FUNDAMENTAL METHODS OF

Mathematical Economics

ALPHA C. CHIANG |

—~—

0 KEVIN WAINWRIGHT




Fundamental
Methods of
Mathematical
Economics

Fourth Edition

Alpha C. Chiang

Professor Emeritus
University of Connecticut

Kevin Wainwright

British Columbia Institute of
Technology and
Simon Fraser University

McGraw-Hill
Irwin
Boston Burr Ridge, IL  Dubuque, IA  Madison, Wl New York San Francisco St. Louis

Bangkok Bogota Caracas KualalLumpur Lisbon London Madrid Mexico City
Milan Montreal New Delhi Santiago Seoul Singapore Sydney Taipei Toronto



The McGraw-Hill companies

McGraw-Hill
Irwin

FUNDAMENTAL METHODS OF MATHEMATICAL ECONOMICS

Published by McGraw-Hill/Irwin, a business unit of The McGraw-Hill Companies, Inc.,

1221 Avenue of the Americas, New York, N'Y, 10020. Copyright © 2005, 1984, 1974, 1967 by

The McGraw-Hill Companies, Inc. All rights reserved. No part of this publication may be reproduced or
distributed in any form or by any means, or stored in a database or retrieval system, without the prior
written consent of The McGraw-Hill Companies, Inc., including, but not limited to, in any network or
other electronic storage or transmission, or broadcast for distance learning.

Some ancillaries, including electronic and print components, may not be available to customers outside the United States.
This book is printed on acid-free paper.

567890DOC/DOC154321

ISBN 0-07-010910-9

About the cover: The graph in Figure 20.1 on page 635 illustrates that the shortest distance between two points is a
straight line. We chose it as the basis for the cover design because such a simple truth requires one of the most
advanced techniques found in this book.

Publisher: Gary Burke

Executive editor: Lucille Sutton
Developmental editor: Rebecca Hicks
Editorial assistant: Jackie Grabel

Senior marketing manager: Martin D. Quinn
Senior media producer: Kai Chiang

Project manager: Bruce Gin

Production supervisor: Debra R. Sylvester
Designer: Kami Carter

Supplement producer: Lynn M. Bluhm
Senior digital content specialist: Brian Nacik
Cover design: Kami Carter

Typeface: 10/12 Times New Roman
Compositor: Interactive Composition Corporation
Printer: R. R. Donnelley

Library of Congress Cataloging-in-Publication Data

Chiang, Alpha C., 1927-

Fundamental methods of mathematical economics / Alpha C. Chiang, Kevin

Wainwright.—4th ed.
p. cm.
Includes bibliographical references and index.
ISBN 0-07-010910-9 (alk. paper)
1. Economics, Mathematical. I. Wainwright, Kevin. II. Title.
HB135.C47 2005
330'.01'51—dc22
2004059546

www.mhhe.com



Fundamental
Methods of
Mathematical
Economics



To Emily, Darryl, and Tracey
—Alpha C. Chiang

To Skippy and Myrtle
—Kevin Wainwright



About the Authors

vi

Alpha C. Chiang received his Ph.D. from Columbia University in 1954, after earning a
B.A. in 1946 from St. John’s University (Shanghai, China) and an M. A. in 1948 from the
University of Colorado. In 1954 he joined the faculty of Denison University in Ohio, where
he assumed the chairmanship of the Department of Economics in 1961. From 1964 on,
he taught at the University of Connecticut where, after 28 years, he became Professor
Emeritus of Economics in 1992. He also held visiting professorships at New Asia College
of the Chinese University of Hong Kong, Cornell University, Lingnan University in Hong
Kong, and Helsinki School of Economics and Business Administration. His publications
include another book on mathematical economics: Elements of Dynamic Optimization,
Waveland Press, Inc., 1992. Among the honors he received are awards from the Ford Foun-
dation and National Science Foundation fellowships, election to the presidency of the Ohio
Association of Economists and Political Scientists, 1963—1964, and listing in Who's Who in
Economics: A Biographical Dictionary of Major Economists 19001994, MIT Press.

Kevin Wainwright is a faculty member of the British Columbia Institute of Technology in
Burnaby, B.C., Canada. Since 2001, he has served as president of the faculty association and
program head in the Business Administration program. He did his graduate studies at Simon
Fraser University in Burnaby, B.C., Canada, and continues to teach in the Department of
Economics there. He specializes in microeconomic theory and mathematical economics.



Preface

This book is written for those students of economics intent on learning the basic mathe-
matical methods that have become indispensable for a proper understanding of the current
economic literature. Unfortunately, studying mathematics is, for many, something akin to
taking bitter-tasting medicine—absolutely necessary, but extremely unpleasant. Such an at-
titude, referred to as “math anxiety,” has its roots—we believe—Ilargely in the inauspicious
manner in which mathematics is often presented to students. In the belief that conciseness
means elegance, explanations offered are frequently too brief for clarity, thus puzzling stu-
dents and giving them an undeserved sense of intellectual inadequacy. An overly formal
style of presentation, when not accompanied by any intuitive illustrations or demonstra-
tions of “relevance,” can impair motivation. An uneven progression in the level of material
can make certain mathematical topics appear more difficult than they actually are. Finally,
exercise problems that are excessively sophisticated may tend to shatter students’ confi-
dence, rather than stimulate thinking as intended.

With that in mind, we have made a serious effort to minimize anxiety-causing features.
To the extent possible, patient rather than cryptic explanations are offered. The style is de-
liberately informal and “reader-friendly.” As a matter of routine, we try to anticipate and
answer questions that are likely to arise in the students’ minds as they read. To underscore
the relevance of mathematics to economics, we let the analytical needs of economists mo-
tivate the study of the related mathematical techniques and then illustrate the latter with ap-
propriate economic models immediately afterward. Also, the mathematical tool kit is built
up on a carefully graduated schedule, with the elementary tools serving as stepping stones
to the more advanced tools discussed later. Wherever appropriate, graphic illustrations give
visual reinforcement to the algebraic results. And we have designed the exercise problems
as drills to help solidify grasp and bolster confidence, rather than exact challenges that
might unwittingly frustrate and intimidate the novice.

In this book, the following major types of economic analysis are covered: statics (equi-
librium analysis), comparative statics, optimization problems (as a special type of statics),
dynamics, and dynamic optimization. To tackle these, the following mathematical methods
are introduced in due course: matrix algebra, differential and integral calculus, differential
equations, difference equations, and optimal control theory. Because of the substantial
number of illustrative economic models—both macro and micro—appearing here, this
book should be useful also to those who are already mathematically trained but still in need
of a guide to usher them from the realm of mathematics to the land of economics. For the
same reason, the book should not only serve as a text for a course on mathematical meth-
ods, but also as supplementary reading in such courses as microeconomic theory, macro-
economic theory, and economic growth and development.

We have attempted to retain the principal objectives and style of the previous editions.
However, the present edition contains several significant changes. The material on mathe-
matical programming is now presented earlier in a new Chap. 13 entitled “Further Topics
in Optimization.” This chapter has two major themes: optimization with inequality con-
straints and the envelope theorem. Under the first theme, the Kuhn-Tucker conditions are

vii
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Preface

developed in much the same manner as in the previous edition. However, the topic has been
enhanced with several new economic applications, including peak-load pricing and con-
sumer rationing. The second theme is related to the development of the envelope theorem,
the maximum-value function, and the notion of duality. By applying the envelope theorem
to various economic models, we derive important results such as Roy’s identity, Shephard’s
lemma, and Hotelling’s lemma.

The second major addition to this edition is a new Chap. 20 on optimal control theory.
The purpose of this chapter is to introduce the reader to the basics of optimal control and
demonstrate how it may be applied in economics, including examples from natural re-
source economics and optimal growth theory. The material in this chapter is drawn in great
part from the discussion of optimal control theory in Elements of Dynamic Optimization by
Alpha C. Chiang (McGraw-Hill 1992, now published by Waveland Press, Inc.), which pre-
sents a thorough treatment of both optimal control and its precursor, calculus of variations.

Aside from the two new chapters, there are several significant additions and refinements
to this edition. In Chap. 3 we have expanded the discussion of solving higher-order poly-
nomial equations by factoring (Sec. 3.3). In Chap. 4, a new section on Markov chains has
been added (Sec. 4.7). And, in Chap. 5, we have introduced the checking of the rank of a
matrix via an echelon matrix (Sec. 5.1), and the Hawkins-Simon condition in connection
with the Leontief input-output model (Sec. 5.7). With respect to economic applications,
many new examples have been added and some of the existing applications have been en-
hanced. A linear version of the IS-LM model has been included in Sec. 5.6, and a more gen-
eral form of the model in Sec. 8.6 has been expanded to encompass both a closed and open
economy, thereby demonstrating a much richer application of comparative statics to
general-function models. Other additions include a discussion of expected utility and risk
preferences (Sec. 9.3), a profit-maximization model that incorporates the Cobb-Douglas
production function (Sec. 11.6), and a two-period intertemporal choice problem
(Sec. 12.3). Finally, the exercise problems have been revised and augmented, giving stu-
dents a greater opportunity to hone their skills.
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Suggestions for the Use of This Book

Because of the gradual buildup of the mathematical tool kit in the organization of this
book, the ideal way of study is to closely follow its specific sequence of presentation. How-
ever, some alterations in the sequence of reading is possible: After completing first-order
differential equations (Chap. 15) you can proceed directly to optimal control theory
(Chap. 20). If going directly from Chap. 15 to Chap. 20, however, the reader may wish to
review Sec. 19.5, which deals with two-variable phase diagrams.

If comparative statics is not an area of primary concern, you may skip the comparative-
static analysis of general-function models (Chap. 8) and jump from Chap. 7 to Chap. 9. In
that case, however, it would become necessary also to omit Sec. 11.7, the comparative-
static portion of Sec. 12.5, as well as the discussion of duality in Chap. 13.

Alpha C. Chiang
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