'HANDBOOK OF

MATHEMATICAL TABLES
AND FORMULAS

FIFTH EDITION

RICHARD STEVENS BURINGTON, Ph.D,




" HANDBOOK. OF
MATHEMATICAL TABLES
AND FORMULAS

* FIFTH EDITION

RICHARD STEVENS BURINGTON, Ph.D.

McGRAW-HILL BOOK COMPANY

New York St Louis San Francisco Disseldor{ Johannesburg -

Kuala Lumpur ~ London Mexico -Monircal New Dehhi .

Panama Rio de Janeiro Singapore Sydney Toronto



HANDBOOK OF
MATHEMATICAL TABLES
AND FORMULAS

Copyright 1933, 1940, 1948 by R. 8. Bunngton‘
All rights reserved.

Copyright © 1965 by R. S. Burington.

All rights reserved.

Copyright renewed 1961 by R. S. Burington.
All rights reserved.

Copyright © 1973 by McCraw Hill, Inc.

All rights reserved.

Printed in the United States of America.

No part of this publication may be reproduced,
- stored in « retrieval system, or-transmitted,

in any form or by'any means,

electronic, mechanical, photocopying,
recording, or otherwise,

without the prior written permission
" of the publisher.

234567890 MUBP 79876543

This book was set in Bodoni Book by York Graphic Services, Inc.
The editors were Jack L. Farnsworth and Michael Gardner;

the designer was Nicholas Krenitsky;

and the production supervisor was Joh}n A. Sabella.

The drawings were done by Bertrick Associate Artists, Inc.

The printer was The Murray Printing Coinpany;

the binder, The Book Press, Inc,

Library of Congress Cataloging in Publication Data

Burington, Richard Stevens, 1901~
Handbook of mathematical tables and formulas.

Bibliography: p.

1. Mathematics-—Tables, etc. 1. Title.
IL. Title: Mathematical tables and formulas.
QA47.B8 1972 5102172 78-39634
ISBN 0.07-009015.7 S



PREFACE

The excellent reception and wide use of the earlier editions of this
book coupled with the valuable suggestions from its many users for
additions have resulted in the publisher’s requesting a revision and
enlargement of the fourth edition.

As with the earlier editions, this book has been constructed to meet
the needs of students and workers in mathematics, engineering, phys-
ics, chemistry, science, and other fields in which mathematical reason-

- ing, processes, and computations are required.

The content and manner in which mathematical subjects are taught
and used are constantly undergoing changes. This is true at all levels
of instruction and use, from the elementary and secondary schools
to colleges, institutes, and universities, as well as the many industries
and laboratories where mathematics is so widely used. The appli-
cations of mathematics to many diverse fields continue to grow at
an accelerated pace.

The large-scale use of various types of computing devices has greatly
.widened the use of certain kinds of mathematical methods and has
had a marked impact on the teaching and utilization of mathematics.
However, there are many aspects of the tradition, language, use, and
teaching of mathematics which remain much the same as they have
been for many years. The degree of acceptance and use of contem-
porary changes vary widely. The existence of many high-speed com-
puters has not reduced the need for compilations of a mathematical
character, or for resumes of mathematical methods, but rather it has
increased the need for a variety of lypes of compilations, of which
this book covers certain widely used areas.

These and other matters of concern have been carefully welghed
by the author in preparing this edition. The present edition should
meet the needs of both the contemporary and the more traditional
users of mathematics.

The general spirit and arrangement of the fourth edition has been
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retained. The elementary character of the book has been preserved.
The size remains modest.

The first part of the book includes a summary of the more important
formulas and theorems of algebra, trigonometry, analytical geometry,
calculus, and vector analysis. The sections on sets, logic, relations,
functions, algebraic structures; Boolean algebra, matrices, number
systems, and clementary statistics have been retained. Comprehensive
tables of derivatives and integrals are included. New sections on -
annuities, linear algebra, linear vector spaces, numerical analysis,
solutions of linear and nonlinear systems of equations, approximate
differentiation and integration, interpolation and approximation, cal-
culus of finite differences, partial differential equations, Legendre and
Bessel functions, Fourier- analysis, Laplace transforms, -and complex
variable thebry have been added. Tables of finite Fourier cosine and
sine functions, and Laplace transforms have been included.

. The second part of the book contains logarithmic and trigonometric
‘tables to five places; tables of natural logarithms and exponential apd.
hyperbolic functions; tables of squares, cubes, square roots, and cube - -
roots; reciprocals and other numerical quantities; normal probability
distribution functions; x? distribution. The annuity tables have been
enlarged to cover higher interest rates. A table of the summed Poisson
distribution function has been added. _ _ o

This edition is designed to serve as a companion to the Handbook
of Probability and Statistics with Tables, second edition, by Richard
S. Burington and Donald C. May, McGraw-Hill Book Company.

The entire book has been gone over, and numerous changes and
additions have been made within the text as well as in the tables
themselves. Much effort has been made to arrange thé tables in such.
a manner that the user can and will interpret them properly, and
with ease. ‘Every effort has been taken to ensure accuracy. '

The author wishes to acknowledge the valuable suggestions made
by many users of the book, and to express his appreciation to his
daughter Artha Jean .Snyder and son-in-law Grant Snyder for their
help and critical suggestions. U

The auther is greatly indebted to his wife, Jennet Mae Burington,
for her continued interest and major assistance ‘in the preparation .
of the manuscript and in the reading of the proof.

'RICHARD STEVENS BURINGTON
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1. ALGEBRA

. mbAMENTAL LAWS -

(a) Commutative law: a4+ b=b + a ab = ba
(b) Associativelaw: a + (b +¢) = (a + b) + ¢,
) : : a(bc) = (ab)c
(c) Distributive law: a(b + ¢) = ab + ac
2. LAWS OF EXPONENTS
afa¥ = a=ty (ab)* = ‘azbe (@?)¥ = a?v
. a% =1 if a0 . a"’:i Ei'_—_-_a:—y
. a® oav

a®V = \”/a_z al’v - \v/(;
.3." OPERATIONS WITH ZERO
B a—a=20 aX0=0Xa=0
Ifa #'0,—2— =0,00=0,a°=1 (Division by zero undefined)

4. COMPLEX NUMBERS (2 number of the form a + bi where @ and b
are real) : A
= V-1,2=-1,8=—i,i* =1.5=e.
‘a+bi=c+diifandonlyifa =c, b=d
@+b)+(c+d)=(@@+ )+ b+ d)
(@ + bi)(c + di) = (ac — bd) + (ad + be)i
a+bi (a4 bi)c—d) ac+bd bc—ad.
c+di (Ct+dic—d) & Ef&

5. LAWS OF LOGARITHMS (see explanation of Table 1).

If M. N. b are pnsiliv’v numbers and b % 1:

logy MN = logy, M + log, ¥ logy % = logs M — logy, N
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logy MP = plogy M logy, \‘V{T = -(%logb M

logy —l— =
M

—logy M logg b =1 ' logp 1 =0

Change of hase of logarithms (¢ 7= 1):

logy M = loge M logy ¢ =

log. M

log. b

6. BINOMIAL THEOREM (n a positive integer)

(@ + b)" = a™ 4 na™ b 4 r

+

where

n(n — 1)(n — 2)

(n — 1)
2!

anr—2)h2

3 an—3p3 + - 4+ nabn—1 + bn

nl=n=1-2-3.--(n-—~ Dn

7. EXPANSIONS AND FACTORS

(¢ = b)? = a? * 2ab + b2

. (@a==b)3 = a3 = 3a2b 4 3ab2 = B3

e+ b+ )2 =a%+ b2+ 2 + 2ab + 2ac + 2bc

a2 — b2 = (a — bjla + b)
a® — b = (a — b)(a% + ab + b?)
a3 + b3 = (@ + b)(a? — ab + b?)
a® — " — (a — b)(an—l + an*Zb 4+ -+ b”“l)
a® — b = (@ + b)(a"_l — a2 4 ... = bn*l)

for n an even integer

a" + b" = (a + bY@l — a" 2 + - + b))

for n an odd integer

at + a?b? + bt = (a2 + ab + b2)(a® — ab + b?)

8. RATIO AND PROPORTION

if a'h =c:

d

or 2 — £ then ad:bc,ﬁz-s
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Bli CAPLAP

= £ = =k,
b~ df
then at+c+e+ --- pea+qc+re+ ---
€. = =
b4+d+f+ -+ pbtgd+1f+ -

9. CONSTANT FACTOR OF PROPORTIONALITY (OR VARIATION), k

. If y varies directly as x, or y is proportional to x,

y = kx
If y varies inversély as x, or y is inversely proportional to x,
Lk
x .
If y varies jointly as x and z,‘
y = kxz
If y varies directly as x and inversely as z,
, L A
z
10. ARITHMETIC PROGRESSION
a a4+ d a + 2d a + 3d

If a is the first term, d the common difference, n the number of
terms, ! the last term, and s the sum of n terms,

l=a+ (n— 1)d 3=%w+n
The arithmetic mean of a and b is (e + b)/2.

11. GEOMETRIC PROGRESSION
a, ar, ar?, ar’ . ..

- If @ is the first term, \r the common ratio, n the number of terms,
! the last term, and S, the sum of n terms,

| = am! S,,:arn_lzrl-a
r—1 r—1
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If 2 < 1, S, approaches the limit S, as n increases withou_t limit,

The geometric mean of a and b is \/ab.

12. HARMONIC PROGRESSION A sequence of numbers whose recip-

rocals form an arithmetic progression is called an harmonic progression.
Thus

1 1 1

a . a+d a+ 2d

The harmonic mean of a and b is 2ab/(a + b).

13. pErmMuTATION Each different arrangement of all or a part of
a set of things is called a permutation. The number of permutations
of n different things taken r at a time is

P(ﬂ»’)=nPr=n(n—1)(n—2)'~(n—r+1) ‘ 1—-—”'——
(n — !

where nl=n(n—Hnr —-2).-..()
14. comBiNATIONS Each of the groups or relations which can be
made by taking part or all of a set of things, without regard to the
arrangement of the things in a group, is called a combination. The
number of combinations of n different things taken r at a time is

aPr

R
_nn—=1.--(n~r41) n!
- rr—1)---1 T =

Cn,y) = ,C = ( ':) =

15. proBaBiLITY If an event may occur in p ways and may failin
g ways, all ways being equally likely, the probabtlzty of its occurrence
is p/(p + ¢) and that of its failure to occur is ¢/(p + ¢). (For
further details see Richard S. Burmgton and Donald C. May, Hand-
book of Probubility and Statisticswith Tables, 2d ed., McGraw-Hill
Book Campany, New York; 1970.) (See Secs. 418 to 4-24-.)

16. REMAINDER THEOREM (see Sec. 30) If the polynomial fix) is



