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PREFACE TO THE CORRECTED AND
ENLARGED EDITION

When this book was originally planned by Ryzhik, it was designed to assist mathe-
maticians, scientists, and engineers, who at t'.at time relied almost entirely on analytical solu-
tions to their problems. These were usually obtained in complicated series form involving spe-
cial functions, and for this purpose a comprehensive table of integrals was necessary. The suc-
cess of this basic plan was amply demonstrated by the fact that by the time the English language
translation was published in 1965, the original Russian version had gained Gradshteyn as a
coauthor and evolved through four separate editions to become a book of 1080 pages.

After the appearance of the translation, the book quickly established its, position as one
of the major reference sources for integrals available in the English language. However, just as
during its early years the book changed its structure and content to meet the needs of its Rus-
sian users, so also must the English language version adapt to the needs of its new users. With
the present-day ready availability of powerful computers, the necessity for cumbersome
series-type solutions has all but been eliminated. In their place have come other types of analyti-
cal problems of equivalent complexity, some of a traditional nature, and some quite new and
often arising from numerical analysis. They have in common the fact that they also make a de-
mand on tables of this type, showing yet again the fundamental soundness of the original plan.

Because of the increasing complexity of problems, which often makes an analytical so-
lution impossible, there is now a growing need to estimate properties of solutions rather than to
find explicit solutions. It was with these ideas in mind that this extended edition was pre-
pared, containing the new material of Sections 10 to 17. Apart from the inclusion of some basic
results on vector operators and coordinate systems that is likely to be useful during the formule-
tion of many problems, most of the new material is concerned with inequalities. These range
from fundamental algebraic and functional inequalities to integral inequalities and basic oscilla-
tion and comparison theorems for ordinary differential equations. The continuing important
part played by integral transforms has made it desirable to include basic reference lists of trans-
form pairs for the Fourier and Laplace transforms in the same volume that provides so much in-
formation about other integrals.

It is hoped that these major additions to the body of the tables are in the spirit of the
original plan of the book, and that they will still further enhance its value. All known errors in
any one printing of the book have been corrected at the subsequent reprinting, so that this
present edition incorporates all corrections made since 1965. I am extremely grateful to the
many people named in the acknowledgment on page ix, who over the years have helped me to
free this work from errors.

A. Jeffrey



PREFACE TO THE FIRST EDITION

The number of formulas for integrals, sums, series, and products available in the ex-
isting mathematical reference books is definitely insufficient for mathematicians working in sci-
entific fields and for scientists and engineers doing theoretical and experimental research. The
present tables have been compiled with the purpose of filling this gap. More than five thousand
formulas have been collected in the present volume from various sources.

The book is primarily intended for scientists, technicians, and engineers carrying out
investigations in the physical-mathematital sciences. Therefore, exposition takes up only a
small portion of the book, and basically, it is a collection of formulas.

Considerable attention has been given to special functions, in particular, elliptic,
Bessel, and Legendre functions. Many formulas dealing with these functions are included.

I wish to take this occasion to express my deep gratitude to Professors V. V. Stepanov,
A. 1. Markushevich, and I. N. Bronshteyn for valuable advice and for suggestions made by
them in the preparation of this work.

I. Ryzhik

PREFACE TO THE THIRD EDITION

1. M. Ryzhik, the author of the first and second éditions of these tables, died during
World War 11. These tables have been considerably revised in preparation for printing.

All the formulas, definitions, and theorems have beenvplaced into numbered divisions.
The numbering procedure has some similarity with the decimal system of classification and can
easily be understood from the arrangement of the table of contents. Only the main divisions are
included in the table of contents. These have numbers containing one, two, or three digits. The
smallest divisions of the book are numbered with four digits. These divisions contain one or sev-
eral formulas, theorems, or definitions, which are numbered in light type with successive inte-
gers. The digit 0 is reserved for divisions of a general character: introductions, definitions, etc.
The number 0 is also used for the first chapter of the book, which includes a number of theorems
of a general nature and which is itself something of an introduction.

1. Gradshteyn

PREFACE TO THE FOURTH EDITION

In preparing the fourth edition, I. S. Gradshteyn intended to expand this reference
work considerably. His death prevented completion of this plan. He had compiled new tables of
integrals of the elementary functions and had collected material for prepaning tables of integrals
of special functions.

vii



viii EDITOR'S FOREWORD

The publishing authorities entrusted us with preparing the manuscript left by Gradsh-
teyn and with adding supplementary material where it was needed.

In carrying out this work, we have tried to follow the plan of the manuscript and of the
preceding edition. Throughout, we have kept its main feature: the order of the formulas. We
have included the divisions dealing with sums, series, products, and clementary functions
without change from the preceding edition. The other divisions were somewhat revised. The
tables of definite integrals of elementary and special functions, in particular, were considerably
extended. We have added a few new divisions: the integrals of Mathieu functions, Struve func-
tions, Lommel functions, and a number of other functions that were entirely omitted from the
older editions. In general, the number of special functions considered in the fourth edition is
much greater than in the third. As a consequence, the chapters dealing with special functions
were supplemented with the corresponding divisions.

The majority of definitions of special functions that were used in the precedmg edition
have been kept. We changed to new definitions only in certain cases when we were following
references that contain the major source of material on integrals of the special functions in ques-
tion.

Certain notations have also been changed. The chapter in the third edition that is de-
voted to integral transformations was dropped from the fourth edition. The matenal included in
it appears in other portions of the book.

We wish to express our deep gratitude to A. F. Lapko, who read the manuscript care-
fully and made a number of useful comments.

Yu. Geronimus, M. Tseytlin

EDITOR’S FOREWORD

This book is a translation of the fourth and most recent edition of Ryzhik and Gradsh-
teyn's Table of Integrals. 1t represents a very considerable enlargement of the third edition to
which many new sections have been added. Its thorough coverage of the functions of mathe-
matical physics and its careful arrangement of material will make it invaluable to mathematl-

\cmns, engineers, and physicists working in all fields.

' In preparing wnis translation the opportunity has been taken to add a short note on the -
use of the tables. After a brief reference to the method of arrangement of the tables, the intro-
duction then summarizes some of the more common differences in notation and definition of
higher transcendental functions. A short classified bibliography has also been added at the end
of the book to supplement the original Russian b:blxqgraphy—much of which is likely to be
inaccessible to the user of these tables.

A. Jeffrey
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THE ORDER OF PRESENTATION
OF THE FORMULAS

The question of the most expedient order in which to give the formulas, in
particular, in what division to include particular formulas such as the definite in-
tegrals, turned out to be quite complicated. The thought naturally occurs to set up
an order analogous to that of a dictionary. However, it is almost impossible to
create such a system for the formulas of integral calculus. Indeed, in an arbitrary
formula of the form

§/(z)da:=A

one may make a large number of substitutions of the form z=¢q(t) and thus obtain -
a number of “synonyms” of the given formula. We must point out tﬁ&t»the table of
definite integrals by Bierens de Haan and the earlier editions of the present refer-
ence both sin in the plethora of such “synonyms” and the formulas of complicated
form. In the present edition, we have tried to keep only the simplest of the “syno-
nym” formulas. Basically, we judged the simplicity of a formula from the standpoint
of the simplicity of the arguments of the “outer” functions that appear in the inte-
grand. Where possible, we have replaced a complicated formula with a simpler one.
Sometimes, several complicated formulas were thereby reduced to a single simpler
one. We then kept only the simplest formula. As a result of such substitutions, we
sometimes obtained an integral that could be evaluated by use of the formulas of

chapter two and the Newton-Leibnitz formula, or to an integral of the form
a

S f () dz,
. -0
where /(z) is an odd function. In such cases the complicated integrals have been
omitted.
Let us give an example using the expression

(ctg z—1)p72

r Intgzrdz= ——1;— cosec prx. (n

By moking the natural substitution ctg z — 1 == u, we obtain
§ uP'in (14 u)du = —’;—- cosec px. (2)

Integrals similar to formula (1) are omitted in this new edition. Instead, we have .

xxiii



XXiv THE ORDER OF PRESENTATION OF THE FORMULAS

formula (2) and the formula obtained from the integral (1) by making the substitution
ctga =u.
As a second example, let us take

I= In(tgPz 4+ ctgfz)Intg rdaz =0,

oh/-.mlkl

The substitution tgx = u yields

T In(uP+uP)inu
[ = S ——T_FZ—E-——— du,

If we now set v=Inuw, we obtain
The integrand is odd and, consequently, the integra] is equal to 0.

Thus, before looking for ea integral in the tables, the user should simplify
as much as possible the arguments (the “inner” functions) of the functions in the
integrand.

The functions are ordered as follows:

First we have the elementary functions:

1. The function f(z)==z.

. The exponential funetion.

. The hyperbolic functions.

. The trigonometric functions.

. The logesithmic function.

. The inverse hyperbolic functions. (These are replaced with the corre-
sponding logarithms in the formulas containing definite integrals.)
7. The inverse trigonometric functions.

Then follow the special functions:

8. Elliptic integrals.
9. Elliptic functions.

10. The logarithm integral, the exponential integral, the sine integral, and

the cosine integral functions.

11. Probability integrals and Fresnel’s integrals.

12. The gamme fanction and related functions.

13. Bessel functions.

14. Mathieu functions.

15. Legendre functions.

16. Orthogonal polynomials.

17. Hypergeometric functions.

18. Degenerate hypergeometric functions.

19. Functions of a parabolic cylinder.

20. Meijer’s and MacRobert's functions.

21. Riemann’s zeta function.

WD



THE ORDER OF PRESENTATION OF THE FORMULAS XXV

The integrals are arranged in order of outer function according to the above
scheme: the farther down in the list a function occurs, (i.e. the more complex it
is) the later will the corresponding formula appear in the tables. Suppose that sev-
eral expressions have the same outer function. For example, consider siné€*, sin z,
sin In z. Here, the outer function is the sine in all three cases. Such expressions
are then arranged in order of the inner function. In the present work, these functions
are therefore arranged in the following order: sin z, sine®, sininz.

Qur list does not include polynomlals, rational fenctions, powers, or other
algebraic functions. An algebraic function that is included in tables of definite in-
tegrals can usually be reduced to a finite combination of roots of rational power.
Therefore, for classifying our formulas, we can conditionally treat a power function
as a generalization of an algebraic and, consequently, of a rational function.* We
shall distinguish between all these functions and those listed above and we shall
treat them as operators. Thus, in the expression sin?e®, we shall think of the
squaring operator as applied to the outer function, namely, the sine. In the ex-
sinz+4-cos z

——————, we shall think of the rational operator as applied to the
sinz—cosz

pression

trigonometric functions sine and cosine. We shall arrange the operators according
to the following order:

1. Polynomials (listed in order of their degree).

2. Rational operators. ?

3. Algebraic operators (expressions of the form A2, where g end p are ra-

tional, and g > O; these are listed according to the size of g).

4, Power operators.

Expressions with the same outer and inner functions are arranged in the
order of complexity of the operators. For example, the following functions (whose
outer functions are all trigonometric, and whose inner functious are all f(x)=z)
are arranged in the order shown:

sin z sinz +cosx -

. . 1
sinz, sSinxcos z, o = cesRe z, m:t ' SimE—cosz sin™ z, sin™ x cos z.

Furthermore, if two outer functions @, (z) and ¢, (z), where @, (z) is more
complex than ¢, (z), appear in an integrand and if any of the operations mentioned
are performed on them, then the corresponding integral will appear (in the order
determined hy the position of @y (z) in the list) after all integrals containing only
the function @, (z). Thus, following the trigonometric functions are the trigono-
metric and power functions {(that is, ¢, (z) = z). Then come

combinations of trigonometric and exponential functions,

combinations of trigonometric functions, exponential functions, and powers,

etc.,

combinations of trigonometric and hyperbolic functions, etc.

*For any natural number a, the involution (a-}5z)® of the binomial a-}-bx isa
polynomial. If & is a negative integer, (@} b6z)" is a rational function. If 5 is irrational,
the function (G- 4x)" is not even an algebraic function.



xXxvi- THE ORDER OF PRESENTATION OF THE FORMULAS

Integrals containing two functions @, (x) and @, (z} are located in the divi-
sion and order corresponding to the more complicated function of the two. However,
if the positions of several integrals coincide because they contain the same com-
plicated function, these integrals are put in the position defined by the complexity
of the second function.

To these rules of a general nature, we need to add certain particular con-

siderations that will be easily understood from the tables. For example, according
1
to the above remarks, the function e comes after €* as regards complexity, but

Inz and ln—:— are equally complex since In é_— = —Inz. In the section on “powers

and algebraic functions”, polynomials, :ational functions, and powers of powers
are formed from power functions of the form (a + bz)" and {a + Pz)v.



USE OF THE TABLES*

For the effective use of the tables contained in this book it is necessary
that the user should first become familiar with the classification system for inte-
grals devised by the authors Ryzhik and Gradshteyn. This classification is desgribed
in detail in the section entitled Tl:g(!gda of Presentation of the Formulas and
essentially involves the separation of the integrand into inner and outer functions.
The principal function involved in the integrand is called the outer function .and
its argument, which is itself usually another function, is called the inner function.
Thus, if the integrand comprised the expression lnsinx, the outer function would
be the logarithmic function while its argument, the inner function, would be the tri-
gonometric function sinx. The desired integral would then be found in the section
dealing with logarithmic functions, its position within that section being determined
by the position of the inner function (here a trigonometric function) in Ryzhtk and
Gradshteyn’s list of functional forme. .

It is inevitable that some duplication of symbols will occur within such a
large collection of integrals and this happens most frequently in the first part of
the book dealing with algebraic and trigonometric integrands. The symbols most

frequently involved are a, B.y: 3. t, u, z, 2}, and A. The expressions associated ..
with these symbols are used consistently within each section and are defined at

the start of each new section in which they occur. Consequently, reference should .
be made to the beginning of the section being used in order to verify the meaning
of the substitutions involved. :

Integrals of algebraic functions are expressed as combinations of roots
with rational power indices, and definite integrals of such functions are frequently
expressed in terms of the Legendre elliptic integrals F (¢, k), E (¢, k) and (g, n.k),
respectively, of the first, second and third kinds. ‘ »

An abbreviated notation is used for the trigonometric and hyperbolic functions
tanx, cot, sinhx, coshx, tanhx and cothx which are denoted, respectively, by
tg X, ctgx, shx, chx, thx and cthx. Also the four inverse hyperbolic functions
Arsh z, Arch 2z, Arthz and Arcth 2 are introduced through the definitions

arcsin z = -1— Arsh (iz)
i

1
arcco# z = — Arch 2
i

arctg2 = -1- Arth (iz}
i

*Prepared by Alan Jeifrey for the English lenguage edition.

xxvii



xxviii USE OF THE TABLES

arcctg 2 = i Arcth (i2) -
or,
Arsh z = l arcsin (iz)
i
Arch z = i arccos 2
Arth z = -l— arctg (iz)
14

Arcthz = —1— arcctg (-iz)
i

The numerical constents C and G which often appear in the definite inte-

grals denote Euler’s constant and Catalan’s constant, respectively. Euler's con-
stant C is defined by the limit

L] .
C - lim (2 1. lns) ~-0.577215...
8 + 00 m=1 m

On occasions other writers denote Euler’s constant by the symbol y, but thisis
also often used instead to denote the constant

y = eC < 1781072... .

Catalan’s constant G is related to the complete elliptic integral

ma
K o= K = g —_da
» V1 - k2gin2a

by the expression

. o
1 -p™

G = - \Kdk = —_ = 0.915965... .
2 § ,,,?o (2m + 1)?

Since the notations and definitions for higher transcendental functions that
are used by different authors are by no means uniform, it is advisable to check the
definitions of the functions that occur in these tables. This can be done by identi-
fying the required function by symbol and name in the Index of Special Functions
and Notations that appears at the front of the book on page xxxix, and by then
referring to the defining formula or section number listed there. We now present
a brief discussion of some of the most commonly used alternative notations and
, definitions for higher transcendental functions.



USE OF THE TABLES xxix

Bemoulli and Euler Polynomials and Numbers
Extensive use is made throughout the book of the Bemoulli and Euler num-
bers B, and E. that are defined in terms of the Bernoulli and Euler polynomials of
order n, B,(x) and E, (x), respectively. These polynomials are defined by the
generating functions

[+o]
xt n
te = 2 Bj (x) L for lt] < 2n
et -1 n=0 u!
and
. zext bt ‘n
= D) Epx) = for le] < m,
et + 1 n=0 n! '

The Bernoulli numbers are always denoted by B, and are defined by the
relation

B, = Bp(0) for n =01...,

when
Bo = 1, Bi = -%, By-= 1/6, By = ~1/30,... .
The Euler numbers E, are defined by setting |
E, = 2"E,.(%> for  no=0,1,...

The E, are all integral and Eg = 1, Eg = =1, E4 = 5, Eg = =61, ....

An alternative definition of Bernoulli numbers, which we shall denote by
the symbol BY, uses the same generating function but identifies the BY, differently
in the following manner:

L ]

4
;S

4!

t
el -1

1 12
-l-—;‘-&-B?H

This definition then gives rise to the altemative set of Bernoulli numbers

- 1/6, B} = 1/30, B} = 1/42, B} - 1/30, B? = 5/66,
691/2730, By = 7/6, By = 3617/510, ... .

By
B3

These differences in notation must also be taken into account when using
the following relationships that exist between the Bemoulli and Euler polynomials:

B,(x) = —21: Z (:) Bn-x Ex(2x) n=01,...

k=0



XXX USE OF THE TABLES

2" x+ 1 x
fos0 - 2o (220) - (2]

Ep-1(x) = —Z-an(x) - 2"8,1(5)% n=12...
n 2

or

and

—1 n-2

En_z(0 - 2(’;) S (:) (@=% _ Bn_pBax)  n o= 23,... .
k=0

There are also alternative definitions of the Euler polynomial of order », and it
should be noted that some authors, using a modification of the third expression above,

call
2 x
( );Bn(x) - 2"3,,(_>$
n+1 2

the n-th Euler polynomial.

Elliptic Functions and Elliptic Integrals

The following notations are often used in conneetion with the inverse el-
liptic functions snu, cnu and dnu:

1 1 1
nsu = ncy = — ndy =

snu cnu dnu

sn cnu dnu
scy = 2B¥ csuU = dsu =

cnu snu snu

sn cnu dnu
sduy = 3B cduy = —— dcu =

dnu’ dnu cng

The following elliptic integral of the third kind is defined by Ryzhik and
Gradshteyn to be

v P snyp
Me,n,k) = g g = ¢_ix .
2 (1 + nsin?a)V1 - k2sin2q o 1+ mx?VQ - x2)(1 - k2x2)

Other authors use the definition
")

S da
o (1 - n2afll2a)Vl —~ h2sin2a

'l§¢
0

He,n2,k)

dx
(1 - r2x/(1 - x2)(1 - k2x2)

(-—fo < n2' < oo).



USE OF THE TABLES xxxi

The Jacobi Zeta Function and Theta Functions

The Jacobi zeta function zn({u,k), frequently written Z(u), is defined by

the relation

zn(u,k) = Z(@w) = S ;dnzv —%Edv = Ew) - —l[%u.

0

This is related to the theta functions by the relationship

zn (u,R) = 9 In © (u)
du

giving

(i) zn (u,k) = ——

2K snu
%5k
.r(.’i)
G znluk) = - 2K dnu snu
2K (ﬂ) cnu
2\2K

]

(i)  zn{u.k)

(iv)  zn{u,k)

I

Many different notations for the theta function are in current use. The most
common variants are the replacement of the argument u by the argument u/7 and,
occasionally, a permutation of the identification of the functions & to 04 with the
function ¢ replaced by 9.

The Factorial (Gamma) F unction

In older reference texts the gamma function F(z) defined by the Euler
integral

o
'@z = S 12-le-tdp
0



xxxii USE OF THE TABLES
is sometimes expressed in the alternative notation

Ti+2 =2 = M@,

On occasions the related derivative of the loganthmnc factorial function
P(2) is used where

’

d(lnz!) (21

= = W(z+ 1),
dz z! i
This function satisfies the recurrence relation
1

Y@ = ¥z -1 +

and is defined by the series

Vi) - -C+2(--- ).

n4+1 Z+ 0

The derivative ¥ (z) satisfies the recurrence relation
W - 1) W) s &
22

and is defined by the series

[+ <]

ve - ¥

n=0 (z + n)2 '

Exponential and Related Integrals

The exponential integrals Ep (z) have been defined by Schloemilch using
the integral

L4

Ea@) = § e rmd =g, Rez > 0).

They should not be confused with the Euler polynomials already mentioned. The
function E4(2) is related to the exponential integral Ei(z) and to the loganthmlc
integral Ii (2) through the expreuious

©

Ei(a) = -Ei-2) = { et clas



