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Preface

The fourth edition of Algebra and Trigonometry is designed to give a mathemati-
cally sound approach to the topics in algebra and trigonometry needed for success in
later courses. It is intended to prepare students for calculus by providing them with
thorough explanations that are precise, yet written for student comprehension.

The prerequisite is a high school course in algebra or intermediate algebra at the
college level. For students whose algebra background is not as solid as it might be,
we have included a review of algebra in Chapter 1. Chapter 2 on equations also may
be review for students.

The thorough review of algebra in Chapter 1 discusses operations on the real num-
bers, absolute value, exponents, polynomials, factoring, rational expressions, radi-
cals, and complex numbers.

Functions, an essential concept in this text, are discussed beginning in Chapter
3 and continuing throughout the book. Functions and their graphs are closely re-
lated, so the graphs of functions are discussed again and again. The general tech-
niques of graphing also are presented in Chapter 3; later, new graphs are obtained
from familiar ones by investigating symmetry and translations.

Exponential and logarithmic functions, presented in Chapter 5, are introduced
in such a way that students see the functional aspects, with the numerical aspects
downplayed.

Trigonometry is introduced via the unit circle. It is given a thorough treatment
in order to prepare students for what is traditionally a troublesome area in their study
of calculus. For those instructors who wish to emphasize the analytic aspects of the
subject, the numerical topics have been placed in a separate chapter (Chapter 8).

The book features a great many applications problems, from the fields of busi-
ness, engineering, physics, chemistry, biology, astronomy, navigation, demography,
and political science. These applications are designed to be optional, so instructors
may decide which ones to assign.
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Fundamentals of
Algebra

Today, algebra is required in a great many fields, ranging from accounting to zo-
ology. The reason that algebra is required in all these fields is that algebra is useful.
Equations, graphs, and functions occur again and again in many different areas. For
example, in this text algebra is used to predict population growth, to determine the
path of objects orbiting in space, and to investigate the costs versus the benefits of
removing pollutants from a substance. To prepare for this study, the book begins
with a review of the basics of algebra.

The Real Numbers

Numbers are the foundation of mathematics. The most common numbers in mathe-
matics are the real numbers, the numbers that can be written as a decimal, either
repeating, such as

=.75000. .., or 23 = 2.571428571428 . . . ,

AW

1
- = .33333. . .,
3

or nonrepeating, such as
V2 =1.4142135. .. or m=3.14159 . .

There are four familiar operations on real numbers: addition, subtraction, multi-
plication, and division. Addition is indicated with the symbol + . Subtraction is writ-
ten with the symbol —, as in 8 — 2 = 6. Multiplication is written in a variety of
ways. All the symbols 2 X 8,2 - 8, 2(8), and (2)(8) represent the product of 2 and
8, or 16. When writing products involving variables (letters used to represent num-
bers), no operation symbols may be necessary: 2x represents the product of 2 and x,
while xy indicates the product of x and y. Division of the real numbers @ and b is
written a + b, or more commonly a/b.
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Chapter | Fundamentals of Algebra
The set of real numbers, together with the relation of equality and the basic
operations of addition and multiplication, form the real number system. (Infor-
mally, a set is a collection of objects.) The key properties of the real number system
are given below, where a, b, and c are letters used to represent any real number.
Properties of the Closure properties a + b is a real number
Real Numbers ab is a real number
Commutative properties a+b=b+a
ab = ba
Associative properties @a+b)+c=a+ b +0
(ab)c = a(bc)
Identity properties There exists a unique real number O such that

a+0=a and 0 + a = a.
There exists a unique real number 1 such that
a-1=a and 1:-a = a.

Inverse properties There exists a unique real number —a such
that
a+(—a)=0 and (—a) +a = 0.

If a # 0, there exists a unique real number
1/a such that

1
a-—=1 and 1 a=1
a a
Distributive property ab + ¢) = ab + ac

Example | By the closure properties, the sum or product of two real numbers is a real number.
For example,
(a) 4 + 5 is a real number, 9. (b) —9(—4) is a real number, 36.
(¢c) 8 - 0is a real number, 0. (d) \/g + \/3 is areal number. m

Example 2 The following statements are examples of the commutative property. Notice how the
order of the numbers changes from one side of the equals sign to the other.

@ 6+x=x+6 b) 6+x)+9=x+6)+9
© 5-9-8=9-8:-5 @5:-9-8=5-8-9 n

The associative properties are used to add or multiply three or more numbers.
For example, the associative property for addition says that the sum a + b + c of
the real numbers a, b, and ¢ can be found either by first adding @ and b, and then
adding ¢ to the result, indicated by the association

@+ b) + c,




Example 3

Example 4

|.} The Real Numbers 3

or by first adding b and ¢, and then adding a to the result, indicated by the associa-
tion a+ (b+c),

since, by the associative property, either method gives the same result.

As the following statements illustrate, with the associative properties the order of the
numbers does not change, but the placement of the parentheses does change.

@4+ 0O@+8=4+9 +8 (b) 39x) = 3 Ix

© V3+VD+2Ve=V3+\V7+2V6 =

The identity properties show that O and 1 are special numbers: the sum of 0 and
any real number a is the number a, so that O preserves the identity of a real number
under addition. For this reason, O is the identity element for addition. In the same
way, 1 preserves the identity of a real number under multiplication, making 1 the
identity element for multiplication.

By the identity properties,
(@ -8+0= -8 Mb) (91 = -9. =

According to the addition inverse property, for any real number a there is a real
number, written ~—a, such that the sum of a and —a is 0, or @ + (—a) = 0. The
number —a is called the addition inverse, opposite, or negative of a. The addition
inverse property also says that this number —a is unique, that is, a given number
has only one addition inverse.

Don’t confuse the negative of a number with a negative number. Since a is a
variable, it can represent a positive or a negative number (as well as zero). The
negative of a, written —a, can also be either a negative or a positive number (or
zero). It is a common mistake to think that —a must represent a negative number,
although, for example, if a is —3, then —a is —(—3) or 3.

For each real number a except 0, there is a real number 1/a such that the product
of aand 1/a is 1, or

a-—-=1, a+0.

Q| =

The symbol 1/a is often written @', so that, by definition,

For every nonzero real number a,

The number 1/a or a~! is called the multiplication inverse or reciprocal of the

number a. Every real number except 0 has a reciprocal. As with the addition inverse,
the multiplication inverse is unique—a given nonzero real number has only one mul-
tiplication inverse.
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Example 5

Example 6

Substitution
Property

Addition and
Muitiplication
Properties

By the inverse properties,
@ 9+ (-9 =20 (b) -15+15=0

| 1
- -1 8. [—) =1
1 { so that 6 6) (d) (~~ 8)

|
(e) —%\/g:]

(f) There is no real number x such that 0 -+ x = 1, so there is no multiplication
inverse for 0. =

(¢c) 6

N =

One of the most important properties of the real numbers, and the only one that
involves both addition and multiplication, is the distributive property. The next ex-
ample shows how this property is applied.

By the distributive property,
@ 96 +4)=9-6+9-4 (b) 3(x + y) = 3x + 3y

© -V50m +2) = -mV5 - 2\/5
(The product of —\/5 and m is often written —m\/S-, since —\/5m is too
easily confused with —\/5m.) =

The distributive property can be extended to include more than two numbers in
the sum, as follows.
ab+c+d+e+ - -+n=ab+ac+ad+ae+ - -+ an

This form is called the extended distributive property.
The substitution property is another key property.

If a = b, then a may replace b or b replace a in any expression without
affecting the truth or falsity of the statement.

Many further properties of the real numbers can be proven directly from those
given above. For example, the following two important properties are used in the
next chapter in solving equations.

For all real numbers q, b, and ¢, ifa = b, then

a+c=b+c¢, and ac = bc.

In words, these properties say that the same number may be added or multiplied on
both sides of a statement of equality.

Two special properties of the number 0 are stated below.




Properties of
Zero

If and Only If

Properties of
Negatives

Example 7

.1 The Real Numbers 5§

For all real numbers a and b,

a-0=0, and ab=0 ifandonlyif a =0orb = 0.

The second property above contains the phrase *‘if and only if.”” By definition,

p if and only if ¢

means

if p, then g and if ¢, then p.

Finally, some useful properties of the negatives of numbers follow.

For all real numbers a and b,
—(~a)=a
~ab) = —(ab)
a(~b) = —(ab)
(—a)(—=b) = ab.

The proofs of many of these properties are included in the exercises below. Ex-
ample 7 shows a general style of proof that can be used for many of these properties.

If a is a real number, prove that
—(—a) = a.

We shall prove that both —(—a) and a are addition inverses of —a. Since a real
number has only one addition inverse, this will show that —(—a) and g are equal.
First,

—at[-(-a] =0

since —(—a) is the addition inverse of —a. Also,
-a+a=0,

since a is the addition inverse of —a. Since both —(—a) and q are addition inverses
of —a, and since —a has only one addition inverse,

—(—a) = a. n

The properties of real numbers given above apply to addition or multiplication.
The two other common operations for the real numbers, subtraction and division, are
defined in terms of the operations of addition and multiplication, respectively.

Subtraction is defined by saying that the difference of the numbers @ and b,
written @ — b, is found by adding a and the negative of b. See the next page.
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Subtraction

Example 8

Division

Example 9

Properties of
Quotients

For all real numbers a and b,
a—b=a+ (-b).

@7-2=7+(-2=>5
(b) —8 — (=3) = —8 + (+3) = ~5
© 6 - (—15 =6+ (+15 =21 m

Division of a real number a by a nonzero real number b is defined in terms of
multiplication as follows.

For all real numbers a and b, with b + 0,

=a--=ab .

1
b

SR

That is, to divide a by b, multiply a by the reciprocal of b.
-8
=2 b) — = -8 -
(b) )

-9, . . X . . .
(c) o is meaningless since there is no reciprocal for 0; also, 0 is meaningless. m

Several useful properties of quotients are listed below.

For all real numbers q, b, ¢, and d, with all denominators nonzero,
§=§ifandonlyifad=bc §+3=$

a _a a_c_ad— b

bc b b d bd

a -a a a ¢ ac

5 b b b'd” bd

—a _a a ¢ _a d

—-b b b d b ¢

To avoid possible ambiguity when working problems, use the following order of
operations, which has been generally agreed upon. (By the way, this order of oper-
ations is used by computers and many calculators.)




Order of
Operations

Example 10

Subsets of the
Real Numbers

Example |1

1.1 The Real Numbers 7

If parentheses or square brackets are present:

1. Work separately above and below any fraction bar.
2. Use the rules below within each set of parentheses or square brackets.
Start with the innermost and work outward.

If no parentheses are present:

1. Do any multiplications or divisions in the order in which they occur,

working from left to right.
2. Do any additions or subtractions in the order in which they occur,

working from left to right.

If exponents or roots are involved, they are dealt with before using the order of
operations.

Use the order of operations given above to simplify the following.
@ 6 +3)+2-4=2+2-4=2+8=10
(b) =9(=3) + (-9 _ 27 + (=5) _ 22 _ 22
2(—8) — 5(3) -16 — 15 -31 31
€ 4-2°=4-8=32 n

There are several subsets* of the set of real numbers that come up so often they
are given special names, as listed below. Some of the subsets are written with set-
builder notation; with this notation,

{x|x has property P},

read “‘the set of all elements x such that x has property P*’ represents the set of all
elements having some specified property P.

Natural numbers {1,2,3,4,.. .}

Whole numbers {0,1,2,3,4,. ..}

Integers .., =3-2,-10,1,2,3,.. N
Rational numbers {5 p and g are integers, ¢ # 0}
Irrational numbers {x|x is a real number that is not rational}

Let set A = {—8, —6, —3/4, 0, 3/8, 1/2, 1, \V/2, V5,6,V - 1}. List the ele-
ments from set A that belong to each of the following sets.

(a) The natural numbers in set A are 1 and 6.
(b) The whole numbers are 0, 1, and 6.

*Set A is a subset of set B if and only if every element of set A is also an element of set B.




