one can
sometimes recover the function from the set over which the limit is taken but
in other cases one has to modify the sense in which the limit is taken (in
such a case one uses essentially methods which regularize illposed problems).
All these circumstances hindered the clarification of the notion of function
space in mathematics. Before one could arrive at the idea of the soundness of
such a concept, one had to realize the value and the sense of various modes
of transition to the limit in the function classes under consideration. Thus,
for instance, uniform convergence or convergence in an integral metric lead
subsequently to the notion of metric and, in particular, normed space, while
pointwise convergence required the more general notion of topological space.

As ap example we may refer to Riemann’s solution of the first boundary
problem with the aid of the so-called Dirichlet’s principle, which amounts to
minimizing the energy integral, which at the case at hand is the Dirichlet
integral, 1e. the integral of the squares of all first order partial derivatives



6 L.D. Kudryavtsev, S.M. Nikol'skii

extended over the domain. Riemann started out with a pointwise converging
sequence of piecewise differentiable functions, the limit of which, generally
speaking, is not a piecewise differentiable, which is required in the statement of
the problem. In order to maintain the required properties of the limit function
Riemann tried to use a kind of regularization process but he never succeeded
to carry out this idea to the end. Subsequently, passing to an integral metric,
Hilbert gave a foundation of Dirichlet’s principle in the assumption of the
existence of at least one admissible function, i.e. a function which takes given
boundary values and has a finite Dirichlet integral in the domain.

Similar circumstances made mathematicians realize that the problems of
mathematical physics may be illposed in some spaces (for instance, in function
spaces with pointwise or uniform convergence) and wellposed in others (for
instance, in spaces with an appropriate integral metric).

Essentially the first function space, to occupy a more permanent position
in mathematics, was the space of square integrable functions. The notion of
this space arose in the first place in the work of Hilbert and Schmidt, and
later the study of its properties was pursued. in investigations by Fischer,
F. Riesz (let us for instance recall the famous Riesz-Fischer theorem on the
completeness of the space of square integrable functions), J. v. Neumann and
others. We underline that to great 2xtent the completion of the general theory
of the space of square integrable functions became possible only after the
introduction of the notion of Lebesgue integral.

In the 30’s of this century one began a systematic study of function spaces,
both in their own right (more exactly in connection with the internal needs
of function theory) and in connection with the demands of the theory of
differential equations and of probability theory. Before we pass to an account
of the current state of the theory of function spaces let us briefly recall
the basic types of abstract spaces (i.e. spaces consisting of elements of an
arbitrary nature) to which belong the function spaces that one encounters
most frequently in modern mathematics. More specifically, we will recall
the notion of linear space, of topological space, of metric space, of normed
space, of inner product space. As for examples of such spaces we restrict our
attention to function spaces only.

§2. Linear Spaces

A set X = {x,y,z,...} is called a real ( complex ) linear space or a vector
space over the field of real (complex) numbers if

1) it is an Abelian group (writing the group operation additively);

2) to each element x € X and each real (complex) number A there corre-
sponds a unique element of X, called the product of 4 and x and denoted by
Ax, assuming that



L. Spaces of Differentiable Functions of Several Variables 7

a)lx=x VxeX;

b) A(ux) = (Aw)x Vx € X,VAie R, Vu € R (respectively VA € C,Vu € €);

) 'l(x +y)=IAx+Ady Vxe X,Vye€ X,V1e€ R (respectively V1 € C).

This definition extends in a natural way to the definition of linear space
over an arbitrary field. ,

A subset Y of a linear space X is a subspace of X if for any elements
x € Y,y € Y and any numbers 1 and u (respectively real or complex) the
element Ax+ py also belongs to Y. It is clear that a subspace of a linear space
itself is a linear space.

If we have in a linear space X a finite number of vectors such that each
vector in X is a linear combination of these vectors, we say that the space X is
finite dimensional; the minimal number of vectors whose linear combinations
give the entire space is called the dimension of the space. If X does not contain
any finite system of vectors with this property then we say that X is infinite
dimensional. '

If E is any set, then the family R(E) (respectively C(E)) of real- (complex-)
valued functions on E forms a linear space. Then set B(E) of all bounded
(on E) functions f € R.(E) (f € ©(E)) is a subspace of the linear space R(E)
(respectively €(E)). If E is infinite then the spaces R(E), C(E), B(E) (of real-
or complex-valued functions) are infinite dimensional.

Let (E,#,u) be a space E with a g-algebra % of measurable subsets and a
o-finite measure u. (Here and in the sequel we always assume that the measure
is complete, ie. if Ey € %, u(E) =0 and E, c E; then u(E;) = 0.) Then the
set M(E,u) of all measurabie functions, the set BM(E,u) of all bounded
measurable functions, the set L (E, u) of all essentially bounded functions on
E, i.e. functions f such that

vrai IsEup F)l=min{y 1 u{x : [f(x)] > y} =0} =
xX€

=sup{y :u{x :If(x)} >y} >0} = inf sup |f(x)| < +oo,
{X :uX =0} xeE\X

-

the set L,(E, u) of all measurable functions whose p-th powers, 1 < p < +oo,
are integrable cver E are all linear subspaces of R(E) (respectively T(E)).
The spaces L,(E,u). 1 < p < +oo, are called Lebesgue spaces. If there is
no ambiguity about which measure we have in mind, for instance, if E
is a measurable subset with respect to n-dimensional Lebesgue measure of
the n-dimensional space and u denotes this measure then we usually write
M(E), BM(E). Ly(E) instead of M(E, u), BM(E, p), L,(E, p). In place of L,(E)
we often write simply L(E).

A function f : X = R (or f : X — @), given on a Lebesgue measurable
subset X of IR", is said to belong locally to the space L, and we write then
[ € Lp(X,loc) if for each compact subset E = X the restriction of [ to E
belongs to the Lebesgue space L,(E), | < p < +oc. A function f belonging to
Ly(X,loc) is also termed locally integrable on X.

The set of all functions in L,(X,loc) is a linear space.
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If E is a topological space (cf. §3) then the set C(E) of all continuous
functions on E and likewise the set BC(E) of all bounded and continuous
functions on E are linear subspaces of R(E) (C(E)).

Finally, if E is a domain in n-dimensional Euclidean space, then the
set 2V(E) of all | times. differentiable functions on E, the set C2V(E) of
all | times continuously differentiable functions on E, the set Wlf”(E) of |
times differentiable functions in a generalized sense whose partial derivatives
(generalized) of orders up to ! (I = 0) belong to L,(E) all are subspaces of
R(E) (C(E)); it is clear that W7(E) = L,(E). In the following sections we
will encounter also other examples of linear function spaces.

In the sequel we will only deal with numerical functions, generally speaking,
complex valued. All sets of functions to be considered below will always be
assumed to consist either of functions, defined by suitable properties, which
take only real values (i.e. they are subsets of R(E)), or else they may take
arbitrary complex values (i.e. we have a subset of C(E)). When the notions
considered make sense in the first as well as in the second case (for example,
boundedness, measurability, integrability, continuity, differentiability etc.), we
will speak only of functions, with the tacit understanding that we in reality
can only deal with each of the two cases at a time.

If the set E, on which the functions are given, is a segment of the real axis,
for example the open interval (a, b) or the closed interval [a, b], then we write
R[a, b}, C(a, b) etc. in place of R({[a, b]), T((a, b)) etc.

§ 3. Topological Spaces

A set X consisting of any kind of elements is called a topological space if
on it is given a system £ = {G} of subsets satisfying the followiug conditions:

1°. The intersection of finitely many sets in belongs to the same system;

2°. The union of arbitrary many sets in € is in the system;

. XeQbeq.

The sets in © will be called open sets of the topological space and the
system 2 itself the topology of the space X.

For each point x € X, any set G € Q such that x € G, ie. any open se
containing x, will be termed a neighborhood of this point.

If any two points of a topological space have nonintersecting nelghbor-
hoods, then the space is said to be Hausdorff.

Every metric space is an example of a Hausdorff topological space (cf. §4
of Chap. 1).

A subsystem B of Q of open subsets of a topological space X is called a
base for the topology of the space, if each nonempty open set is a union of a
suitable family in B.
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A system B(x) of neighborhoods of a point x of a topological space X is
called a local base for the topology at the point, if for each neighborhood U
of x in X there exists a neighborhood ¥ € B(x) such that V < U.

The union of local bases of the topology at all points forms a base of the
topology of the entire space, as every nonempty open sct can be written as a
union of neighborhoods of its points contained in it, where the neighborhoods
in question can be taken from the given local basis of the topology. By the
same token, one can define th: topology of a set by first writing down the
bases of the topology at all of its points.

In terms of topological spacas one can describe the pointwise convergence
of sequences of functions. Let X be a family of functions defined on some set
E and let fo € X. A local basis B(fo) of the topology at the point f; is defined
by the system of all possible sets of the form

U(fo) ={f € X :|f(a) — fola)| <&i=1,2,...,k},

where a; € E, i = 1,2,...,k, is any finite family of points in E and ¢ > 0 an
arbitrary fixed number. If now fn€X,n=12,..., and for each point a € E
holds the identity lim,_, f4(a) = fo(a) then this is equivalent to the statement
that for each neighborhood U (fo) of the function f, there exists a number n,
such that for each index n > ny there holds the inclusion fn € U(fo).

§4. Metric Spéoes

A set X is said to be a metric space if on the set of order pairs (x, y) in
X there is given a nonnegative function, called the distance or the metric and
written g(x, y), satisfying the following conditions:

)olx,y)=0iff x=y,Vxe X,y X;

2) olx,y) =e(y,x) VxeX,yeX;

3) ok y) <olx,z) +o(z,y) VxeX,yeX,z€X.

These conditions are called the distance axioms. ,

Each subset of a metric space is a metric space in its own right.

If B(E) is the family of bounded function on a set E (cf. §2 of Chap. 1)
then the function

olf-8) = suplf (4 —g(x)), Vf € B(E),g € B(E), (1.1)

is a metric and, consequently, B(E) can be viewed as a metric space.
An important example of a metric in function spaces are integral metrics.
Let E be a space equipped with a complete measure 4. Then

olf.8) = <fL [f (x) —g(X)l”dX)’, VI € Ly(E),g € Ly(E), (1.2)
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is a metric in the space L,(E), 1 < p < +oo. Note that the metric in Ly (E) (cf.
§2 of Chap. 1) is given by

o(f,8) = vrai sup f () —g()l. (1.3)

Two metric spaces are said to be isometric if there exists a bijective corre-
spondence which preserves the distance.

A sequence of points x, € X, n = 1,2..., of a metric space X is said to
converge to the point x € X if

lim g(x,,x) = 0.
n—oo

In this case x is said to be the limit of the sequence {x,} and one writes
lim,,...c x, = x or x, — x. Convergence in the metric of the space B(E) is just
uniform convergence.

A basic notion is the notion of fundamental sequence. A sequence {x,} of
points of a metric space is termed fundamental if

lim o(xp, Xm) = 0.
nm—o0

Tt is clear that if a sequence converges then it is fundamental; the converse
is not tree. If every fundamental sequence in a metric space converges to an
element of the space, then the space is said to be complete.

As examples of complete metric spaces we mention the spaces Ly(E),
1 <£p <+ If 1 <p < +oo the completeness follows from the properties
of the Lebesgue integral (this circumstance, together with the fact that with
the aid of the Lebesgue integral one can obtain the primitives for functions
in a sufficiently wide class, also explains the great usefulness of the Lebesgue
integral in various branches of mathematics).

Another important example of a complete metric space is the space BC(E)
of bounded continuous functions on a topological space E, with the metric
(1.1) (that is, BC(E) is considered as a subspace of B(E)). In this case the
completeness follows from the observation that convergence in the metric (1.1
is the same as uniform convergence, that the limit of a uniformly converging
scquence of continuous functions is again a continuous function and that for
a sequence in C(E) to be fundamental means that Cauchy’s condition for
uniform convergence holds for the sequence in question.

For a point x in a metric space one defines in a natural way the notion of
an g-neighborhood U (x,¢) (here ¢ > 0 is an arbitrary positive number) as the
set of all points y in this space such that p(y,x) < «.

If X is a metric space and E a subset of X, we say that a point x € E is
an interior point of E if there exists an ¢ > 0 such that the e-neighborhood
U(x,¢) of x is contained in E. _ '

A set E < X is said to be-open if all points of E are interior. The system
of all open sets s a topology in the sense of the definition in §3 of Chap. 1.
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Thus, each metric space is topological. On the ‘other hand, the space of all
functions with pointwise convergence is a topological space where it is not
possible to introduce a metric which generates there the topology of pointwise
convergence, this provided the underlying set is uncountable.

A point x of a metric space X is called a limit point for the set E — X if
each neighborhood of x contains points in E different from x itself.

A set which contains all its limit points is called closed. In a metric space
X the complement X\E of any open set E is closed and, conversely, the
complement of a closed set is open.

The minimal closed set containing a given set E c X is called the closure
of E and is written E (the closure E of E is also the intersection of all closed
sets containing E).

A set E < X is called dense in X if the closure of E coincide: with X,
ie. E = X. Every metric space is contained as a dense subset in a suitable
complete metric space, called the completion of the given one.

The construction of the completion of a given metric space X can be
effectuated in the following manner. Two fundamental sequences {x,} and
{yn} are termed equivalent if lim,_q p(xn,yn) = 0. Let X* be the set of all
equivalence classes of fundamental sequences in X. If x" € X*, y* € X" and
{xn} € x°, {yn} € y°, then the limit

* L . dcf .
p (x",y") = lim p(xp, yn)
n—o0

exists, does not depend on the choice of the sequences {x,}, { yn} and defines a
metric in X°. The given space X is isometric to the subset of all classes which
contain a stationary sequence {x,x,...,x,...}, x € X, and so can be identified
with this subset. Thus X can be viewed as a subset of X°. It turns out that X
is dense in X" and that X* is complete, that is, X* is the completion of X .

If a metric space contains a countable dense set then we say that it is
separable.

An important notion in the theory of metric spaces is compactness.

A metric space is called compact if each sequences of points contains a
subsequence which converges to a point of the space.

In order to formulate compactness criterion for a space we first formulate
the notions of bounded and totally bounded metric spaces.

The number

diamX = sup p(x,y)
x€X,yeX
is called the diameter of the space X. If the diameter of X is finite then X is
termed bounded.

Let A and B be given subsets of a metric space X and let ¢ be a number
> 0. We say that B is an ¢-net for A4 if for each x € A there exists a point
y € B such shat p(x,y) < e )

A set A < X is called totally bounded if for each ¢ > 0 there exists a finite
e-net for it.
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In n-dimensional Euclidean space R" the notions of bounded and totally
bounded sets are equivalent. In an infinite dimensional space each totally
bounded set is clearly bounded; the converse does not hold true. Let us
further mention that if a metric space is totally bounded then it is separable.

A necessary and Sufficient condition for a metric space to be compact is
that it is bounded and complete.

From this it follows that a subset of a complete metric space is compact iff
it is totally bounded and complete. In particular, a set in finite dimensional
Euclidean space is compact iff it is bounded and closed.

Let us remark that by what was just said it follows from our compactness
criterion that each compact metric space is separable.

Another compactness criterion is connected with the notion of covering of
aset. Let E < X. A family Q = {E,}, a € o of sets E, ¢ X (of = {a} is a
suitable set of indices ) is called a covering of E if

EcUE,‘
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A covering consisting of finitely many sets E, is called finite.

It turns out that a metric space is compact iff each open covering of it
contains a finite subcovering.

In the case of finite dimensional Euclidean space this entails the well-
known Borel-Lebesgue lemma: every covering of a bounded closed subset of
R contains a finite covering.

Concluding our discussion of compactness, let us mention that that a subset
A of a metric space X is called pre-compact if its closure 4 in X is compact.

The notions of closed set, closure, density of a set and compactness make
sense also for topological spaces but in the sequel we will only encounter them
in the context of metric spaces. Therefore we content ourselves with what has
been said.

§5. Normed and Seminormed Spaces. Banach Spaces

A linear space (real or complex) is said to be a normed space.if on the set
of its points x there is defined a nonnegative function called, the norm, written
I xlix or simply ||x]|, enjoying the following properties:

D llx+yll < llxif + |lyll Vx € X, Vy € X;

2) ix]| = [Alllx]| Vx € X

3)if x| =0, x € X, then x =0.

Here A is a real or complex number according to whether we consicder a
real or a complex linear space.

If we on the set of points of a linear space X give a nonnegative function
x|l satisfying only 1) and 2), we say that X is a seminormed space and that
x|} is a seminorm.
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Two linear normed spaces are said to be isomorphic if there exists a bijective
correspondence between its points which preserves the linear operation and
the value of the norm.

Two norms (seminarms) {|x{ and |x{|° in a normed space X are said to be
equivalent if there exist constants ¢; > 0 and ¢; > 0 such that for ali x € X
holds

allxll < lxll* < eallx].

In a finite dimensional space all semi-norms are equivalent but in infinite
dimensional spaces there exist also nonequivalent norms. It is an important
rroblem for infinite dimensional spaces, in particular for function spaces, to
investigate when various norms are equivalent.

Every normed linear space is a metric space with the metric

p(x,y) =llx—yl, x€X,yeX.

(Instead of convergence in metric one likewise says convergence in norm.)
Therefore the notions of open and closed sets, closure of a set, compact set,
density of a set in a space, separability and completeness are defined for ‘
~~~med spaces. A complete normed linear space is termed a Banach space.
Zvery normed linear space is contained as a dense subspace in a Banach
space. '

The construction of the completion of a given normed linear space X can
be obtained by the same scheme as for the completion of a metric space. Let us
denote by X the set of all classes x* of equivalent fundamenta! sequences {x,,}
of points of a given normed linear space X. If x" € X", y" € X" and {x,} € x°,
{yn} € X" then for any numbers A and u we set Ax" + 1y = lim,_,.. (Ax, + y,)
and ||x" | = lim,s ||x,)l. These limits exist, the linear operation ix" + uy*
does not depend on the choice of the sequences {x,}, {y,} in respectively the
classes x*, y*, the value |[x*{| does not depend on the choice of {x,} € x* and
is a norm in X*, which space turns out to be complete and contains a dense
subset isomorphic to X, with which this subset therefore can be identified.
Thus X* is the completion of X. .

There exist also metric linear spaces where the metric is not generated by a
norm. Such is the case for the space of measurable functions on a set E with
the metric

If (x) — g(x)]
g 1+ 1700 — g

Convergence in this metric is equivalent to convergence in measure, that is
fn— f in this metric means that for any & > 0 holds

plf.g) = dx, uE < +oc.

Jim p{x : |fa(x) = f(x)] 2 ¢} =0,



