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General Chairman's Message

The 1983 International Symposium on Multiple-Valued Logic
is the thirteenth meeting in a series of annual symposia
devoted exclusively to multiple-valued logic. Ten of the
past meetings were held in North America, the other two in
Eurocpe. The ISMVL-83 in Kyoto, Japan, 1is the first
symposium to be held in Asia. It is dedicated to the
investigation of multiple-valued logic to narrow the gap
between theory and practice.

The ISMVL-83 is sponsored jéintly by the Multiple-Valued
Logic Technical Committee of the IEEE Computer Society and
ISMVL-Japan. I would 1like to express my sincere
appreciation to both of these bodies.

Planning and organizing for the ISMVL-83 began three years
ago. It took many meetings and discussions for solving
various problems to reach this stage of welcoming you here
in Kyoto. We are indebted to all those whose hargd work,
dedication, and enthusiasm have made this symposium
possible. E

1 am especially thankful to Professor Y. Tezuka, Chairman
of the Steering Committee, Professor T. Kitahashi, Symposium
Chairman, and Professor J.T. Butler, Symposium Co-Chairman,
for their sincere cooperation, tireless work, and good
guidance. Special thanks are also due to Professor M. Goto,
Honorary Member of the General Organizing Committee, for his
continuing encouragement and invaluable suggestions. It
should be emphasized that Professor Goto's pioncering work
on multiple-valued logic has led us to hold the ISMVL-83 in
Kyoto, Japan.

The Program Committee, under the chairmanship of Professor
T. Higuchi with co-chairmen Professor K. Wayne Current and
Dr. S.L. Hurst, has put together the outstanding ISMVL-83
program. I am grateful to all members of the Program
Committee for their extraordinary effort in organizing the
program.

This symposium could not have been held without the
support of the many Japanese companies that have donated
money to the ISMVL-83. We would like to express our hearty
appreciation to them. -

Finally, I would 1like to thank the members of the

Organizing Committee of ISMVL-Japan, listed on page vii of
this Proceedings, for their generous support.

Hisashi Mine
Kyoto University
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Symposium Chairman's Message

“ite 1383 International Symposium on Multiple-valued Logic
~/wto, Japar, is the first to be held in Asia. Because
“heirs  are many researchers in Japan and neighboring
rtries, this symposium offers a unique opportunity for a
largs nunter of multiple-valued logic researchers to meet.
An Aszian conference will encourage the technologica:i
development of mainland China, where there are 3433
mathematic.ans engaged in the study of fuzzy 1logic. In
addition ¢ many speakers from Japan, we have several
newcomers Irom Thailand, China, and Nigeria.

Mt Asion conference is appropriate for another reason.
Soprhilsvicated logics, such as multiple-valued and fuzzy
logic, inherit certain characteristics of Oriental
philesophy. It is especially appropriate that the f£i..:
Asiaii ccnference be held in Japan, since Professoi M. Geos' s
picneering work on multiple-valued logic was done here.

This conference 1is sponsored by the Organizatiun for
ISMVL-Japan, the IEEE Computer Society, and the Society’s
Tecinical Committee on Multiple-vValued Logic. Operating
furds in Japan waore provided by many Japanese industries.
We are grateful for the generous support of the United
States Air Force Office of Scientific Resear..n, which
orovided funds for the travel of eight U.S. scientists and
operating costs in the United States.

We want to recognize the great support of J.T. Butler,
Symposium Co~Chairman, and T. Sasao, General Secretary of
ISMVL~-83, for introducing the Symposium to Japan. Without
their efforts, #*»°. .aposium could not have been held here.

An essential inagredient of any conference is the t=chnical
program., We are truly grateful for the continual help and
outstanding work of S.L. Hurst, Program Co-Chairman for
Europe. Many papers were submitted by North American
ress rchers, and we are grateful for the efforts of W.C.
Current, Program Co-Chairman for North tmerica, for
pricessing these papers. Professor Hiquchi, Gensr.! Program
Cheirman, deserves a special thank you for handiing the wany
papers from Asian authors, as well as for caurdinating thne
entire program.,

Professor Higuchi would 1ike to express nis © rnos
appreciation to the’ referees, whose intensive p:z' a4l a; i
critical comments provided the basis on which ¢ .ions of
Faper acceptance or rejection were based, e .= thank the
authors, whose research results are the rasi. ror ihis

conference.

Tadahiro Kitahasnhni

" ISMVL-83

Toyohashi University of Technoclogy
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COMPLETENESS FOR UNIFORMLY DELAYED CIRCUITS

1. G. Rbsenberg* and T. Hikita**

* C.R.M.A., Université de Montréal, Montréal, P.Q. H3C 3J7, Canada
** Dept. of Math., Tokyo Metropolitan University, Setagaya, Tokyo 158, Japan

Abstract

The paper reports on the progress towards an
effective completeness criterion for uniformly
delayed multiple-valued combinatorial circuits. 1In
view of previous work by Hikita&Nozaki and Hikita
it suffices to study periodic closed spectra. The
main tool is the use of polyrelations (= sequences
of relations on k := {0, ..., k-1}) and certain
constructions on_polyrelations developed by Hikita.
We were able to restrict the search to unary poly-
relations (almost solved) and three types of binary
polyrelations: '

1) period Zm, p. bounded order, p

0 2m—1
and p. =1, := {(a, a) | a € k} otherwise,
2) every nonempty component is of the form
{{a, s(a)) | a e £} where s is a permutation of k;

the permutations are interrelated,
3) components are either (i) all equivalences on k

or (ii) all central or = 5?. In both cases they
have stiong properties in terms of intersecting
cligues.

1. Introduction

This paper reports on the progress towards an
effective completeness criterion for uniformly
delayed circuits (this and other rather technical
concepts are fully explained in section 2). 1In the
historical retrospective the topic was introduced
rather early by Kudrjavcev in 1960 who defined the
various basic concepts and gave an effective com-
pleteness criterion for the uniformly delayed bi-
nary circuits based on precomplete classes [10, 11].
(For the ordinary non-delayed circuits and logic
such a criterion was given by Post [25] for k = 2,
Jablonskii [8] for k = 3, the first author for
k > 3 [26-28] and the idea of a precomplete class
by Kuznecov [15, 16].) Some of Kudrjavcev's re-
sults were rediscovered by Loomis [17]. Other com-
pleteness aspects for delayed circuits were studied
by Birjukova and Kudrjavcev [2].

After this early Russian start the focus moved
to Japan where Nozaki and his school took up and
expanded the study of multiple-valued delayed cir-
cuits, to the extent that during the past 12 years
all papers in this domain (with the lone exception
of [18])w:re published by the Japanese school. For

0195-623X /83/0000/0002$01.00 © 1983 IEEE

its converse -

uniformly delayed circuits the breakthrough came in
Hikita and Nozaki's 1977 paper [7] which reduced
the problem to three more manageable types. The
first case (type A) is directly solved by Rosen-
berg's 1965 primality criterion while the third
case (type C) was solved by Hikita in 1979 [6].
Meanwhile Hikita also completely classified the
ternary case [4] and gave a relational theory for
uniformly delayed circuits [5]1. This is based on
infinite sequences p = (po, pl, ... ) of relations

on the alphabet k := {0, 1, ..., k-1} of the same
arity. For such a sequence, called a polyrelation,
an n-ary operation f with nonnegative integer delay

§ carries (pi)n into pi+ for all i 2 0. This con-

8
cept replaces the preservation of a single relation
which is the basic concept in the non-delayed case.

Phis address reports on the results towards
solving the remaining case of periodic spectra
{type B) and the corresponding periodic polyrela-
tions. The precomplete classes obtained are rather
exceptional as witnessed by the fact that they are
determined by at most binary polyrelations. We
have succeeded in limiting them to unary periodic
polyrelations (almost solved) and binary polyrela-

tions p = (po, 01' ... ) of period p of the follow-
ing three types:

1) p = 2m (m > 0), po is a bounded partial order <,
Dzm—l is 2, and o, =1, = {(a, a) | ae k} for

0 < i< 2m. i# 2m—1. Each of these polyrelations
gives a precomplete class [11, .18].

2) Every nonempty component is of the form

{(a, s(a)) | a € k} where s is a permutation of k.
The permutations involved are intimately linked and
the case is essentially of a group-theoretical
nature to be explored in the future.

3) All components po, ey op-l are either equiva-

lences # 12 or all are central or = 5 (a symmetric

. . . 2
relation 0 is central if 1, €S ock andcxk c o

for some ¢ ¢ k). In both cases we have strong prop-
erties in terms of intersecting cliques which are
too complex to be explained here.

The full paper seems to be too long to be in-
cluded in the proceedings and so we opted for a com-
promise: we list only definitions and propositions.
The preprint of the full paper will be available at



the Symposium and may be obtained by writing to
either of the authors.

The project for this work was conceived during

A. Nozaki's and T. Hikita's short visits to Mont-
real in 1979 and the bulk of the work carried out
during T. Hikita's one month stay in Montreal in
August 1980. The partial financial support pro-
vided by NSERC Canada operating grant A-9128 and
FCAC Québec Subvention d'équipe Eq-0539 is grate-
fully acknowledged.

Although the uniformity and the completeness
concepts are open to discussion as to their prac-
ticality and relation to reality the authors feel
that this study is justified as the first step in
this direction, and perhaps even more by the rich-
ness of the mathematical theory involved. More-
over, the first author thinks that the choice of
this topic for an invited talk is only appropriate
to express his admiration for the very exciting
work done by A. Nozaki and his school in this and
other areas of multiple-valued logics and their
contributions towards the development of many-
valued circuits in the host country of the 13th
Symposium.

2. Preliminaries

2.1 Switching circuits are built from basic hard-
ware components which we shall henceforth call
gates. For simplicity each gate (Fig. 1) is a
device with a single output and n inputs (n posi-
tive integer). The gate receives and emits signals
in the same finite alphabet which will be identi-
fied with k := {0, ..., k-1}. 1If the signal on the
i-th input is x; (i =1, ..., n), then the response

of the gate is a unique signal completely deter-
mined by the n-tuple (xl, ey xn)‘e 5?. Denoting
this signal by fxl...xn we can describe the func-
tioning of a gate by an n-ary operation f on k (i.e.

(n)

a map Eé + k). For later use Q stands for the

set of all n-ary operations on k and we put
© _(n)

Q=n21§€ °

tion f describing its behavior.

Thus to each gate carries an opera-

£(x)pennnX)) +— .

Figure 1.

In reality the physical time dependent signal
xi(t) on the I-th input (1 s i £ n) and the output

signal xo(t) are continuous functions of time. The

real situation may be rather complex and so we ap-
proximate it by assuming that there are time invar-
iant delays 61, ey dn such that

xo(t) = f?xl(t-sl)p---.xn(t—5n)) (1)

where xi(t) (i =0, ¢t.., n) are maps from [0, =)

into k and (1) means that the present output depends
on the i-th inputhi time units ago (i =1, ..., n).

Such gates are called delayed input devices (or d-
modules) . For simplicity we assume that all éi be-

long to the set ¥ = {0, 1, ... } of nonnegative in-
tegers. 1In this paper we go even further and assume

that 61 = ... = Gn. Such a gate is called a uni-

formly delayed k-device (or module).
described by the pair (f, 8) € g

It is fully
= Q x N called a

k-~valued operation (or function) with delay.

2.2 switching circuits are obtained from a collec-

tion of gates by attaching outputs of certain gates

to inputs of other gates. BAgain for simplicity we

consider only the combinatorial or feedback free

switching circuits. The simplest case is the fol-

lowing. We have a gate F described by

£, 6 € g™ = o™
(mi)

by (g, Gi) €y

the single output of Gi to the i-th inpuat of F

(L =1, ..., n) the resulting tree-like circuit has

m ;= m1 + ... + m_ external inputs and realizes the

n
operation h ;= f @ (gl, ey gn) € Q(m) defined by

x N and n gates Gi determined

(i =1, ..., ny. If we attach

h(xll""'xlm ""'xnlf""xnm )
1 n
= Elg Oy X gy D G XX D)
1 n
for all xij € 5 (i =1, .v., n, 3 =1, ..., mi).

The delays are (5+61,...,6+61,...,6+6n,...,6+6n) and

it follows that the circuit will have a uniform

delay if and only if 61 = ... = Gn Our wish being
to stay within uniform delays, we only accept the
®-composition (f & (gl, cey gn)' § + §') with
() (m.)
a= = '
F := (f, &) € g and Gi : (gi, §') € g

(i =1, ..., n).
F® (G, ..., G).

Denote the resulting circuit by

Suppose we have a circuit in the shape of a
rooted tree with gates at the vertices distinct from
the leaves and external inputs (nor necessarily

/
N

(h, 2)
@ 1
\\\‘\

(i, 2)
(f, 1)

(37, 3}

Figure 2.



pairwise distinct) at the leaves. Let the sum of
the delays be constant on each branch from a leaf
to the root. Working from the leaves to the root
we can express the delayed function represented by
the tree through repeated decomposition (e.g. in
the situation of Fig. 2 the function is

(f ® (g ® (h, 1), ), 4) ). Thus the ®-composition
suffices for the description of functions associ-
ated to combinatorial circuits yielding uniform
delays.

It should be stressed that ®-composition can
be performed iff the inside finctions have an
1éentical delay. This restriction differentiates
o ur <*ructure from universal algebras and proposi-
tional calculus of most logics in which an unre-
stricted composition is allowed. However the
structure may be described as a suitable partial
algebra. As this fact seems to have little impact
on completensss, we should not dwell on it.

2.3 In what follows we need the projection (triv-

; : n . . :
ial operation) ei. This is an n-ary operation on

k such that e?x ...x =2x, for all x_,, ..., x ¢ k.
- i1 n i 1 n = -

Let J := U {e? | 1 £i < n) denote the set of all
projections. For a subset V of g define <<V>> as
the least subset of % containing F 8 (Gl,...,Gn)
whenever FeVuy<<v>> and Gie<<V>>U(JX0) (L4 =121,...,n).

We have added Jx0 to allow arbitrary changes of
variables (i.e. for F € <<V>> the set <<V>> contains
also each F' obtained from F by permuting or iden-
tifying (fusing) the variables). Clearly V > <<v>>
is a closure operator on g. The subsets V of 7

satisfying V = <<v>> are called closed uniform
classes. A closed uniform class containing Jx0 is
a uniform clone. We say that V c ¥ is complete if

to every f ¢ Q there is § ¢ N such that

(£, 8) € <<v>>. This was introduced for k = 2 by
Kudrjavcev [10, 11] (as completeness in the second
sense) and captures the possibility of constructing
each operation with some — possibly very large —
delay. The object of this paper is to give a uni-
versal completeness criterion. Before embarking
into the technical details a comment on the rela-
tion between our model and reality. As pointed out
in 2.1 the input delayed gate is already a consid-
erable simplification. For fast circuits the
delays should not be ignored (tc do so is tanta-
mount Yo neglect such well-known phenomena lik®
races or hazards) and therefore input delayed
devices constitute the first step in the right di-
rection. The restriction to uniformiy delayed
devices is all pervasive through the literature
(with the exceptions (2, 12, 18, 22]) but it is not
altogether clear whether it is motivated by mere
convenience or rather a hard fact about today's
commercially available gateas. In practice often
several functions gave to be represented simulta-
neously which could be used as an argument for uni-
form delays. The completeness concept is open to
the obvious critieism: What is the purpose of
constructing an F with an enormous delay? We
defend our model on the following ground: (1) It

is the simplest possible case, and (2) it makes a
nice mathematical theory.

2.4 We conclude this with two minor points. Sup-
pose we have constructed (f, §) and it happens
that f is constant (time independent). Of coq5§e,
there is no observable delay and we can assume
that we have all (f, 8') with 8' € W. This is
rather academical because usually sources of con-
stant signal are so easy to get and cheap that
they can be taken for granted. However it is not
accounted for in our model.

Finally, we stress that we are interested in
sets of gates with the potential to represent any
f e Q (with some delay and assuming an unlimited

supply of each type of gates) but ignore completely
the optimality: if f can be represented, what is
the cheapest way of representing it. This limita-
tion has a good reason because the problem is
notoriously hard, depends on the present technology
and labor costs and thus, to be meaningful shoculd
be closely tailored to a very specific situation
which could become obsolete within a very short
time.

2.5 We conclude this section with a completeness
criterion. First we say that P ¢ Q is primal if
every f ¢ Q is a compositiop of operations from P
(we reserve this term for operations without
delays) . (i.e. ex = x for all x ¢ k).

For V c ¥ and 8, n 2 0 put

(n) _ (n) _
viPa= v g, v a= (£ | (£, 8) e V],
Vis)y P mo Vms

We have.([ll] Thm. 4 for k = 2, [7) and [18] quoted
also in [3] Thm. 7.6 p.121 for k > 2):

Proposition 2.6. A closed subset V:of H is

§s primal

complete if and only if e € VG and V(G)

for some § 2 0.

Corollary 2.7. Let V be a closed uniform
class. If V is incomplete, then F := (Jx0) u V is
a uniform incomplete clone.

Needless to say that Proposition 2.6 hardly
solves the completeness problem and thus we search
for a better criterion. This will be based on se-
quences of relations introduced and elaborated in
the next section.

2.8 A short notational remark. The symbol <
stands for strict inclusion, while < means inclu-
sion or equality. Whenever possible an n-tuple is

written xl...xn instead of the more conventional

(xl,...,fn). The same appliec to arguments of maps,

functions and operations, e.g. we write fx or

fxl...xn instead of f(x) or F(xl,...,xn). Some -

times we do not distinguish notationally an element
a and the singleton {al writing e.g. A\a and axa
for A\{a} and {a}xa.



3. Polyrelations

h
3.1 A subset of kK 1is called an h-ary relation on
k. An infinite sequence p = (po,pl,...) of h-ary
relations is called an h-ary polyrelation. The set
of h-ary polvrelations is denoted R and

h
©o
= . h- i i-
R JUn Bh For an ary relation ¢ and n posi
tive integer let o

[n]

denote the set of hxn matrices

(n)

whose columns are all in o. and

X € O[n]

(£X

For f ¢ Q

let f{Xx} stand for
Ny SO th*) where Xi*

the row vector
denotes the i-th row of

1*’ [n]}'

X and let flo] := {f[X] | X ¢ «
preserves ¢ if f[o] < o arfd put Polo
f preserves ¢}.

We say that f
c := {f € Q
In universal algebra terms f pre-

serves ¢ means ¢ subalgebra of ﬁ&; f>h. We say
that (f,8) € U preserves an h-ary polyrelation

= i ;>
Zet (porol,---) if f[pi] S Pis for all i 2 0. We

Polép .= {f € Q | f[pi] < LI i=0,1,... }
for each § =z 0, and
o
Poldp := 620 P0160X6.

Example 3.2. Let < be an order (a reflexive,,
rransitive and antisymmetric binary relation). Then
M := Pol< is the set of <-monotonic operations (i.e.

(12)

f ¢ Q such that fxl...xn < fgl...y whenever

n
- (n) .
xl < yl, cees xn < yn). Similarly f « Q is
<-antimomnotonic if fxl..

< <
1 591 o0 ¥n T Ype

symmetric operations and let p
Then Polziu = M and Pol =

. 2 fy, ... h
x, Yy y,, whenever

Let A be the set of sS-anti-

2i+1%
We have [5]:

Lemma 3.3. Let p = (po,pl,...) be a polyre-
Polpi, and Poldp is a

lation. Then Polop = .0

iz20
uniform clone.

3.4 For an equivalence ¢ on {1, ..., h} put
h
1= e € if iej ,=a,
b, {aj...a €K | if iej then a; J}
(i.e. AE consists of all h-tuples over k constant

on each block of ¢). The relations AE are termed

diagonal. The diagonal relations and ¢ are called
trivial. It is well-known [1, 26-29] that Polo = Q
iff o is trivial. We say that a polyrelation p is
proper if Poldp is incomplete. We characterize im-
proper polyrelations.

Proposition 3.4. A polyrelation ¢ = (po,pl,...)
is improper if and only if
(1) all p, are trivial, ~r
{ii) there are p > U, m @ 7 =2r7F i rolations
ao, ey ap—l such that
. C . < ... ©C 0, = (), . s ... = Q,
pz - p1+p - - 01+nm pl+(n&l)p i
for all i =0, ..., p-1.

We sav that p = (po,pl,...) is perjodic, if

- e
2N

there is n vowuach that p, = p. for all i
1+ 1

P
For a periodic p the least p > 0 with this property

is the period of p and denoted pp.

Corollary 3.5. Let p be a periodic polyrela-
tion with period p. Then p'is proper if and only
if at least one pi is nontrivial.

3.6 For a given polyrelation p put

(p] := {1t € R | Poldp ¢ Poldr}. s
It would be useful to have a construction Yy (more
precisely a map ¥ : ﬁn - gh) such that y(p) € [p]
for all p € Qn' We give such a map. Let m > O,

n>0, p2h>C, A=
{11 1"'
n-ary polyrelation p = (DO,D

(aij) an mxn matrix over

eee, pj and b = (b “eb) e ¥". Given an

1,...) define an h-ary
(p) by letting T

polyrelation 1 = ¢ (2 2 Q) con-

Abh 2

...u, € k= for which there are u

h
€ k such that u,

sist of all u1 hel’
..., u [ €p for all
L+
p i1 %in B;

i=1, ..., m. We illustrate it on a few examples.

Examples 3.7.

(1) Let m =1, n=h = p and
s permutation of {1,...,n}. Choosing A =
[s(1)...s(n)] and b = (0} we get
T, = {ul...un Ug 1) Vs (m) € pg}.
(2) et m=n=h=2, p= 3, all =1, a22 = 2,
a12 = a2l = 3 and b1 = 0, b2 = 1. Then, for a bi-
nary polyrelation p we get T ='(90°pl' pl°p2' cee )

where o denotes the standard relational product.

The definition is justified by:
Lemma 3.8. Let p and T be as in 3.6. Then
T € [p]l i.e. Poldp ¢ PoldT.

3.9 A uniform incomplete clone is precomplete if
every uniform clone properly containing it is al-
ready complete (i.e. a maximal element of the

poset of incomplete uniform clones ordered by c).

A clone M c Q is maximal if M c M' ¢ Q for no clone
M.

The maximal clones are completely known [26-
28]. They are of the form Polo where the relation
o runs through 6 families. For further use we
quote a few of them: (1) proper unary relations
(i.e. subsets of k distinct from ¢ and k), (2) bi-
nary relations {as(a) ae 5} where s is a permu-
tation with k/p cycles of prime length p, (3) bound-
ed partial orders (transitive, reflexive and sym-
metric binary relations with a least and greatest
element), (4) eguivalences, and (5) binary Eentral
relations (i.e. 0 reflexive, symmetric, # k and
such that cxk ¢ ¢ for some C € k).

A set ® of proper polyrelations is termed
generic if each incomplete uniform clone G extends
to Poldf for some £ ¢ E. Our task is to find a
small generic set optimally such that each Poldg is
precomplete. Such a system would provide the best
general completeness criterion in the sense that
for a given F we have only to test whether
F < pPoldg for all £ ¢ E. The essential step is

Hikita and Nozaki's generic system EO [71.



ey

Por a relation 0 put o* := (¢, 0, ... ). We
say that o* is of type A if Poloc is maximal. Prop-
er periodic polyrelations of arity £ k are said to
be of type B. For the last type we need the follow-
ing special binary relations. An equivalence on
P < k distinct from {2a | a € P} is called a proper
partial equivalence on k. A binary polyrelation
(bgr 15+ 1,0 +-- ) is of type cY if
1) Py = cxk for some ¢ € k, or
2) °o is a prpper partial equivalence, or

3) = {as(a) | a € P} where P € k and either

®o
i) s is a permutation of P of prime order, or
ii) s is a permutation of k, s|P # idP, and

s(a) € P iff s(a) = a.
We have:

Theorem 3.10. [6, 7] The set E

-0
The uniform clones of -type A and C' are precomplete.

is generic.

4. Minimal Polyrelations

4.1 1t remains to study the set ,
of type B. Let denote the set of all polyrela-
tions of type A or C'. A subset I' of B is B-generic
if each § € is dominated by some £ € T U B 1In
view of Theorem 3.10 it suffices to study B-gener-
icity. Let El consist of all B € B such that

(Bl np=¢ (where [B] is the set of all polyrela~-
tions T such that PoldB € Poldr, as defined before).
Given p = (po,pl,...) € é let hD and pp (or h and

p) stand for its arity and period. Let h > 2. An
h-ary relation o is totally reflexive if

of polyrelations

h : : h
(= (= = =
t,c0 k=~ (where L {al...ah € k | a; aj for
some 1 £ i < j £°h}). A polyrelation XA :=

(xo,xl,...) is totally reflexive if at least one Ai

is totally reflexive. The next theorem is basic.
Theorem 4.1. If p € 2, then [p] contains no
totally reflexive polyrelation.

A nontrivial relation o is primitive if it is
the union of diagonal relations, and a polyrelation
A is primitive if all Xi are trivial or primitive,
i = s U c i
i.e. Ai AEi s EiA6 where Ei < Eh (i 2 0), and Eh
is the set of equivalences on {1, ..., h}.

Lemma 4.2. If p € 2, then [p] contains no
primitive periodic polyrelation.

We need the following lemmas. Let C denote the
set of constant operations on k.

Lemma 4.3. Let p € 5 satisfy (i) hp > 2,

(ii) [p) contains no proper binary polyrelation and
(iii) ¢ < Polop. Theni there is 0 < i < pp such that
for every 0 € Eh with exactly two blocks,

(*) if A, < o then A

[
8 o - Pfi-

For integers x and y let x + y denote the inte-

ger z such that 0 £ z < pand z = x + y mod p.

~ Lemma 4.4. Let p satisfy the assumptions of
Lemma 4.3 and let E € Eh be such that (i) each .

0 € F has exactly 2 blocks and (ii) NE is the least
equivalence. Then AE 4 Py for all i 2 0.

4.5 Our goal is to find the smallest possible B-
generic system. The strategy is the following:
given a B-generic Z we find Z' © £ such that each
p € E\S' is dominated by some p' € E'. This re-
duction will be done in several steps. In the
first step we reduce the arities. For the ease of
presentation p € El is minimal if all proper
T € [p] have hr Z hp. Let Ez be the set of minimal
polyrelations. It is almost immediate that &, is
X . = . 2
generic. First we show that Z_ consists of unary
and binary polyrelations. 1In %he remainder of the

section the polyrelation p = (po,pl,...) denotes a

fixed minimal polyrelation of arity h and period p.
Recall that
o, = {al...a

lh 3= Eé\ah,

h -
L€ X | ai,taj for 1Si<jsh},

and w, .:= A = {a...a € EP | ac€ k}.

1...h
We use throughout the notation pi = uiUvi where

= (1] n i = .o - -
u; pi °h and vi =p;M, (i 0, ,p~1) We

start out with the following technical lemmas. For

an h-ary relation ¢ and 1 = il < ... < iz S h set
‘pr, c={(a ,...,a,)
Priveeiady preeedy) |

al-bil,...,az-biz for some (b bh)eo},

b LA
n
' Lemma 4.6. IfF 8 € Eh\wh, then every v A,
is trivial.
. An h-ary relation o is reflexive if o N s is
diagonal or primitive.

Lemma 4.7.

If h > 2 then every P; is empty
or reflexive. :

Lemma 4.8. -t

If ui # ¢, then pr
for £ =1, ..., h.

2P
No minimal polyrelation has arify

Lemma 4.9.
greater than 4.

wWe consider the quaternary minimal polyrela-
= U u .
tions. Put ¥ : A12'34 A13'24 A14'23

Lemma 4.10. If h = 4, then each nonprimitive
and nontrivial Py contains x.

Proposition 4.11. There is no minimal qua-
ternary polyrelation.

We consider ternary polyrelations.
Lemma 4.12. Let A € T, be ternary and such
that [)] contains no proper %inarg polyrelation.
Then

A, N 1, € 7 :={¢, w

e Doos AL, ALY
for a1l i 2%. 37 7128 13 a3



