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Geometrical interpretation of the sinh-Gordon equation

by SHUNG-SHEN CHERN* (Berkeley. Calif)

Stefan Bergman in memoriam

Abstract. In a three-dimensional pseudo-Riemannian manifold of constant curvature
consider a spacelike (resp. timelike) surface of constant negative (resp. positive) Gaussizn
curvature. Then the asymptotic curves are everywhere real and distinct, and. the function
2¢ (= the anglé between the asymptotic directions) satisfies. relative to the Tchebychefl
coordinates, a sine-Gordon {resp. sinh-Gordon) equation. An example of such a manifold
is SL (2: R) with the biinvariant metric. ’

1. Introduction. It is well known that the sine-Gordon equation (SGE)
(1) Uy, —H, = sinu

has a geometrical interpretation in terms of the surfaces of constant negative
curvature in the three-dimensional euclidean space. We will show in this
paper that by studying surfaces of constant Gaussian curvature in a three-
dimensional pseudo-Riemannian manifold of constant curvature one is led
to geometrical interpretations of (1) and of the sinh-Gordon equation (SHGE)

(2) Upy — ¥, = sinh u.

2. Pseudo-Riemannian geometry. In this section we will give a review of
local pseudo-Riemannian geometry, using moving frames. Let M be a smooth
manifold of dimension m, with the local coordinates x* (In this section all
small Greek indices run from | to m) A pseudo-Riemannian thetric in M
is given by the non-degenerate quadratic differential form

3) ds? = ¥ Guy(x', ..., xMdx*dx*. G, = G,.
¥
The metric is called Riemannan if the form is positive definite and Lorentzian

if it is of signature + ... + —.
Let xe M and let T,, T.* be respectively the tangent and cotangent spaces

* Work done under partial support of NSF grant MCS 77-23579.
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of M at x. A frame at x is an ordered set of linearly independent vectors
e,€T,. The essence of the method of moving frames is to free the frames
from local coordinates, a freedom which gives handsome returns. To e, is
associated a dual coframe «’ e T,*. When they are defined over a neigh-

bourhood, «” can be identified with a linear differential form. Relative to
o’ we can write

(3a) ds? = Zy,, w' ot Gap = Gpa-

The Levi-Civita connection is given by

@) De, = Y uh ey,

where the connection forms w} are determined, uniquely, by the conditions
(5) do’ = Y of A wj,

(6) Wap+ Wpe = dgag.

Geometrically the first condition (5) means the “absence of torsion”. In the
second condition (6) the w,; are defined by )

M Wy = Zghwz

and the condition means the preservation of the scalar product of vectors
under parallelism. We use g,; to lower indices, as in classical tensor analysis.
The curvature forms are defined by

8) R =duh-Y wln o,
v

&) Qup = Y g5, 02
It can be proved that
(10) Q5+ Q2 =0.

The pseudo-Riemannian metric (3a) is said to be of constant curvature ¢ i
(11) 5 = —cw, A wy,
where
(12 Wy = Y gap .

In applications it will be advantageous to use frames, where g;; = const,
such as orthonormal frames in the Riemannian cuse. Then (6) becomes

(] 3) Wy +w’, = (.

3. Surfaces in three-dimensional manifolds. Let M be a three-dimensional
pseudo-Riemannian manifold and

(14) f:S-M
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