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Preface ;
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Introductio’n

The theory of Teichmiiller spaces studies the different conformal structures .
on a Riemann surface. After the initroduétion of quasiconformal mappings
into the gabject, the ‘theory can be said to deal with classes consisting of
quasiconformal mappings of a Riemann surface which are homotopic
modufo conformal mappings.

It was Teichmiiller who noticed the deep connection between quasmon—
formal mappings and function theory. He also discovered that the théory
of Teichmiiller spaces is intimately connected with ‘guadratic differentials.
Teichmiiller ({11, [2]) proved that on & compact Riemann surface of genus
greater than one, every holomorphic quadratic differential determines a quasi-
conformal mapping which is a unique extremal in its homotopy class in the
sense that it has the smallest deviation from conformal mappings. He also
showed that all extremals are obtained in this manner. It follows that the
Teichmiiller space of a compact Riemann surface of genus p > 1 is homeo—
morphic to the euclidean space RS*76. - -

Teichmiiller’s proofs, often sketchy and intermingled with conjectures, were
put on-a firm'basis by Ahifors [ 1], who also introduced a more flexible defini-
tion for quasiconformal mappings. The paper of Ablfors revived interest in
Teichmiiller'’s work and gave rise to a systematic study of the general theofy
of quasnconformal mappings ifi the plane. ) -

Another appreach to the Teichmiiller theory, initiated by Bers in the carly -
sixties, leads to quadratic differentials it an entirely ‘different manner. This
method is more gendtl, in that it can also be applied to non-cdthpaét Rie-
mann surfaces. The guadratic differentials are now Schwarztan derivatives of
conforinal extensions of quasicotiforntal thappings considered on the whi-
versal covermg ‘surface, the exts’nmons bcmg obtamed by use of the Beitrarm ’

differential €quation. o
NIt



2 Introduction

The development of the theory of Teichmiiller spaces along these lines
gives rise to several interesting problems which belong to the classical theory
of univalent analytic functions. Consequently, in the early seventies a special
branch of the theory of univalent functions, often studled w1thout any con-
nections to Riemann surfaces, began to take shape.

The interplay between the theory of univalent functions and the theory
of Teichmiiller spaces is the main theme of this monograph. We do give a
proof of the above mentioned classical uniqueness and existence theorems of
Teichmiiller and discuss their consequences. But the emphasis is on the study
of the repercussions of Bers’s method, with attention both to univalent func-
tions and to Teichmiiller spaces. It follows that even though the topics dealt
with provide an introduction to the Teichmiiiller theory, they leave aside
many of its important aspects. Abikoff’s monograph [2] and the surveys of
Bers [10], [11], Earle [2], Royden [2], and Kra [2] cover material on Teich-
miiller spaces not treated here, and the more algebraic and differential geo-
metric approaches, studied by Grothendleck Bers, Earle, Thurston and many
others, are not considered. .

There is no clearly best way to organize our material. A lot of background
knowledge is needed from the theory of quasiconformal mappings and of
Riemann surfaces. A particular difficulty is caused by the fact that the inter-
action between univalent functions and Teichmiiller spaces works in both
directions.

Chapter I is devoted to an exposition of quasiconformal mappings. We
have tried to collect here all the basic results that will be needed later. For
detailed proofs we usually refer to the monograph Lehto-Virtanen [1]. The
exceptions are cases where a brief proof can be easily presented or where we
have preferred to use different arguments or, of course, where no precise
reference can be given.

Chapter II deals with problems of univalent functions which have their
origin in the Teichmiiller theory. The leading theme is the interrelation be-
tween the Schwarzian derivative of an analytic function and the complex
dilatation of its quasiconformal extension. A large fraction of the results of
Chapter Il comes into direct use in Chapter III concerning the universal
Teichmiiller space. This largest and, in many ways, simplest Teichmiiller
space links univalent analytic functions and general Teichmiilier spaces.

A presentation of the material contained in Chapters II and III paralleling
the introduction of the Teichmiiller space of an arbitrary Riemann surface
would perhaps have provided a better motivation for some definitions and
theorems in these two chapters. But we hope that the arrangement chosen
makes the theory of Teichmiiller spaces of Riemann surfaces in Chapter V
more transparent, as the required hard analysis has by then largely been dealt
with. Also, we obtaigg clear division of the book into two parts: Chapters I,
I and III concern complex analysis in the plane and form an independent
entity even without the rest of the book, while Chapters IV and V are related
to Riemann surfaces.



Introduction : 3

The philosophy of Chapter IV on Riemann surfaces is much the same as
that of Chapter 1. The results needed later are formulated, and for proofs
references are usually made to the standard monographs of Ahlfors—Sario
[1], Lehner [ 1], and Springer [1]. An exception is the rather extensive treat-
ment of holomorphic quadratic differentials, which are needed in the proof of
Teichmiiller’s uniqueness theorem. Here we have largely utilized Strebel’s
monograph [6]. '

Finally, after all the preparations in Chapters I-IV, Teichmiiller spaces of
Riemann surfaces are taken up in Chapfer V. We first discuss their various
characterizations and, guided by the results of Chapter III, develop their
general theory. After this, special attention is paid to Teichmiiller spaces of
compact surfaces. The torus is first treated separately and then, via the study
of extremal quasiconformal mappings, compact surfaces of higher genus are
discussed.

Each chapter begins with an introduction which gives a summary of its
contents. The chapters are divided into sections which consist of numbered
subsections. The references, such as 1.2.3, are made with respect to this three-
fold division. In references within a chapter, the first number is omitted.

In this book, the approach to the theory of Teichmiiller spaces is based on
classical complex analysis. We expect the reader to be familiar with the
theory of analytic functions at the level of, say, Ahlfors’s standard textbook
“Complex Analysis”. Some basic notions of general topology, measure and
integration theory and'functional analysis are also used without explana-
tions. Some acquaintance with quasiconformal mappings and Riemann sur-
faces would be helpful, but is not meant to be a necessary condition for
comprehending the text.



CHAPTER 1

Quasiconformal Mappings

Introduction to Chapter I

Quasiconformal mappings are an essential part of the contents of this book.
They appear in basic definitions and theorems, and serve as a tool over and
over again. 2 4

Sections 1-4 of Chapter I aim at giving the reader a quick survey of the
main features of the theory of quasiconformal mappings n the plane. Com-
plete proofs are usually omitted. For the details, an effor: was made to give
precise references to the literature, in most cases to the monograph Lehto-
Virtanen [1].

Section 1 introduces certain conformal invariants. The Poincaré metric is
repeatedly used later, and conformal modules of path families appear in the
characterizations of quasiconformality.

In section 2, quasiconformality is defined by means of the maximal dilata-
tion_of a homeomorphism. Certain compactness and distortion theorems,
closely related to this definition, are considered. Section 3 starts with the
classical definition of quasiconformal diffeomorphisms and explains the con-

“nections between various. geometric and analytic properties of quasiconfor-
mal mappings.

Section 4 is concerned with the characterization of quasiconformal map-
pings as homeomorphic. solutions of Heltrami differential equations. Com-
plex dilatation, a central notion throughout our presentation, is introduced,
and the basic thecorems about the existence, uniqueness and representation of
a quasiconformal mapping with prescribed complex dilatation are discussed.

The remaining two sections are more self-contained than sections 1-4, and
their contents are more clearly determined by subsequent applications. Sec-
tion 5 is devoted to the now classical problem of extending a homeomorphic
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- self-mapping of the real axis to a quasxconfo;mal s¢lf-mapping of the half~
plane. The solution is used later in several contexts.

~ Section.§ deals with quasidiscs. Along with the, complex dﬂatatlon and
the Schwarzian derivative the notion of a quasidisc is a. trademark of this
book. For this reason, we have given a fairly comprehensive account of their-
numerous geometric properties, in most cases with detailed proofs.

‘1. Conformal Invariants
1.1. Hyperbolic Metric ' o

In the first three chaptets of this monograph, we shall be concemed pnmanly
with mappings whose domain and range are subsets of the plane. Unless
otherwise stated, we understand by “plane” the Riemann sphere and often
use the spherical metric to remeve the special position of the point at infinity.

In addition to the euclidean and spherical metrics, we shall repeatedly
avail ourselves of ‘a-conformally invariant hyperbolic ‘metric. In the Tunit
disc D = {z||z| < 1} one arrives at this metric by considering Mbius trans-'
formations z —» w,

W — Wy z— 2

7

= e . . e
1 —Wow' ¢ —zoi’ » zo,woeD '
which map D onto itself. By Schwar?’s lethma, there are no other conformal
self-mappmgs of D. It follows that the dlﬂ'erentlal :

[dz|
1~ z?

defines a-metric wh:ch is invariant under the group of conformial mappmgs of
D onto itself.

The shortest curve in this metric joining two points z, and z, of Dis the
¢circular arc which is orthogonal to the unit tircle. The hyperbolic distance
between z, and z, is given by the formula :

1 —Zz,] + 1z, — Z|
Ii - zizzl = lzl - Zzl

h(ZI’ZZ) =3

(1 1)

The Riemann mappmg theorem says that every sxmply connected dox;nam
A of the plane with more than one boundary point:is conformally equivalent
to the unit disc. Let f:'4 — D be a-conformal mapping, and

VTR N (z) 1 lf'(2)1 ' . R "‘\.w_
Then the differential, . |
'IA(Z)le‘



6 L. Quasiconformal Mappings

defines the hyperbolic (or Poincaré) metric of A. The function #,, which is
called the Poincaré density of A, is well defined, for it does not depend on the
particular choice of the mapping f. In the upper half-plane, 7 ,(z) = 1/(2Imz).
The geodesics, which are preserved under conformal mappings, are called
hyperbolic segments.

The Poincaré density is monotonic with respect to the domain: If 4, is a
simply connected subdomain of 4 and ze A4,, then

14(2) < 14,(2). ’ (12)

For let f and f; be conformal maps of 4 and 4, onto the unit disc D, both
vanishing at z. Then n,(z) = |f ’(z)l, 14,(2) = | fi(2)|, and application of Sch-
warz’s lemma to the function fo f;! yields (1.2).

Similar reasoning gives an upper bound for 5 ,(z) in terms of the euclidean
distance d(z,d4) from z to the boundary of 4. Now we apply Schwarz’s
lemma to the function { — f(z + d(z, aA)() and obtain

1.3
N2 S e, 0 ) (1.3)
For domains A not containing co we also have the lower bound
1 .
na(2) > m 1.9

This is proved by means of the Koebe one-quarter theorem (Nehari [2],
p- 214): If f is a conformal mapping of the unit disc D with f(0) = 0, f'(0) =
1, f(z) # oo, then d(0,df(D)) = 1/4. We apply this to the function w—
(g(w) — 2)/g’(0), where g is a conformal mapping of D onto A with g(0) = z.
Because 5 ,(z) = 1/19'(0)}, the inequality (1.4) follows. Both estimates (1.3) and
(1.4) are sharp.

There is another lower estimate for the Poincaré density which we shall
need later. Let A be a simply connected domain and w,, w, finite points
outside A. Then

[wy — w,|
4|z wyllz — w,)

n4(2) 2 (1.5)
for every ze A. To prove (1.5) we observe that z > f(z) = (z — w,)/(z — w,)
maps A onto a domain A’ which does not contain 0 or co. Hence, by the
conformal invariance of the hyperbolic metric and by (1.4),

1 .|W1 - Wzi
4d(f(2),04)) 1z — wo*

Since d(f(z),3A’) < | f(2)|, the inequality (1.5) follows.

. The hyperbolic metric can be transferred by means of conformal mappings

‘to multiply connected plane domains with more than two boundary points
" and even to most Riemann surfaces. This will be explained in IV.3.6. Finally,

14(2) = 1 (SIS 2



1. Conformal Invariants /

in V.9.6 we define the hyperbolic metric on an arbitrary complex analytic
manifold.

1.2. Module of a Quadrilateral

A central theme in what follows is to measure in quantitative terms the
deviation of a homeomorphism from a conformal mapping. A natural
" way to do this is to study the change of some conformal invariant under
homeomorphisms.

In 1.6 we shall exhibit a general method to produce conformal invariants
which are appropriate for this purpose. Hyperbolic distance is not well suited
to this objective, whereas two other special invariants, the module of a quad-
rilateral and that of a ring domain, have turned out to be partlcular]y im-
portant. We shall first discuss the case of a quadrilateral.

A Jordan curve is the image of a circle under a homeomorphism of the
plane. A domain whose boundary is a Jordan curve is called a Jordan domain.

Let f be a conformal mapping of a disc D onto a domain 4. Suppose that
A is locally connected at every point z of its boundary 34, i.e., that every
neighborhood U oz in the plane contains a neighborhood V of z, such that
V N A is connected. Under this topological condition on 4, a standard length-
area argument yields the important result that f can be extended to a homeo-
morphism between the closures of D and A. It follows, in particular, that 4
is a Jordan curve (Newman [1], p. 173).

Conversely, a Jordan domain is locally connected at every boundary point.
We conclude. that a conformal mapping of a Jordan domain onto another
Jordan domain has a homeomorphic extension to the boundary, and hence
to the whole plane. For such a mapping, the images of three boundary points
can, modulo orientation, be prescribed arbitrarily on the boundary of the
image domain. In contrast, four points on the boundary of a Jordan domain
determine a conformal module, an observation we shall now make precise.

A quadrilateral Q(z,,2,,2,,2,) is 2 Jordan domain and a sequence of four
points z;, z,, z3, z, on the boundary Q following each other so as to
determine a positive orientation of @ with respect to Q. The arcs (z,,2,),
(22,23) (23,24) and (z,, z,) are called the sides of the quadrilateral.

Let f be a conformal mapping of Q onto a euclidean rectangle R. If the
boundary correspondence is such that f maps the four distinguished points _
2y, 2, 23, Z4 to the vertices of R, then the mapping f is said to be canonical,
and R is called a canonical rectangle of Q(z,, 25,23, 2,). It\is not difficult to
prove that every quadrilateral possesses a canonical mapping and that the
canonical mapping is uniquely determined up to similarity transformations.

The existence can be shown if we first map Q conformally onto the upper
half-plane, arrange the four distinguished points in pairwise symmetric posi-
tions with respect to the origin, and finally perform a conformal mapping by
means of a suitable elliptic integral. The uniqueness part follows directly from



