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Notation

Most of the analysis of this book is conducted in a framework where
the number of goods, households, clubs, and so on, is arbitrary. Conse-
quently, it is very convenient to employ matrix notation and make full
use of the associated vector calculus. Notation can be simplified further
if we agree at the outset to certain conventions on vector orientations.

Prices (and “shadow” prices) will be assigned a natural orientation as
row vectors, whereas quantities inherit a natural orientation as column
vectors. On the rare occasions when we need to change the orientation,
transposes will be indicated using curly brackets: { }. Thus, if Pis a (row)
vector of goods prices, {P} is the corresponding column vector. These
orientations will extend to functions as well. Thus, if C(P) represents a
demand system, it is thought of as a column vector function. Correspond-
ingly, if P(g) represents equilibrium prices as functions (say) of levels of
public goods provided, it is to be thought of as a row vector function.

Variable subscripts always stand for a matrix index and whenever they
are absent, we think of the variable as a vector (or matrix) over the as-
sociated index (or indices). Thus, P; is the price of the ith good. Super-
scripts stand for matrix labels and will rarely, if ever, be treated as indices
of some larger “supermatrix.” For example, c” represents the consump-
tion vector of household 4. We will use lowercase letters to represent con-
sumption and production flow variables of individual economic agents,
reserving the corresponding uppercase variables for economywide aggre-
gates. Thus, C is aggregate consumption (C =X, c"). Individual stock
variables will have capital letters; for example, B is consumer financial
wealth.

When we need to refer to the number of elements in a vector, we do so
using the symbol |-| (here, the centerdot is a universal variable). Thus,
|C| refers to the number of consumption goods.

We will use the gradient symbol (V,) to indicate partial derivatives with
respect to a vector x. Again, we require some conventions with respect to
orientation. Suppose we have a scalar function f of a vector x. Then the
vector of partial derivatives will be denoted V, f. It will have the orienta-
tion of a column vector if x is a row vector and vice versa. For example,
if I'(g) represents a cost function for producing a public-goods (column)
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Notation xiii

vector g, then V,I" represents a row vector of marginal costs. (Note: fre-
quently we suppress arguments of functions when the meaning is clear.)

Gradients of vector functions naturally form matrices, which will be
oriented as follows. Suppose we have a column vector function C(b),
where b is a vector of any orientation. Then V,C is the matrix

3C,/ab, --- 3C,/dby,
. 0Ca/db; -+ 8C1/3bpy
3C|c|/db; -+ 3C\c)/dbyy,

Observe that orientation has been fixed so that each column corresponds
to a partial derivative of the column vector with respect to one argument,
and the number of columns equals the cardinality of . Similarly, we ori-
ent the gradient of a row vector function so that each row corresponds to
a partial derivative of the row vector.

Note that this last set of rules fails to specify an orientation for the gra-
dient of a scalar function, so we still need the earlier rule specified for that
case.

The conventions outlined so far are designed to simplify specific rep-
resentations encountered in this book. However, they are generally con-
sistent with common practice in a wider arena. Of course, we can apply
these rules in series to construct matrices of second- (and higher) order
partial derivatives. For example, the Hessian matrix for a scalar function
f(x) would be denoted: V},x S (and similarly for other matrices of second
partials).

The inner product of matrices x and y will be written simply as xy. Nat-
urally, the matrices must be compatible (x has the same number of col-
umns as y has rows). Thus, if we want to express the inner product of
price vector P with itself, we must write P{P} (not PP). At a number of
points that follow, we will encounter quadratic (and other bilinear) forms,
and although all of these can be expressed in terms of the notation devel-
oped so far, it is convenient to introduce a separate notation. For exam-
ple, suppose we encounter a quadratic form involving row vector ¢ and
compatible square matrix x; we could always write it as £x{#}, but instead
we choose to express it as (¢, x, ). More generally, {s, x, t) refers to a bi-
linear form where s has the orientation of a row vector (regardless of its
natural orientation), # the orientation of a column vector, and x a matrix
of compatible dimensions.

Extensive use will be made of Kuhn-Tucker-Lagrange methods for non-
linear programming. Except where otherwise stated, we will assume all
functions are differentiable at least to second order and will work with



Xiv Notation

first- and second-order conditions for optimality. Also, in the interests
of notational economy, we will assume interior solutions whenever they
seem natural; the reader is invited to replace equalities with the appropri-
ate inequalities and complementary slackness conditions if boundary so-
lutions are contemplated.

Because we want to use the simplest possible inner-product notation,
names for variables and parameters must be single letters (otherwise, mul-
tiple letters have potentially ambiguous meaning). Even using all upper-
case and lowercase Greek and Latin letters, this set of potential names is
too small. Hence, we are forced to make two types of compromises.

First, a few letters will have dual meanings. The lists of symbols that
follow give a dictionary of meanings with alternative meanings in paren-
theses. Note that most duplications involve the spatial model on the one
hand and the temporal model with uncertainty on the other (these mod-
els will never be considered jointly). For example, the letter s is a time
index in the latter model whereas it represents a location index in the for-
mer; similarly, r represents land rental rates in the spatial model and in-
terest rates in the temporal model.

Second, a few names will be assigned using multiple (uppercase) letters.
This will be done only when the associated variables rarely appear in al-
gebraic expressions and have natural meanings as acronyms or words.
Thus, for example, VAR and COV are the variance and covariance func-
tions, and RP represents risk premium and TT terms-of-trade effect.
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List of symbols: Latin letters

XV

generic decision variable (Chapter 12,
asset holdings)

government private net inputs

net individual consumption

asset dividends

exponential symbol

production functions
collective-goods levels

household index

generic index

firm index

project capacity (local public finance,
index of “active” community)

land holdings

income levels

population sizes

]
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status quo reference

market parameters

strategies in mechanisms
interest rates (land rental rates)
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time index (spatial location)

tax rates

mechanism outcome function
asset prices

gradient of welfare function
variable of integration (planning,
social state)

private net outputs

€X0genous resources
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firm debt

bequests, household wealth
aggregate net consumption
government debt

expectations operator

generic function symbol
congestion levels

household type

income compensation function
firm type

capital stock (size of common)

aggregate land (Lagrangian functions)
firm equity

population aggregates (Chapter 7,
government effective deficit)
international prices

consumer prices

producer prices

individual orderings (aggregate land
rents)

time horizon (Chapter 12, risk-sharing
transfers)

“direct” taxes

direct utility functions

indirect utility functions

social welfare function

Cartesian product (set of social states)

aggregate net output
indirect welfare function
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List of symbols: Greek letters

project parameter

welfare weight

utility/cost parameters I' costs and cost functions
Taylor’s series symbol A discrete increment
partial derivative symbol

elasticities (regression residual)

growth rates (Chapter 9, LM for

quantity constraints)

private activity levels

pseudoprice of Arrow securities ¥ capital funds

various constants

LM for income A tax distortion vector
LM for government budget

transport cost $ aggregate transport
LM for profits

firm profits I1 aggregate profits
discount factors

town boundary ¥ summation symbol

tax function parameters

cost and type shares

compensating variation © naive consumer surplus
state of the world Q shadow values of collective goods
depreciation rates

MmO R
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Note: Abbreviation LM means Lagrange multiplier.
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