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PREFACE

3

For manﬁ',’%ecades great mathematical interest has focused on problems
associated with-linear operators and the extension of the well-known re-
sults of linear algebra to an infinite-dimensional context. This interest. has
been crowned with deep insights, and the-substantial theory- that has heen
developed has had a profound influence throughout the mathématical sci-

ences. However when one drops the assumption ‘of linearity, the. associ- .

ated operator theory and. the many - concrete problems associated with
such a theory represent a frontier of mathematical research. Nonetheless,
the fundamental results so far obtained in this direction already form a
deep and beautiful extension of .this linear theory. Just as in the linear
case, these. results were inspjred by, and are highly relevant to concrete;
problems in mathematical analysis. Thé object of the lectures represented
here is a systematic description of these fundamental nonlinear results and.
their appliéability to a variety of concrete problems taken from various
fields of mathematical analysis. .. -
Here I use the term ‘‘mathematical analysis’’ in the broadest possible
sense. This usage is in accord with the.ideas of Henri :Poincaré-(one of the.
great pioneers of -our subject). Indeed, by carefully.-scrutinizing the-spe-
cific aonlinear problems that arise_ naturally in the study of the differential
geometry .of real and complex manifolds, classical and modern mathe-.

_ matical physics, and the caiculus of variations, ore is able to discerq)'a:e-

curring patterns that inevitably lead to deep.mathematical resulis. ...
- From an abstract point of view there.are basically two approaches-to

the subject at hand. The first, as mentioned above, consists of extending

specific results of linear functional analysis associated with the names of
Fredholm, Hilbert, Riesz, Banacli, and von Neumann (6 a miore general
nonlinear context. The second approach consists of viewing the subjéct
matter as 4n infinite-dimensiorial version of the differential geontetry of
manifolds and mappings between them. Obviously, these approachés ark
closely related, and when used in conjunction with modern topology, they
form a modé of mathematical thought of great power. © ‘

Finally, over and above these two approaches, there are phenontena
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xiv PREFACE

@hat are genuinely both nonlinear and infinite dimensional in character. A
framework for understanding such facts is still evolving.

The material to be described is divided into three parts, with cach part
- containing two chapters. Part I is concerned first with the motivation
and preliminary mathematical material necessary to understand the con-
text of later developments in the book and second with providing a rudi-
mentary calculus and classification of nonlinear operators. Part II deals
with local analysis. In Chapter 3, I treat various infinite-dimensional ex-
tensions of the classical inverse and implicit function theorems as well as
Newton’s, the steepest descent and majorant methods for the study of
operator equations. In Chapter 4, 1 turn attention to those parameter-
dependent perturbation phenomena related to bifurcation and singular
perturbation problems. In this chapter the use of topological (‘‘transcen-
dental’’) methods makes its first decisive appearance. The third and final
part of the book describes analysis in the large and shows the necessity of
combining concrete analysis with transcendental methods. Chapter 5 de-
velops global methods that are applicable to general classes of operators.
In particular, it treats the various theories and applications of the mapping
degree and its recent extensions involving higher homotopy groups of
spheres as well as linearization and projection methods. Chapter 6 de-
scribes the calculus of variations in the large and its current developments
in modern critical point theory. This inaterial evolves naturally from mini-
mization and isoperimetric problems involving critical points of higher
type.

A main object of the text is the application of the abstract results ob-
tained to resolve interesting problems of geometry and physics. The appli-
cations represented have been chosen with regard both to their intrinsic
interest and to their relation to the abstract material presented in the text.
In many cases the specific examples require an extension of theory and so
serve as a motive force for furthér developments. It is hoped that the
deeper and more complicated applications included will enhance the value
and interest of this rapidly.developing subject. '

Moreover, 1 have chosen a few nonlinear problems as models for our
abstract developments. These include

(i) the determination of periodic solutions for systems of nonlinear or-
dinary differential equations,
(i) Dirichlet’s problem for various semilinear elliptic partial differen-

tial equations, )
(iii) the differential geometric problem of determining the ‘‘simplest”
metric on a given compact manifold (simplest meaning constant curvature

here),
(iv) the structure of the solutions of von Karman’s equations of non-

linear elasticity.



PREFACE XV

All these models illustrate the need for new theoretical developments and
more subtle and incisive methods of study. In addition, the classical nature.
of these problems indicates the tremendous scope for research on the ab-
stract essentials of less classical nonlinear problems.

Many of the abstract results and applications described in the text are
of recent origin, but I hope nonetheless that they form a unified pattern of
development that differs from existing monographs on the subject. The
choice of subject matter presented here has been highly subjective, and, in
order to keep the text to a reasonable number of pages, many important
topics have been treated only superficially, if at all. Thus material dealing'
with ordered Banach spaces, variational inequalities, convex analysis,
monotone mappings, and parabolic and hyperbolic partial differential
equations has been largely avoided. Moreover, these topics have been well
covered by a number of recent monographs and survey articles. In a
somewhat different vein, I have avoided applications too special to illus-
trate the general principles addressed. An example is two-point boundary
value problems for a single second-order nonlinear differential equation,
Such problems can (for example) be successfully treated by phase-plane
methods. Finally, the recent ‘‘Euclidean’’ field theory methods of modern
physics have shown that nonlinear hyperbolic systems can often be treated -
in terms of the nonlinear elliptic boundary value problems treated here.

This book has been written over a period of years, so that various kinds
of misprints inevitably arise. I ask the reader to inform me of any such
misprint, so that an errata list may be prepared. Yet, I hope the material
described here has sufficient coherence, intrinsic interest, and attractive-
ness to provide the reader with a framework for further excursions into
nonlinear analysis.

Many interesting nonlinear problems and illustrative examples have had
to be deleted from the text to keep the book within manageable size. |
hope in the near future to complete another volume containing these
items as well as instructive but more routine problems. This volume will
also contain a more complete bibliography.

Finally, I would like to thank all of those who helped in producing this
book. They include D. Westreich, R. Plastock, E. Podolak, J. vapde
Koppel, T. Goldring, S. Kleiman, A. Steif, S. Nachtigall, M. Schechter,
L. E. Fraenkel, S. Karlin, W. B. Gordon, A. Wightman, and last but by
no means least, my editors at Academic Press. This book could not have
been written without the generous financial support of the Air Force Of-
fice of Scientific Research and the National Science Foundation. To both

orgﬁnizations I extend my hearty thanks.



NOTATION AND TERMINOLOGY

Q
MmN

X = (X5...X\)
D, =d/0x;

o = (Q),0p,...,00)
lex]

D~ .
F(x,D’u, D"u)

X
linear operator F

nonlinear operator F
quasilinear differ-
ential operator
F(,D°f, DN
differential equation
definedon Q
classical solution .

|x1

|l

absolute constant

seminorm

an open subset of real N-dlmensmnal Euclidean
space RV

an N-dimensional smooth manifold

the Cartesian coordinates of a point in RV

the elementary partial derivative operators actmg
on functions defined on

multi-index

Eﬁl «a;

o, Dy

a differential operator of order m depending ex-
plicitly on the elementary higher order differen-
tial operators D~ of order m with |8 < m

some linear vector space of functions

Flaf+Bg) = aF(f)tBF(g) for each f, g€X, and
scalarsa, 8

an operator F that is-not necessarily linear

F is a linear differential operator when regarded as
a function of the elementary differential opera-
tors D*f of order m alone

an equation between two differential - operators
which must hold at each point of Q

a (sufficiently smooth) function (defined on ),
which satisfies the equation at each point of Q

length of a vector x€ERV

the norm of an element « of a Banach space X'

used in connection with the inequality F(x) < cG(x)
to mean that the c does not depend on x as x
varies

a nonnegative function g defined on X such that
8(ax) = |alg(x) and g(x+y) < g(x) + g(»)
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SUGGESTIONS FOR THE READER

The present book is intended as a synthesis between certain aspects of
mathematical analysis and other areas of science. Such a synthesis requires
much motivation and a creative approach usually not found in textbooks.

Thus those parts of Chapters 1 and 2 that provide background mate-
rial and preliminary information need not be read straight through.
Rather the reader is encouraged to skip around to find bits of knowledge
that excite his interest and to pursue these directly into the later Chapters.
When necessary, the reader should return to Part I to pick up necessary
information. Reading this book is not intended to be a linear experience!

Chapter 3 is intended to be abstract in nature and to help develop a
facility in utilizing the ‘‘functional analysis’’ language. The first three sec-
tions of Chapter 3 form a necessary prerequisite for all that follows. In
contrast, Chapter 4 is applications-oriented throughout. Indeed, a proper
understanding of parameter-dependent local analysis requires careful
thinking about specific classic model problems. Again the reader can
choose only those applications that fit his or her interest. ’

Part III can be read in separate pieces. Chapter 5, for example, con-
tains three separate lines of development: Section 5.1, Section 5.2, and
Sections 5.3-5.5 (a deep study requiring, of course, a blending of each
strand). Similarly Chapter 6 divides naturally in three parts: Sections 6.1—
6.2, Sections 6.3—6.4, and Sections 6.5—6.7. The first two parts do not
make use of topological methods, but such methods are essential for the
third. ‘ :

The reader is expected to have some prerequisite knowledge of conven-
tional linear functional analysis, ordinary and partial differential equa-
tions. Some acquaintance with undergraducte physics and differential
geometry will be helpful in understanding the applications. These applica-
tions are treated rather tersely and with varying degrees of thoroughness. -
A comparison with more detailed and traditional treatments of each ap-
plication will prove helpful. My idea has been to provide a sense of the
scope, utility, and diversity of the subject matter without obscuring the
key ideas.
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PART |

PRELIMINARIES

Many problems arising naturally in differential geometry and mathema-
tical physics as well as in many other areas of science involve the study of
solutions of systems of nonlinear differential equations. However, since
most of these systems are “nonintegrable,” in the sense that their solutions
cannot be written in closed form, classical methods of studying such
systems generally fail. Thus new methods of study are required. In recent
years a new approach to these problems has proved both relatively
successful and straightforward. The approach consists essentially in this: A
given problem is reformulated in the language of function spaces; this
abstracted problem is then analyzed as completely as possible by the
‘methods of functional analysis, and the results obtained are then retrans-
lated into statements concerning the original problem. The generality thus
attained is important in several respects. First, a given problem is stripped
of extraneous data, so that the analytic core of the problem is revealed.
Secondly, seemingly diverse problems are shown to be specializations of
the same theoretical ideas. Finally, the abstract structures that lie at the
foundation of the study of novel nonlinear phenomena can be clearly
ascertained. In the sequel, we shall describe this circle of ideas as well as-
the resulting interplay between (nonlinear) functional analysis and con-
crete problems.

The alm of Part 1 The subject matter to be discussed is distinguished
from many other mathematical areas by the mixing of various “structures”
inherent in even the simplest examples. Consequently, although most of
the problems presented here are easily stated, the number of prerequisites
necessary to the adequate understanding of the solution to a given problem
may be quite large. Thus the aim of Part I is fourfold:

(i) to set out these prerequisites in a systematic way;
(i) to motivate the various specific problems to be studied in the
sequel;
1



2 PART I PRELIMINARIES

(iii) to indicate the steps necessary to reformulate a specific problem
in terms of appropriate abstract nonlinear operators;
(iv) to develop an elementary calculus for these abstract operators.

The first two points are treated in Chapter [, while the last two are
covered in Chapter 2.



CHAPTER 1

BACKGROUND MATERIAL

R

This chapter is divided into six sections. The first two sections list a number of classical
geometric and physical nonlinear problems, as well as the typical difficulties encountered in
studying such problems. Next we summarize the results from linear functional analysis that
will be useful in the sequel. Then we review the regularity results for linear elliptic partial
differential equations that have proven invaluable for the successful application of functional
analysis to the nonlinear problems discussed in the first section. Finally we survey the basic
facts concerning mappings between finite-dimensional spaces (and, in particular, results from
topology) that will be needed in the text.

1.1 How Nonlinear Problems Arise

Before commencing a systematic study of nonlinearity, it is of interest to
mention some important sources of the problems, some of which will be
discussed in the sequel. Three classic sources of nonlinear problems are
mentioned below: first, differential-geometric problems, in which non-
linearity enters naturally via curvature considerations; next, mathematical
problems of classical and modern physics; and finally problems of the
calevlus of variations involving nonquadratic functionals. Of course these
sources are not exhaustive, and the mathematical aspects-of fields such as
ecacomics, genetics, and biclogy offer entirely new nonlinear phenomena
{(32:- the Notes at the end of this chapter).

1A Differential-geometric sources

Lifferential-geometric problems associaied with the-effects of curvature
are a rich and historic source of nonlinear differential systems. The
fotlowing examples indicate their scops:

() Geodesics or muniiolds Consider the simple hypersurface S
duiined by setung 8 = {.ox € 08, f{xy = 0}, wheso f(x)isa C 2 real-valued

B
i



4 1 BACKGROUND MATERIAL

function defined on R”" such that | Vf| # 0 on S. The geodesics on S are
characterized as curves g = x(f) on S that are critical points of the arc
length functional. Geometrically, they are characterized by the property
that the principal normal of g coincides with the normal of S. Analytically,
geodesics are found as solutions of the following system of N ordinary
differential equations:

(LL) () x,+p(@) Y(x)=0, (b) flx(:)=0,
where p(?) is some real-valued function of ¢.

Apart from a few exceptional cases this system depends nonlinearly on
x(?). For example, let us determine the function u(#) of (1.1.1) in terms of
f- In fact, if we differentiate the relation f(x(#)) = O twice with respect to ¢,
we find

H(f)x,-x, + Vf-x, =0, ‘
where H(f) denotes the Hessian matrix (3%/dx; dx;) of f. Thus (1.1.1)
impliessthat

w(t)= {H(H)x x}| V|2
Consequently we find | Vfe(?) = H(f)x,  x,. Thus the system (1.1.1) is
nonlinear in x unless S is either a sphere so that u() is a constant, or a
hyperplane in which case p(r) =0. If S is an ellipsoid, Jacobi showed that
the resulting system (1.1.1) could be explicitly solved in terms of elliptic
functions. However, such integrable systems are rare; and the study of
geodesics for hypersurfaces differing only* slightly from an ellipsoid re-
quires new and quite refined methods of study. More generally, if
(9", g) denotes an N-dimensional differentiable manifold with the Rie-
mannian metric

N
22
ds* = ijz- lg,j(x) dx; dx;,
then the geodesics on (MY, g) can be found as the solutions of the
nonlinear system

(1.1.2) 5+ 2Thx% =0 (ij,k=12...,N)
. j.k

where I‘;k denotes the so-called Christoffel symbol of the second kind.
These symbols can be computed in terms of the functions g; and their
derivatives. Thus the geodesics on (9", g), defined by the equation
(1.1.2), are directly related to the intrinsic metric and consequently to the
curvature properties of (9MV, g).

The study of the solutions of (1.1.2) in terms of the geometry and
topology of (9", g) has been a motive force in the discovery of many



