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PREFACE

The material in this book was developed in teaching a graduate course
in stiuctural analysis in the School of Engineering and Applied Science,
UCLA, and in a two-week short course for practicing engineers. The pur-
pose of the book is to provide a text for a one-semester (3 hours per week)
graduate course in advanced analysis of structures or a one-quarter (4 hours
per week) graduate course. One of the primary objectives is to develop a
unified approach for the analysis of structural systems which brings together
the areas of statics, dynamics and stability analysis. The basic theme of the
book is the synthesis of system characteristics from those of the constituent
elements in the Finite Element Method. Beginning with the concept of
coordinates and energy principles, a common basis is established for formu-
Jating problems in static, dynamic and stability analysis of structural systems.
It is demonstrated that the characteristics of a finite element are synthesized
from differential parallelepiped elements in the same way as the characteristics
of the total system are synthesized from those of the finite elements. The
physical significance of tic stiffness matrix, flexibility matrix, mass matrix
and stability matrix are emphasized, and the analogy is develcped between
the concepts employed in static, dynamic and stability analyis. The basic
concepts are developed for the formulation and solution of structural systems
including frames, plates and shells.

The student using this book is expected to have compieted a course in
matrix methods of structural analysis comparable to the cc ntent of the first
nine chapters of Matrix Computer Analysis of Structures (Rubinstein,
Prentice-Hall, 1966).

The practicing engineer who has already discovered the potential of the
digital computer in static analysis will find this book useful in learning how
to formulate problems for the static, dynamic and stability analysis of com-
plex structures. He will also gain insight into the efficient decomposition
method of solution which provides guides for error detection and control in
computer applications.

To assist the student in studying the material and the practicing engineer
in using it, summary tables are included at frequent points in the text. The
tables show as a group the key equations and key steps in the formulation and
solution of problems in statics, dynamics and stability analysis. Summaries
also appear at the end of chapter for ease of reference.

To help with the teaching function. worked-out solutions to the prob-
lems at the end of each chapter are available upon adoption of the book.

The content of each chapter in the book is as follows:

Chapter 1 develops the concepts of coordir'nates and coordinate frans-
. -
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formations which are central to the subject of the book. Eigenvalues and
eigenvectors are introduced in connection with static analysis in order to
emphasize the physical significance of these concepts which are used in
dynamics and stability analysis.

Chapter 2 provides a complete treatment of energy principles and their
engineering implications. The foundation is set for understanding how
bounds are established on the solutions in finite element analysis, and the
key concepts are developed for stability analysis.

Chapter 3 discusses the subject of static analysis by finite elements.
The stiffness and flexibility methods are developed in parallel, to include
forces not at the coordinates. The basic approach of synthesizing system
characteristics from constituent building blocks is developed. The common
basis for generating finite element characteristics is emphasized by showing
how to generate the characteristics of the following elements: a plate ele-
ment in plane stress, a plate element in bending, a tetrahedron element,
and a ring element with triangular cross-section.

Chapter 4 treats the solution of linear equations and error analysis
through the use of the matrix decomposition approach, which is among the
most efficient for computer applications. Error analysis in computer solu-
tions is discussed and guides are suggested for error detection and control.
Gradient methods of solution based on minimization of total potential are
also presented.

Chapter 5 shows how problems in dynamics can be formulated by
beginning with coordinates and constituent elements. The analogy to the
static analysis is pointed out. The solution of problems in structural dy-.
namics with n coordinates is synthesized from a single coordinate building
block using the normal mode method. The engineering implication of this
method is emphasized. The solution of dynamic problems by matrix decom-
position and iteration is demonstrated.

Chapter 6 establishes the procedure for formulating problems in stabil-
ity analysis of systems from constituent elements. The analogy to the
developments for static and dynamic analysis in Chapters 3 to 5 respec-
tively is emphasized. Stability matrices are derived for a beam and plate
element, and the eigenvalue problem is formulated for the stability analysis
of a complete system.

I have many persons to thank. Professor Walter C. Hurty contributed
significantly to my education in years of fruitful association. Professor
Vladimir Simonge read the manuscript and made helpful suggestions. Antone
Sayegh and Patricia Schottkoefer assisted me during the production of the
book. My students solved problems, pointed out errors and helped clarify
the presentation.

As I think of my students in the years of teaching which paved the way
for this book, I find it most appropriate to fall back on a paraphrase of an
old Talmudic proverb: I have learned much from my teachers, more from my
friends, but most from my students.
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The symbols listed have also the same meaning in the following texts:
Dynamics of Structures by W. C. Hurty and M. F. Rubinstein, Engle-
wood Cliffs, N.J.: Prentice-Hall, Inc., 1964.
Matrix Computer Analysis of Structures by M. F. Rubinstein, Englewood
Cliffs, N.J.: Prentice-Hall, Inc., 1966.
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matrix associated with finite element displacement func-
tions; matrix of coefficients

area

system flexibility matrix

matrix associated with the expression for element strains,
force transformation matrix

transformation matrix in equations of equilibrium

matrix associated with element displacement, displacement
transformation matrix

system damping matrix

velocity of light; constant

element damping matrix

dynamical matrix

dynamic load factor

(dynamic amplification of static displacement)

diagonal matrix in decomposition

Young’s modulus

natural base of logarithms

base vector withe, =1, e, = 0 (j # i)

force

system damping force

element damping force

shear modulus G = Ef2(1 4 v)

transformation matrix used in synthesis of element stability
matrix [Eq. (6 9-10)]

Hessian matrix
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p(x)

p .r(x H y > Z)
PS%, ¥, 2)
P
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{r}

Planck’s constant

moment of inertia

identity matrix

&/ —1

system stiffness matrix

lower triangular matrix

length

moment

relativistic mass

system mass matrix

element mass matrix

moment per unit length

matrix relating stress and strain
force, generalized force in normal coordinates

in-plane forces for plate element

symbol for third-order variation and higher

element force

element force vector at the fixed coordinate state due to
forces not at the coordinates

initial element forces at the fixed coordinate state due to
initial displacements.

distributed force function

force per unit area at (X, y, z)

force per unit volume at (x, y, z)

element momentum

system momentum

vector in direction of iteration in gradient methods
force

displacement

residual in ith equation of relaxation

dissipation function

residual force vector in gradient methods

radius, correlation coefficient

sample variance of variable a

sample variance of variable b

sample covariance of variables a and &

system stability matrix ,

upper triangular matrix with I’s on principal diagonal
element stability matrix '

coordinate transformation matrix
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kinetic coenergy

kinetic energy

time, thickness

strain energy

complementary strain energy

upper triangular matrix

potential of external forces

displacement

total potential

total complementary potential

displacement

work done by axial forces

work done by forces Q at the coordinates
complementary work

work

displacement

position coordinate

constant

position coordinate

force

position coordinate

element flexibility matrix

coefficient in gradient methods algorithms
transformation matrix in equations of compatibility
damping coefficient, coefficient in conjugate gradient
algorithm

Poisson’s ratio

symbol for “total variation of . . .”; area of triangle;
second-order displacement in stability analysis
element displacement

element displacement vector at the free coordinate state
due to forces not at the coordinates

initial displacements in free coordinate state.

symbol for “first-order variation of . ..”

symbol for “second-order variation of . ..”

strain

strain vector in the free coordinate state due to forces
not at coordinates

initial strain vector in the free coordinate state due to ther-
mal expansion or lack of fit

displacement ; fraction of critical damping

(f=5- a5
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n
[x]

normal coordinate of displacement

element stifiness matnix

eigenvalue

displacement

summation operator

stress; standard deviation

stress vector in the fixed cocrdinate state due to forces
not at the coordinates

initial stress vector in the fixed coordinate state required
to reduce to zero strain {€}Js in the free coordinate state
covariance of variables x and p

variance of variable x

variance of variable p

time

displacement function

orthogonal transformation matrix; modal matrix
circular natural frequency

circular natural frequency of damped system

symbol for “gradient of . . .”; del operator
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COORDINATES AND
LINEAR VECTOR SPACES

1.1 INTRODUCTION

The fundamental conditions that govern the behavior of structural
systems can be considered in three parts:

1. Displacement constraints = Compatibility.
2. Force constraints = Equilibrium.
3. Force-displacement relations = Hooke’s law (for linear elastic structures).

To establish the above conditions and relate them to a particular structure it
is essential to construct a device for identifying forces and displacements.
A coordinate system is such a device. The concept of coordinates is central
to the subjeci of this book and is considered in this chapter.

1.2 COORDINATES! 2}

Consider the structure of Fig. 1.2-1 in the plane of the paper. The 12
numbered arrows are the coordinates of the structure. The coordinates are
used to describe events such as a displaced configuration that exists at a
given time, or a force group that is applied at a given time. The information

‘+Superscript numerals refer to bibliographical items cited in the section of references
at the end of the book:



2 COORDINATES AND LINEAR VECTOR SPACES Ch. 1

obtained from the description of these events is limited to the arrows where
coordinates are defined. The description of any event is considered complete
only when the information is known at all coordinates. |

In Fig. 1.2-1, a displaced configuration is described by a displacement
vector {u} consisting of 12 components, in which each component #, (i = 1,
2,...,12) is the magnitude of the displacement at coordinate /. The word
displacement includes rotation. Similarly, a force group acting on the struc-
ture of Fig. 1.2-1 is described by a vector {F} in which each component F,
(i=1,2,...,12) is the magnitude of the force at coordinate i. The word
force includes torque and moment.

Fig. 1.2-1 Coordinates.

Any arbitrary displacement vector {u} in Fig. 1.2-1 can be written

{u} = ;‘f ufe};, (1.2-1)

in which {e}; is a vector representing a displacement conﬁguratlon with a
displacement of unity at coordinate i and zero displacements at all other
coordinates. u, is the amplitude of configuration {e},. Hence, vector {e},
identifies coordinate i and u, is its amplitude or magnitude.

Similarly, any arbitrary force vector {F} in Fig. 1.2-1 can be written

{F} = ;221 Fiel, (1.2-2)

in which {e}, represents a force group with a force of unity at coordinate i
and zero forces at all other coordinates. F, is the amplitude of force group
{e),. Here again, {e}, identifies coordinate i, and F, gives its amplitude or -
magnitude.

Note that in Egs. (1.2-1) and (1.2-2) the amplitudes of 12 vectors {e};
must be specified in order to completely describe any arbitrary vector {u} or
{F} for the 12 coordinates in Fig. 1.2-1.
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1.3 DEPENDENCE AND INDEPENDENCE?

In the system of Fig. 1.2-1 constraints may be imposed on the forces or
displacements at the coordinates. Constraints inhibit the freedom of arbitrary
choice and bring about a reduction in the number of quantities required to
describe an event. '

Constrained Displacements = Compatibility. In Fig. 1.2-1 the displace-
ments are independent and can be assigned any arbitrary values u, in Eq.
(1.2-1). Suppose now that station D, where coordinates 10, 11, and 12 are
defined, is held so that no displacements can take place there. In this case the
following three equations of constraints are written:

u,, =0
u, =0 (1.3-1)
u, =0.

Equations (1.3-1) are equations of external connectivity—or displacement
compatibility at the boundaries of the structure. '

Further constraints can be introduced, for example, by considering the
members of the structure in Fig. 1.2-1 infinitely stiff along their axial direc-
tions, so that their lengths cannot be changed. The corresponding equations
of constraints are

u, —u, =0
u, —uy; =0 (1.3-2)
us —u,, =0.
Equations (1.3-2) are equations of internal connectivity—or displacement
compatibility internal to the structural system.

Equations (1.3-1) and (1.3-2) reduce the 12 independent displacements
of Fig. 1.2-1 to 6. Now a complete description of a displaced configuration
(considering only stations where coordinates are defined) consists of 6
independent quantities, for instance, u, fori = 3,4,6,7,8,9 ory, fori =1,
2,3,6,7,9.

Constrained Forces = Equilibrium. When the forces are assigned arbit-
rary values at the coordinates in Fig. 1.2-1, a net force may act on the struc-
ture, and, according to Newton’s second law of motion, acceleration may
result. If the structure is not to accelerate, the forces acting on it must be
constrained so that no net force results. For the structure of Fig. 1.2-1, three
" such equations must be written (moments are taken about A): ‘

Fi,+F,+F,+ F,=0
F,+F,+F;,+F,=0 (1.3-3)
F, + Fs+ Fy + F,, + F,l, + F, — Fl, — F,, = 0.
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Equations (1.3-3) are equations of equilibrium. For structures in three-dimen-
sional physical space, six equations of equilibrium must be written.

. Generalization. We define a set of displacement measurements u,, iden-
tified by coordinates i, as linearly dependent if at least one linear equation
of constraint can be written in the form

e =0, (1.3-4)

in which ¢, are arbitrary constants with not all ¢, = 0. This definition applies
to all the measurements identified by the coordinates. For example, the forces
F, are linearly dependent if at least one equation of constraint can be written
in the form?

2‘ oF; =0, (1.3-5)

with not all ¢; = 0. If no equations of the above form can be written, that is,
no arbitrary constants ¢, other than ¢, = 0 for all i can be found which
satisfy Eq. (1.3-4), then displacements u; are independent. Similarly, if Eq.
(1.3-5) does not exist, the forces F, are independent. Such independent u,
and F, are referred to as generalized displacements and generalized forces,
respectively.

1.4 RIGID BODY MOTION

Equations (1.3-1) and (1.3-3) have the common objective of preventing
rigid body motion. In Egs. (1.3-1) three displacements are set equal to zero
in a way that prevents rigid body motion of the structure as a whole in the
plane of the paper. The choice of displacements in Eq. (1.3-1) is not unique;
any of the three displacements at A, B, or C can be selected for the same
purpose, or other combinations of displacements, such as, for instance,
u,, Us, ;o (but not u,, u,, u,,, why?). The equilibrium equations (i.3-3)
also prevent rigid body motion, because with zero net force, the center of
mass of the structure does not displace from its rest position. The dependent
forces in Eq. (1.3-3) corresponding to the constraints expressed by Eq. (1.3-1)
are F,,, F,,, F,,. These forces cannot be applied arbitrarily, and their mag-
nitudes depend on the arbitrary values assigned to the remaining 9 force
components. Note, however, that no constraints on the forces correspond
to the internal connectivity constraints of Eqgs. (1.3-4).

In general, a minimum of three equations of constraint are required to
prevent rigid body motion in two-dimensional physical space, and a mini-
mum of six are required in three-dimensional physical space.

1The coefficients ¢; in Eqs. (1.3-4) and (1.3-5) are not necessarily the same.
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1.5 DISCRETE AND DISTRIBUTED COORDINATES!

Discrete Coordinates. Consider the cantilever beam with four mass
points at a, b, ¢, and d and four coordinates as shown in Fig. 1.5-1. The
vectors {u} and {F} describe displacement configurations and force groups
associated with the four mass points. The components of {u} and {F} repre-
sent amvlitudes of displacement configurations and force groups identified

1

at discrete points. For instance, u, amplifies the shape identified by
0

I’

0
. 0 . P
and F, amplifies a force group identified by o No information identifies

0
the displacements or forces at points other than at the discrete points g, b, c,
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Fig. 1.5-1 Discrete coordinates u;.

and d (the dashed lines between mass points in Fig. 1.5-1 can have an
arbitrary shape).

Coordinates that identify information at discrete points will be referred
to as discrete coordinates. :

Distributed Coordinates. Figure 1.5-2 shows the structure of Fig. 1.5-1,
but here the displacement configuration associated with #, = 1 is a distrib-
uted function ¢,(x) with

¢l(xn) =1
$,(x;) =0
$,(x)=0

$,(x,) =0.



