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FOREWORD

This volume consists of 101 papers. in the general areas of
approximation, optimization and computing, and applications. Under
the sponsorship of IMACS, it represents a collaborative venture,
initiated in 1986, between the Dalian University of Technology and
the University of Regina. A primary goal of the joint program and
publication committee was to provide an opportunity for research
papers reflecting emerging directions within theory or applications.
The papers accepted for publication represent the varied and
substantial efforts of 157 authors towards this goal.

The four invited papers are followed by 57 contributions in
approximation theory. The two groupings for optimization (22) and
computing (8) precede the collection of applications in several areas.
Some papers could belong to more than one of the groupings and the
final arrangement reflects the editors' decision.

A. G. Law and C.L. Wang
December, 1989
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MULTIPLE NUMERICAL INTEGRATION FORMULA USING REGULAR LATTICES

Sin HITOTUMATU

*
Research Institute for Mathematical Sciences )

Kyoto University

Kitashirakawa, Sakyo-ku, Kyoto, Japan 606

Abstract

As is known, the trapezoidal rule with equidistant nodes has the highest accuracy

when the influences at the end points may be neglected.

Under the similar situa-

tions, we propose multiple pumerical integration formulas over the vertices of
regular dense lattices, such as equilateral triangular lattice on the plane, face-

. . 3 . 4
central cubic or body-cemtral cubic lattices in R, or the Dh—lattlce in R'. We

also give a method of error analysis and some numerical examples.

1. INTRODUCTION

Prof. M. Mori [7] proved that the trape-—
zoidal rule with equidistant nodes has the high-
est accuracy among all the numerical quadrature
formulas, when the influences at the end points
mav be neglected. Such situation occurs when
the integrand decays very rapidly or the inte-
gration of a periodic function along a whole
period. We would like to generalize it for mul-
tiple integrals.

In the Euclidean space R" of higher di-
wension, the nodes of the simple cubic lattice
SC are quite sparse. In fact, the centre of

a hypercublc cell is apart ,n/2 times to its
side-length from the surrounding vertices, whicb
is longer than the side when n>5. Therefore,
we must select more dense regular lattices for
multiple integration. Although the precise

densest lattices in R are seldomly known, we
have several dense lattices not dlfflgult to

construct. For example, we have the ¢:
trianguiar Tattice L, in Rz,

cubic ilattice FC, or the Leap-censral iz

lareral
the “ace-cencral
- : . 3 :
atrice BC3 in R7, and in R a very dense
lattice called 0 ,-iatrlce consisting of the ver-

tices of tesselation by the regular 24 cells
(e.g. Coxeter [1])). Also there are Eg—Zatrice

in R8 and the Leeck lottice in RZA, though
they are less useful for practical applicationms.

In the present paper, we first give our

MOS classification 65D30;

general formulas (§2) and discuss the construc-
tion of such regular lattices in normalized
forms (§3). We then give a method of error
analysis (§4). We shall mainly concern with
the Lzolattice on the plane, but the similar

procedure holds for other lattices in higher
dimensional spaces at least approximatelv.
Finally in 35, we show some numerical examples.

The idea of using regular dense lattices
for a multiple integral is not new. Such meth-
ods has been suggested in various literatures,
such as [2], {3] and [9]1. The author is par-
ticularly grateful to Prof. M. Sugihara whose
lecture ([8]) at a meeting in RIMS has suggest-
ed the present algorithm. This paper is essen-
tially a revised version of the note [4}].

2. GENERAL FORMULAS

Let & = {.(L) be the set of vertices in
a given lattice L in R".. The Jundamental

Tl

rez;ion A? of a vertex P is the set of points

X in .R® such that the distance PX does not
exceed the distance QX for any other vertices
Q# P in Q. We say that the lattice L is
rezular if the volume of the fundamental region
V(AP) does not depend upon the selection of

the vertex P. We denote the constant volume
by V. ’

Now, in order to compute approximately a
multiple integral ij(x)dx, we first cover the

integration domain D by a vegular lattice L,

key words: multiple numerical integration, trapezoidal rule, regular lattice, equilaceral triangular

lattice, face-central cubic lattice, body—central cubic lattice; D

-lattlce.,

*) In RIMS until 1989 March. After 1989 April his address will be: Dept. of Informatlcs,

Tokyo Electro-Mechanical College at Hatoyama Cawpus, Saitama Pref., Japan 350-03.



4 S. Hitotumatu

and take the summation over all lattice points
in D; sayv

(1) T=V. _ f(x).
x:.D

we mainly concern with a rapidly decreasing
function f(x), where tne integral near the
boundary D may pe almest negligible. If
necessary, we can modify the integral near the
boundary by the method in $4. Hence, we may
assume that the integration domain D itself
is a union of the fundamental regions AP P-

(L.

Qur formula is actually a generalizatiom
of the miirsirs rule to higher dimensionai
spaces; i.e., the integral over a fundamental
region AP is replaced by the product of the

representative value of the integrand at its
centre P and the volume V of AP.

As we mainly concern with rapidly decreas-
ing functions, it may be more convenient to
arrange the set of vertices along the spherical
layers around the origin. We denote by N the
set of the square of the normillzed distance of
a vertex from the origin, except 0. For abbre-
viation, we shall call ‘N simply the set o7 _
Iigsances, although the actual distance is vc,
ceN.

Then our formula (1) reads

(2) T=V [+ ~ (. f&HL

c:N 2
TotxiT=e M

For very regular lattices such as LZ’ DA or
E8’ the number of the vertices over a spherical

layer unz =c # 0 1is always a multiple of the
number m c¢f the nearest neighbouring verices
in the lattice. This property does not hold for

BC3 and FCB'

3. CONSTRUCTION OF THE REGULAR LATTICES
3.1, Equilateral triangular lattice on a plane

On the Euclidean plane R2, we construct
the equilateral triangular lattice L2 as fol-

lows. We take one of the vertices to be the
origin of the coordinates, and select one side
issuing from it to be the x-axis. We denote by
h the side-length of each equilateral triangle.
Then each lattice point x of L, 1is uniquely
represented by -

= (aet+bw)h

where € is the unit vector to the positive
x-axis, W = (1/2, /3/2), and a,b are integers.
The number of the neighboring points is evident-
ly 6. The fundamental region A is a regular
hexagon of the side-length h/y/3 with the cen-

tre at the lattice point. The volume V is
-2
v3h©/2,

The set of distances N consists of the
integers

a9
c=a +ab + bz.

It is well-known that a number c¢<N as above
is characterized by the properties that it is

of the form c¢ = ;2-q, where g is either 1 or
square~free whose prime factors are 3 or primes
p 21 (mod 6). The first part of X 1is
1,3,4,7,9,12,13,16,19,21, 25 27,28,31,36,37, 39
A3 48, ~9 52,57,

Further it is known that the primitive solu-

. . . 2_2 2
tions of integers for c“=a“+ab+b

is given
just by

2 2 2 2
a= (2mtn)n, b = m"-n", ¢ = m +mn+n
where m and n are relatively prime positive

integers (m>n) whose difference is not di-
visible by 3.

Assume that the integrand f£(x,y) is rep-
resentad in the form

@
Vg (r)eg, ()
i=1 i i

in polar coordinates (r,¢), where ¢3(t) is

rapidly decreasing with respect to r, and
g;(8) varies rather slowly in 6. Then the

following summation procedure may be useful.

(3) T=5hE0,00 + ] (] &G0

3.2 ' ?
1=1 c<N

E [s1 +eo)+si( 3 -8 DL

where ¢ = a2+ab+b2€N; a,b are integers sat-

isfying Ocb<a, (a,b) # (0,0), and o, =

0
arccos{(2a+b)/2r]}. The last term in (3) should
be replaced by :

5

kn
7 8, CF +6,)
ot 3770

when b =0 (eo =0) or a=b (ao = 1/6).

Note that the pair (a,b) 1is not unique for a
given ¢, and the summation must be computed
with respect to all indices (a,b).

3.2, Face-central and Body-central lattices

in R3

¥

The vertices of a face-centfal cubic lat-

tice FC in R3

3 are given, after suitable

-



