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Introduction

A considerable number of problems in the statistics of random processes are
formulated within the following scheme.

On a certain probability. space (Q, #, P) a pastially observable random
- process (0,&) =(6,,£), t =0, is given with only the second component
&=1(£), t =20, observed. At any time ¢ it is required, based on &) =
{¢s,0 < s <'t}, to estimate the unobservable state §,. This problem of
estimating (in other words, the filtering problem) 8, from &, will be discussed
in this book.

It is well known that if M(62) < oo, then the pptimal mean square esti-
mate of 0, from & is the a posteriori mean m, = M(0,| F¢), where F¢ =
o{w:{,,s <t} is the g-algebra generated by &5. Therefore, the solution
of the problem of optimal (in the mean square sense) filtering is reduced to
finding the conditional (mathematical) expectation n1, = M(8,| #?).

In principle, the conditional expectation M(8,| #?) can be computed by
Bayes’ formula. However, even in many rather simple cases, equations
obtained by Bayes’ formula are too cumbersome, and present difficulties in
their praetical application as well as in the 1nvesugat10n of the structure
and properties of the solution.

From a computational point of view it is desirable that the formulae
defining the filter m,,t > 0,should be of a recurrent nature. Roughly speaking,
it means that m,,,, A > 0, must be built up from m, and observations
&8 = (&t <5 <t + A} In the discrete case t = 0, 1, 2, .. ., the simplest
form of such recurrence relations can be, for example, the equati'on :

Am, = a(t, m)) + b(t, m)(&+q — &), (1)
1



Introduction

where Am, = m,,, — m,. In the case of continuous time, t > 0, stochastic
differential equations

m, = a(t, m)dt + b(t, m)d¢, ‘ (2)

have such a form.

It is evident that without special assumptions concerning the structure
of the process (6, &) it is difficult to expect that optimal values m, should satisfy
recurrence relations of the types given by (1) and (2). Therefore, before de-
scribing the structure of the process (6, ) whose filtering problems are
investigated in this book, we shall study a few specific examples.

Let 6 be a Gaussian random variable with M8 = m, D8 = vy, which for
short will be written § ~ N(m, 7). Assume that the sequence

(=0 +¢, t=12...,- ‘ (3)

is observed, where ¢,, ¢,, . . . is a sequence of mutually independent Gaussian
random variables with zero mean and unit dispersion independent also of 6.
Using a theorem on normal correlation (Theorem 13.1) it is easily shown that
m, = M(0|&,, ..., &). The tracking errors y, = M(6 — m,)? are found by

' L4+ype 7 " 14y
From this we obtain the following recurrence equations for m, and y,:
Am, = 1+ + - Ceer —md, - ’ (5)
Vi
Ay, = — , 6
Ve T+ (6)

where Am, = m, .y — my, Ay, = 144 — 70

Let us make this example more complicated. Let 8 and &, €,,... be the
same asin the previous example, and let the observable process &,.t = 1,2,...,
be defined by the relations

Eior = Aot ) + A8, 0 + &4 1, 7

wheré functions Ao(t, &) and A,(t, &) are assumed to be F?-measurable
(i.e., Ao(t, &) and A,(t, &) at any time depend only on the values (o, ..., &),
Ft=o{w:éy,..., 6}

The necessity to consider the coefficients Ay(t, £) and A4(¢, &) for all “past
history” values (&,, . ."., £,) arises, for example, in control problems (Section
14.3), where these coefficients play the role of “controlling” actions, and
also in problems of information theory (Section 16.4), where the pair of
functions (Ay(t, £), 4,(t, &), is treated as “coding” using noiseless feedback.

2



. Intzoduction

It turns out that for the scheme given by (7) the optimal value m, =
M(0,| #?) and the conditional dispersion y, = M[(0 — m,)2 | #¢] also satisfy
recurrence equations (see Section 13.5):

v:A l(t: é)

'=’1_+"m(¢r+l Ao(t, &) — Ay(t, Omy),  mo=m; (8)

A3, &yl
1+ Al &y’

Inthe schemes given by (3) and (7) the question, in essence, is a traditional
problem of mathematical statistics— Bayes’ estimation of a random parameter
from the observations ;. The next step to make the scheme given by (7)
more complicated is to consider a random process 8, rather than a random
variable 6. '

.Assume that the random process (6, é) 0,,¢&),1.=0,1....,is described
by the recurrence equations ‘

0,41 = ao(t, &) + a,(t, )8, + bit, Oyt + 1),
141 = Aolt, &) + A1, £)8, + B(t, E)e,(t + 1)

Ay = - Yo =7- &

(10)

where ¢,(t), &,(t), t =1, 2,..., the sequence of independent variables, ‘is
.normally distributed, N(0, 1), and also indépendent of (6,, &,). The coefficients
ao(t, &),. .., B(t, &) are assumed to be #$-measurable foranyt =0, 1...

In order to obtain recurrence equations for ‘estimating m, = M(0,| %)
and conditional dispersion y, = M{[0, — m,J?| #?}, let us assume that the
conditional distribution P(8, < x|&,) is (for almost all ¢,) normal, N(m, y).
The essence of this assumption is that it permits us to prove (see Chapter 13)
that the sequence (6, {) satisfying (10) is conditionally Gaussian. This means,
in particular, that the conditional distribution P(8, < x|#?) is (almost
surely) Gaussian. But such a distribution is characterized only by its two
conditional moments m, and y,, leading to the following closed. system of
equations:

v
v

'y \
Bz n 14‘ [+1 — - Aym,], me =m;

(11)

m+y = Qg + aym, +

b?] — (a,A4,7)*

= 2
Ye+ 1 [aty, + B? +Aﬂ’|

Yo =7
(in the coefficients a,, ..., B, for the sake of simplicity, arguments ¢ and ¢
are omitted).

The equations in (11) are deduced (in a somewhat more general framework)
in Chapter 13. Their deduction does not need anything except the theorem of’
normal correlation. In this chapter, equations for optimal estimation in
extrapolation problems (estimating 0, from &§, when 7 > ) and inter-
polation problems (estimating 6, from &, when t < t) are derived. Chapter 14

3



Introduction

deals with applications of these equations to various statistical problems of
random sequences, to control problems, and to problems of constructing
pseudosolutions to linear algebralc systems.

These two chapters can be read independently of the rest of the book, and
this is where the reader should start if he is interested in nonlinear filtering
problems but is not sufficiently acquainled with the general theory of random
processes.

The main part of the book concerns problems of optimal filtering and
control (and also related problems of interpolation, extrapolation, sequential
estimation, t§ting of hypotheses, etc.) in the case of continuous time. These
problems arerinteresting per se; and, in addition, easy formulations and
_ compact formulae can be obtained for them. It should be added that often it
is easier, at first, to study the continuous analog of problems formulated for
discrete time, and use the results obtained in the solution of the latter.

The simplicity of formulation in the ease of continuous time is, however,
not easy to achieve—rather complicated techniques of the theory of random
processes have to be invoked. Later on, we will discuss the methods and the
techniques used in this book in more detail, but here we consider particular
cases of the filtering problem for the sake of illustration.

Assume that the partially observable random process (6, &) = (8,, &),
t > 0, is Gaussian, governed by stochastic differential equations (compare
with the system (10)):

d6, = a(t)0y:dt + b(t)dw, (1), dé, = A9, dt + B(t)dw,(1). . 6, =0,
' ' (12)

where w,(t) and w,(t) are standard Wiener processes. mutually independent
and independent of (8, £,), and B(t) > C > 0. Let us consider the component
0 = (8,), t = 0, as unobservable. The filtering problem is that of optimal
estimation of 8, from &, in the mean square sense for any ¢t > 0.

The process (8, £), according to our assumption, is Gaussian; hence the
optimal estimate m, = M(6,| %) depends linearly on & = {&.:s < t}. More
precisely, there exists (Lemma 10.1) a function G(z, s), with j{, G2(t, s)ds < oo,
t > 0, such that (almost surely):

t .
- (6t .. (13)
o
If this expression is formally diﬂ'erentiated we obtain

m = it e, + [ 2% dé,)d (19

The right side of this equation can be transformed using the fact that the
function G{tzs) satisfies the Wiener-Hopf equation (see (10.25)), which in

4
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" our case reduces to

dG(t, s) A%(p)
E [a( ) — Bz(t)]G(?’ s), t > s, (15)
A o -
Goo =l p-M-mP. a9

Taking into account (15) and (14), we infer that the optimal estimate
m,, t > 0, satisfies a linear stochastic differential equation,

7A@

‘ = a(t)m, dt + B70)

" This equation includes iheirackmg error y = M[6, — m}?, which in
tuftf'is the solution of the Ricatti equation

A(twy?
BXt)

(Equation (18) is easy to obtain applying the Ito formula for substitution of
variables to the square of the process [0, — m,] with posterior averaging.)

Let us discuss Equation (17) in more detail taking, for simplicity, £, = 0.
Denote

+

{d¢, — A(tym, dr]. - (17

o = 2a(tly, - + %) Cag)

= tdE, — A(s)m, ds

_{w = . —-T(s)‘_ . ) . (19)
Then Equation (17) can be rewritten:
= alm, dt + 120 4 o)

B&; dw,.

. The process (w,), t > 0, is rather remarkable and plays a key role in
ﬁltermg problems. The point is that, first, this process turns out to be a_
Wiener process (with respect to the g-algebras (#%), t > 0), and secondly,
it contains the same information as the process £ does. More precisely, it
-means that for all t > 0, the a-algebras F¥ = o{w:w,s <t} and F$ =
o{w:&,, s < t} coincide:

9’?=3’$, 1>0 o @1

(see Theorem 7.16). By virtue of these properties of the process, # it is referred
to as the innovation process.

The equivalence of s-algebras #} and #' suggests that for m, not only is
Equation (13) justified but also the representation

= f 'Fe, s)dw, @

where W= (,),t > Ois the innovation process, and functxons F(t, s) are such
that 5 F2(t, sMs < co. In the main part of the text (Theorem (7.16)) it is

5
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. shown that the representation given by (22) can actually be obtained from
results on the structure of functionals of diffusion type processes. Equation (20)
can be deduced in a simpler way from the representation given by (22) than
the representation given by (13). It should be noted, however that the proof
of (22) is more difficult than that of (13).

In this example, the optimal (Kalman-Bucy) filter was linear because of
the assumption that the .process (6, &) is Gaussian. Let us take now an
example where the optimal filter is nonlinear.

Let (8,),t = 0, be a Markov process starting at zero w1th two states 0 and 1
and the only transition 0 — 1 at a random moment o, distributed (due to
assumed Markov behavior) exponentially: P(c > t) = e, 1 > 0. Assume
that the observable process & = (&,), t > 0, has a differential

dg, = 0,dt + dw, &, =0, : 23)

where w = (W.), t >0, is a Wiener process independent of the process
6=1(6)t=0.

We shall interpret the transition of the process 6 from the “zero ”state into
the unit state as the occurrence of discontinuity (at the moment o). There
arises the following problem: to determine at any ¢ > 0 from observations

® whether or not discontinuity has occurred before this moment.

Denote n, = P(8, = 1|F?) = P(o < t|F?). It is evident that n, = m, =
M(6,| F?). Therefore, the a posteriori probability =,, t > 0, is the ‘optimal
(in the mean square sense) state estimate of an unobservable process 0 = (6,),
t>0.

For the a posteriori probability 7, ¢ > *0, we can deduce (using, for example,

. Bayes’ formula and results with respect to a derivative of the measure
corresponding to the process &, with respect to the Wiener measure) the
followmg stochastic dnﬂ'erentlal equation:

mo= M1 — m)dt + mfl — m)[dE, — m df],  me=0.  (24)

It should be emphasized that whereas in the Kalman-Bucy scheme the
optimal filter is linear, Equation (24) is essentially nonlinear. Equation (24)
defines the optimal nonlinear filter.

As in the previous example, the (innovation) process

t
W, = f[dés — n, ds], t>0,
o
turns out to be a Wiener process and #7 = ¢, t > 0. Therefore, Equation
(24) can be written in the following equivalent form:
dn, = A1 — m)dt + n(l — m)dw,, ny = 0. (25)

It appears that all these examples are within the following general scheme
adopted in this book.

Let (Q, #, P) be a certain probability space with a distinguished non-
decreasing set -of o-algebras (£,), r>F, € F, < #,s<1t). In this

6
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pfobability space we are given a partially observable process (6,, £,), t = 0,
and an estimated process (h,), t > 0, dependent, generally speaking, on both
the unobservable process 6,, t > 0, and the observable component (&),
t=0. .

As to the observable process 6 (&, #,) it will be assumed that it
permits a stochastic differential

dE, = At + dw,, & =0, (26)

where w = (w,, #,), t 20, is a standard Wiener process (i.e., a square
integrable martingale with continuous trajectories with M[(w, — w,)*| #,] =
t—s,t>s,and wy = 0), and 4 = (4(w), F)), t =0, is a certain integrable
random process.’ - ‘

The structure of the unobservable process 0 = (0,, #)), t > 0, is.not
directly concretized, but it is assumed that the estimated process h = (h,, #)),
t > 0, permits the following representation:

t
hy=ho + '[ a(wMs + x,, t >0, 27
0 o

where a = (a(w), F,), t > 0, is some integrable process, and x = (x,, ¥)),
t > 0, is a square integrable martingale. .

For any integrable process g = (g,, #,), t > 0, write n(g) = M[g,| F?].
Then, if Mg? < c, n,(g) is the optimal (in the mean. square sense) estimate
of g, from &, = {&:s < t}.

One of the main results of this book (T hcorem 8.1) states that for n{h)
the following representation is correct:

nh) = moll) + f;n,(a)ds ; f;ns(mdw, + j'[n,(hA) — mmAdw,  (28)
0

Herew = (w,, #{),t > 0,is a Wiener process (compare with the innovation
processes in. the two previous examples), and the process D = (D, #,),
t > 0, characterizés correlation between the Wiener process w = (w,, &),
t > 0, and the martingale x = (x,, &), t > 0. More precisely, the process

d<xs W> t )
a0 t>0, (29)
where {x, w), is a random process involved in Doob-Meyer decomposition
of the product of the martingales x and w:
MIxw, = x| F ] = M[Cx, wy, = (6wl #.] (30)

‘We call the representation in (28) the main equation of (optimal nonlinear)
filtering. Most of known results (within the frame of the assumptlons given
by (26) and (27)) can be deduced from this equation.

D, =

1§ = (&, F,) suggests that values ¢, are f ~measurable for any't > 0. -
2 Actually, this book examines processes ¢ of a somewhat more general kind (see Chapter 8).
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- Let us show, for example, in what way the filtering Equations (17) and (18)
in the Kalman-Bucy scheme are deduced from (28), taking, for simplicity,
b(t) = B(t) = 1.

Comparing (12) with (26) and (27), we see that A(w) = A(t)F,, w, = w,(t).
Assume h, = 6,. Then, due to (12), .

h, = hy + Ja(s)f)s ds + wy(r). 31)
0

The processes w, = (w,(t)) and wy = (wy(t)), t >0, are independent
square integrable martingales, hence for them D, = O(P-a.s.). Then, due to
(28), m,(6) has a differential

dn(0) = a(t)n(0)dt + A(t)[m(6%) — n2(6))dw,, (32)
ie.,

m, = a(tym, dt + A(t)y, dw, (33)
where we have taken advantage of the Gaussian behavior of the process
0, &); (P-as.)

C o n(0) — 0 = MLO, — m)|FF] = M[6, — m)* = y,.
In order te deduce an equation for y, from (28), we take h, = 62. Then,

2from the first equation of the system given by (12) we obtain by the Ito
formula for substitution of variables (Theorem 4.4),

0 = 03 + fas(wﬁs + x,,. . (34)
vo

where .
ajw) = 2a(s)? + b(s)
and

' .

X, = J‘O, dw(s).
. (]
Therefore, according to (28)

dn(0%) = [2a(t)n(6%) + b*(s)(t)]dt + A(t)[n,(@’) — nO)m(6%)]dw,. (35)

From (32) and (35) it is seen that in using the main filtering equation,
(28), we face the difficulty that for finding conditional lower moments a
knowledge of higher mements is required. Thus, for finding equations for
n(6%) the knowledge of the third a posteriori moment (6% = M(03| %) is
required. In the case considered this difficulty is easy to overcome, since, due
to the Gaussian behavior of the process (6, £), the moments n,(8") = M(67| %?)
for all n > 3 are expressed through =,(6) and =,(62). In particular, n(6%) —
RO (0%) = MO0, — m)| F¢] = 2m,7, and, therefore,

dn(6%) = [2a(t)n(6%) + b*(1)]dr + 2A(tym,Y, diw,. - (36)



