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Preface

This book has grown out of a course of lectures I have given at the
Eidgenossische Technische Hochschule, Ziirich. Notes of those lectures,
prepared for the most part by assistants, have appeared in German.
This book follows the same general plan as those notes, though in style,
and in text (for instance, Chapters I1I, V, VIII), and in attention to
detail, it is rather different. Its purpose is to introduce the non-specialist
to some of the fundamental results in the theory of numbers, to show
how analytical methods of proof fit into the theory, and to prepare
the ground for a subsequent inquiry into deeper questions. It 1s pub-
lished in this series because of the interest evinced by Professor Beno
Eckmann.

[ have to acknowledge my indebtedness to Professor Carl Ludwig
Siegel, who has read the book, both in manuscript and in print, and
made a number of valuable criticisms and suggestions. Professor
Raghavan Narasimhan has helped me, time and again, with illuminating
comments. Dr. Harold Diamond has read the proofs, and helped me
to remove obscurities. I have to thank them all.

August 1968 K. L
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Chapter I

The unique factorization theorem

§ 1. Primes. We assume as known the positive integers 1,2,3, ...,
the negative integers —1,—2,—3,..., and zero, which we reckon as
an integer. By the non-negative integers we mean the positive integers
together with zero. We assume as known the elementary arithmetical
operations on integers.

An integer a is said to be divisible by an integer b=0, if there exists
an integer ¢, such that a=bc. We then say that b divides a, or b 1s a
divisor of a, and indicate this by writing bla. We also say that a is an
integral multiple or just a multiple of b. We write b f a to indicate that b
does not divide a. The following propositions are easily verified:

if bla, and a>0, and b>0, then 1<b<a;

if bla, and c¢|b, then cla;

if bla, and c¢+0, then bclac;

if cla, and c¢|b, then c|(ima+nb), for all integers m and n.

Given two integers a and b, b=+0, there exist unique integers g and r,
such that a=bg+r, where 0<r<|b|. We call g the quotient, and r the
remainder 1n the division of a by b. If bla, then r=0.

An integer p, where p>1, is a prime number, or a prime, if its only
positive divisors are 1 and p. An integer greater than 1, which is not a
prime, i1s called composite.

In this chapter we shall prove that every integer greater than 1
can be represented as a product of primes, and that such a representation
as a product 1s unique, except for the order of the factors. We shall also
prove that there exist infinitely many primes.

§ 2. The unique factorization theorem. We begin with the following
simple

THEOREM 1. If n is an integer greater than 1, then n is a product of
primes.

PrROOF. Either n 1s a prime, or it is composite. In the former case,
there is nothing more to prove. If n is composite, then, by definition, there
exist integers d, such that 1 <d<n, and d|n. Let m be the least of such

I Chandrasekharan, Analytic Number Theory



2 The unique factorization theorem I

divisors. Then m must be a prime, for otherwise there exists an integer k,
such that 1<k<m, and k|m. That would imply that k|n, and 1<k <m,
which contradicts the definition of m. Thus m is a prime p,, say. We then
write n=p,-r, where 1<r<n, and repeat the same process with r,
to obtain n=p,'p,'s, where p,>p,, and 1<s<r<n. This process
clearly breaks off after a finite number of steps, since there are only
finitely many integers between 1 and n. We therefore obtain

n=p,p,...p;, With p;<p,<---<p,, (1)

which concludes the proof.
We note, in passing, that if n=ab, then a and b cannot both be

greater than W It follows that any composite integer n has a prime
factor p, such that pé]ﬁ.

By grouping together the equal primes in the representation (1), and
changing the indices, if necessary, we can rewrite (1) as

n=p3i Py’ -.. Pk (2)

where p,<p, <" <p, and @;>0, for i=1,2,..., k. This 1s called the
standard form of n.

We are now in a position to prove the unique factorization theo-
rem, which is also known as the fundamental theorem of arithmetic
(Theorem 2).

THEOREM 2. The standard form of an integer n, which is greater than
1, is unique.

We shall give three proofs of this theorem. The first proof uses only
Theorem 1. The second is connected with the solution of linear equations

in integers, while the third makes use of the theory of Farey sequences.

FIRST PROOF OF THEOREM 2. The standard form of a prime i1s clearly
unique.

Suppose, if possible, that some positive integers >1 have two
different standard forms. Let N be the smallest such integer, with

N=pipy.-.-Pk=49192 --- Gm-

Every p 1s distinct from every g, since any prime common to both the
representations would divide N to yield an integer N'<N with the
same property as N, which 1s impossible by the definition of N.

We may assume that

P1<p, < <p, and ¢g,<g,< <q,,.



§ 3. A second proof of Theorem 2 3

Now p,=%gq,. Let us suppose, as we may, that p, <q,. We define the
number

P=pids..-qm-
Since p,|P, and p,|N, it follows that p,|(N —P), where

N—P=(g,—pr1)q:---9m> 1.

Therefore we can write
N—P=pt,...t, (3)

where the t; are primes for i=1,2,...,h. We can also write g, —p, as
a product of primes, say

41 —P1=r173... T,
if g,—p,>1. Then we get
N—P=0r; 5 e P Qo 50 Qs (4)

as another representation of N —P as a product of primes. We have
seen that none of the p’s is equal to a g. In particular, p, 1s not equal to
any g. Nor is p, equal to any r, for it 1s clear that p, f(q; —p,), so that
no factorization of g, —p, can contain p,. Thus the integer N —P has
two factorizations, namely (3) and (4), which are distinct, since only
one of them contains p,. This i1s the case even if g, —p,=1. But
l<N—-P<N, which contradicts the minimality of N. Hence there
exists no integer n>1 with more than one standard form.

§ 3. A second proof of Theorem 2. This is based on the solution of
certain linear equations in integers. We need some preparation.

Let a and b denote integers, not both zero. Their greatest common
divisor, denoted by (a,b), is defined to be the largest positive integer
which divides both a and b. If (a,b)=1, we say that a is prime to b, or
that a and b are relatively prime. We shall see that if (a,b)=d, the equa-
tion ax+by=d has a solution in integers x, y. It follows from this that
if p 1s a prime, and plab, then pla or pl|b, and this, in turn, implies the
unique factorization theorem.

A non-empty set of integers S with the property

meS and neS = m—neS,

1s called a module. 1t follows from the definition that if m,neS, then
O=m—meS, —n=0—neS, m+n=m—(—n)eSs.

I*



4 The unique factorization theorem I

More generally, if aeS, beS, then ax+byeS, where x and y are
integers. If a module contains only 0, we call it the trivial module. A non-
trivial module obviously contains infinitely many positive, and nega-
tive, integers. We can say a little more.

THEOREM 3. Every non-trivial module S consists of all integral mul-
tiples of a positive integer.

PrOOF. Since S is not the trivial module, it contains some positive
integers. Let d be the smallest such integer. Then S contains all integral
multiples of d. In order to show that these are the only elements of S,
take any neS. We can write n=dk+c¢, where k and ¢ are integers,
and 0<c<d. Since deS, it follows that dkeS. Since neS, we have
n—dkeS, that1s ceS. But c¢<d, and d 1s the smallest positive integer
in S. Hence ¢=0. Therefore n is an integral multiple of d.

From this we deduce

THEOREM 4. If a and b are given integers, the module S={ax+by},
where x and y are integers, is the set of all integral multiples of d=(a,b).

PROOF. It 1s easy to see that the set S is a module. By Theorem 3 we
know that § is the set of all integral multiples of some positive integer e.
Therefore e divides all elements of S; in particular, e|la, and e|b. Since
d 1s the greatest common divisor of a and b, we must have e<d. On the
other hand, d|(ax+ b y) for all integers x, y, so that d divides every element
of S. In particular, dle. Hence d<e. Thus e=d, and the result follows.

[t 1s now clear that the following theorem holds:

THEOREM 5. The equation ax+by=n is soluble in integers x and y
if and only if (a,b)|n.

COROLLARY 1. If (a,b)=d, then ax+by=d is soluble in integers x
and y. In other words, the greatest common divisor of a and b is a linear
combination of these integers with integer coefficients.

COROLLARY 2. Any common divisor of a and b divides (a,b).
These results lead to

THEOREM 6 (EucLID). If albc, and (a,b)=1, then alc.

PROOF. Since (a,b)=1, there exist integers x and y, such that
ax+by=1. If we multiply by ¢, we get acx+bcy=c, and since
albe, it follows that a|(acx+bcy), or alc.

r
COROLLARY. If p is a prime, and p ||| p;, where p; is a prime for
i=1
i=1,2,...,r, then p=p,; for at least one i.
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We are now 1n a position to give

A SECOND PROOF OF THEOREM 2. Suppose that an integer N has two
different standard forms,

N =pi'p%... Pk = 41" 43’4,
Then p,|q%'q52...q°", hence, by the Corollary of Theorem 6, p, =g, for
some i, 1<i<r. In the same way we see that every p equals some ¢,

and every g equals some p. Therefore k=r, and since both forms are
arranged in ascending order, we have

Pi' P3P = P1' D7 - PR*s
with p, <p, <--<p,. We shall see that q,=b; for i=1,2,...,k. For
if a,> b, for some i, we can divide both sides by p;* and obtain

bi+i

a ai— b a, __ _b By b
Dt iy svoPi1 Piv1 cas Py s

where p; divides the left-hand side, but not the right-hand side, which
1s impossible. Similarly 1t 1s impossible that a; <b;. Hence a;=b, for
all i, and the standard form is unique.

§ 4. Greatest common divisor and least common multiple. Related
to the greatest common divisor of two integers a and b, defined in §3,
is the least common multiple.

DEFINITION. The least common multiple {a,b} of two integers a and b,

where ab =0, is the smallest positive integer which is divisible by both
a and b.

The relationship between (a,b) and {a,b}, where ab>0, is ex-
pressed by the identity

ab=(a,b):{a,b}. (5)

To prove this, consider the integer u=ab/(a,b). Since (a,b)|b, u is an
integral multiple of a. Similarly u is an integral multiple of b. Thus u
1S a common multiple of a and b. Let v be an integer which is some
other common integral multiple of a and b, and consider the number
v  v-(a,b)

—_ —

7 ab

We know that (a,b)=ax+by for some integers x and y. Hence

v vi(ax+by) vx vy
U ab b a




6 The unique factorization theorem I

But v/a and v/b are integers, hence v/u is an integer. Thus any com-
mon integral multiple of @ and b is an integral multiple of x. Hence p
is their least common multiple, and

ab

" (a.b)

I = da.bj.
Incidentally we have shown that the least common multiple of a

and b divides any common multiple of a and b.
If a is a positive integer, we can write

a=|1p*, o =0,

where the product extends over all primes p, and o 1s a non-negative
integer which is zero except for finitely many p. If a prime p does not
divide a, then the corresponding exponent « i1s zero. Similarly we have

[t 1s easy to see that
(a,b) - npmin[mﬁ]’ {(I., b} s npmax[a,ﬁ]' (6)

§ 5. Farey sequences. If 4 and k are integers, and k>0, we call
h/k a fraction, with numerator h, and with denominator k.

A fraction h/k 1s called irreducible, or reduced, if (h,k)=1. A frac-
tion h/k 1s called proper, if 0<h/k<1.

A Farey sequence of order n, where n 1s a positive integer, 1s the
sequence F, of all irreducible, proper fractions h/k, with 1<k<n,
arranged in non-decreasing order. For example, Fs 1s the sequence
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A Farey fraction 1s a term 1n a Farey sequence of some order. We
note that every rational number m/n, such that 0<m/n<1, 1s equal
to a Farey fraction.

It follows from the unique factorization theorem (Theorem 2) that
a reduced fraction is unique. In other words, two reduced fractions
which are equal must be identical. Since we do not wish to use Theorem 2,
however, we have to allow for the possibility that two Farey fractions
may be equal without being identical. In that case, we arrange them
in increasing order of their numerators. The following theorem rules

out such a possibility in fact, and prepares the ground for a third proof
of Theorem 2.

THEOREM 7 (FAREY-CAUCHY). If [/m is the immediate successor of
h/k in the Farey sequence Fy, then kl—hm=1.
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PrOOF. The result is seen to be true, by actual verification, for Fy,

1< N <5. We shall assume it true for Fy, and prove it for Fy, ;.
Let a/b be a reduced proper fraction which does not belong to Fy.
Then b> N +1, and a/b must lie between some two consecutive frac-

tions h/k and I/m of Fy, say

-

[
‘*~<-...E“‘*-<-.r_n-5

ol B

equality being allowed, since the uniqueness of reduction of a fraction

1s not assumed.
Define the integers A and u as follows:

A=ka—hb, u=bl—am.

Then A>0, u=>0, and A+ u>0, since we have assumed the theorem
to be true for Fy, to which h/k and [/m belong. Further

AMl4+uh=kal—ham=alkl—hm)=a,
since kl—hm=1 by the induction hypothesis on Fy. Similarly
im+ uk=>b, (7)
and (A,u)=1, since (a,b)=1. Thus, if h/k<a/b<l/m, (a,b)=1, then

a  Al+ph

= , A=0, >0 =1, Lai=1.
b~ Am+ uk H v F 4 1)

Conversely, if A and u are integers, such that A>0, u=>0, A+u>0,
(A,u)=1, and we define a,b by a=Al+uh, b=Am+ uk, then uniquely
/i=ka—hb, uy=bl—am, and (a,b)=1, so the fraction a/b is reduced,
and h/k<a/b<Il/m, since kl—hm=1. Thus a/b belongs to F,, for
some M.

Since k>0, m>0, (A,u)=1, we also see that b<m+k exactly in
the three cases A,u=0,1; 1,1; 1,0; giving a,b=h,k; |+ h, m+k; I,m.
Now A4#0, for if A=0, then a/b=(uh)/(uk), which is not reduced
unless u=1, in which case b=k by (7), and that contradicts the as-
sumption that b>N+1>k. Similarly u#0. Hence b<m+k only if
A=p=1. Now b>N+1, and if (a/b)eFy.,, then b=N+1. Further
m+k>N+1, since
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