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Brief of contents

This book states the elementary principle of modern control theory and discusses its analysis and synthesis tech-
niques based on “state space method” . The book is divided in five chapters, including state space description of linear
systems, dynamic analysis of linear systems, controllability and observability of linear systems, state-space synthesis of
linear systems, and Lyapunov stability analysis.

This book is a product of the bilingual teaching practice and experience of the Editors in Jiangsu University of
Science and Technology. It can be used as a textbook of automation, electrician engineering and automation special-
ties, and so on, as well as a reference book for relevant engineers.
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Preface

Bilingual teaching is the inevitable trend of education reform, also the important action to im-
prove undergraduate education quality, and the requirement of cultivate compound-type talent with
high quality who can adapt social development in the 21-the century. Finding one adapted way to or-
dinary colleges will be helpful to enhance the student’s ability of English application and under-
standing of the latest scientific achievements.

National Ministry of Education calls for actively promotion to develop bilingual teaching in col-
leges and universities, early of 2007, National Ministry of Education and Ministry of Finance jointly
introduced the “Opinion on the implementation of quality of undergraduate education and teaching
reform”, encouraging colleges and universities to build 500 bilingual teaching model curriculums
within five years.

So it is significant to research the special feature, method and mode of bilingual teaching and
improve level of special English of students as soon as possible. The compilers of this book conforms
to the trend of the development of higher education, carried through bilingual teaching of “Automatic
control principle” and “Modem control theory” in automation and electrical engineering and automa-
tion specialties in Jiangsu university of science and technology. This book is one of the achievements
of their bilingual teaching practice.

In despite of these or those difficulties, bilingual teaching will be developed rapidly with the
update of education idea and make contribution to enhance the bilingual ability and compositive hu-
man culture quality of students.

Wang Jianhua
February, 2009
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Foreword

As one of the basic curricula of control specialties, “Modern control theory” is significant for
studying other subjects of control theory, such as Optimal control, System identification, Robust
control and Intelligent control, and it is also widely used in so many fields, such as industry, agri-
culture, shipbuilding and aviation.

In recently years the Compilers carried through bilingual teaching of “Modemn control theory” in
automation and electrical engineering and automation specialties, this book is a product of our bilin-
gual teaching practice and experience. The book takes bilingual form to provide convenience for
readers.

Based on “state space method”, this book systematically expatiates the elementary theory and
methods of linear systems. We try our best to explain the deep things in a simple way and apply rig-
orous theory. We expect this book would play an active role in improving English application ability
of the readers, cultivating correction ideation and the ability to connect theory with practice of stu-
dents.

This book can be used as a professional teaching material of automation, electrician engineering
and automation specialties, and so on, as well as a reference book for graduate students and teach-
ers.

This book is edited by Li Daogen. Dr. Zhu Zhiyu and Liu Weiting make contribution to this
book. We would especially like to thank Hao Peng, Wang Fang and Zong Yang for drawing figures
and tables in this book. This book is reviewed by Professor Jiang Changsheng. And we would like to
thank all the teachers and students for their help in the production and editing of this book .

Some mistakes are inevitable in this book because of our limited level, any criticizing correc-

tion will be appreciated.

Compiler
February, 2009



———

I

BRI R B BRI A — TR ZRE R, AT TIRE X T 242
FERI P IVF 2B 3, I IR R GERR (BT B BRI SF R A
HEMER, FIRHZEEH ) Z 0 T Tl ARolk A A2 ALK 5518 290
o

UETUAER, g T B s A A LR R A sh A5 % Mk i “ B i 3
WIIRRBRIAT T XGEE 2, A R 40 8 TETT R “BUE " B SLER I 26t |
558 SV BT B " IR M OB RS O ESE T K E R AR EH
AYSLAE b2 5 AN o 45 R A RS SO BR BRI 3 R, AT (6B 136 38 B 13
#o

LA LRSS RIRAE N L, RGEH FHR T LM 3 G0 i FE A #5211 B8
T EBIRBENRARL, B A A% 52 5 3235 1 9815 N ik
71, 53R A ORHIE B HERE /) BB R R L PR BE ), WA —E M1EM .

ABAHT LA A Sk B R R A Zh b Tl Bkt , o m] fE S dE A
B HIFEAFBITH S E .

AHRFERER, REF XNLEFESE T RS TIE, M EH
SFPAFERSEZH T A B R, 2R hBERME MR REZRKAEBREE,
eI, MBS 5K LA B5E TR & SLEUM A F 2R m .

YEZ KA R, 3T B FER G IRFIAZ Z AL, SO E TS E .

W A
2000 %2 A



Contents

Chapter 1 State-Space Descripﬁon of Linear Systems ....................................... (1)
1.1 TIntroduction  sre=ettseresessrereeettnratteetueieteuaneeetattestnsostssaocastoocsssscnnns ( 1 )
1.2 State-Space Representation from Input-Output Representation +e«eeteesesseesereereees (4)
1.3 State-Space Description from Block Diag[am .......................................... (]3)
1.4 Transfer Function from State-Space Representation —++++++reseseereensuneenianeniens (14)
1.5 Characteristic Polynomial and Eigenvalues .......................................... ( 1 5)
Problems et tereresrteteettoittiintitttiiiiitiititatiiettiintietttiittsitetiistisittatsennioses (16)
Chapter 2 Dynamic Analysis of Linear Systems ««:-+««-sccoetersseriareiiiaini. (19)
2.1 Time-Invariant Continuous Systems ................................................... (19)
2.2 Time-Invariant Discrete Systems ...................................................... (29)
Problems  sreeeeserertrettttntitiiiiiiiieiiiitiitttttitattititiietisettttttttiititettstattrtieany ( 32)
Chapter 3 Controllability and Observability of Linear Systems ««««««-+-cscoceeieereeiees (34)
3.1 Introduction rrrrrrrrerreresrrssssesrsttttattettatiitioiiiiitiotttattattiiititetssttninens ( 34)
3.2 Contmllability of Linea; Continuous Systems .......................................... (34)
3.3 Observa.bility of Linear Continuous Systems .......................................... (42)
3.4 Controllability and Observability of Discrete -Time Systems +r++seesreeeresescecene. (47)
3.5 Controllability, Observability and Transfer Function =««-+=esessereereaceniiaciann. (49)
3.6 Principle of Duality ..................................................................... ( 51)
3.7 Structural Decomposition ............................................................... ( 52)
Problems  srrerrerrrer ettt ittt ittt ittt i s st et s ine ( 56)
Chapter 4 State-Spaoe Synthmis of Linear Systems ....................................... (59)
4.1 State Feedback and Output Feedback crrecrereerececniieiiitniiiiiiiiieniinieneenenns (59)
4.2 Pole Assignment Usin.g State Feedback t+rererererrectreeiiriiiiiiiiiieiciiseinins (61)
4.3  Stabilization =¢c++sssessseasssnraseissariorantssnstssssssssssernssasassansasnsasasnsssnnes (64)
4.4 State ODSEIVEr +++++etseesssasesssnassorsoratsssssesntssstsassasssssssesssansnsanntsssons (64)
Problems  scttrereerrerrattettiiiiiiiiiiiiiiiie sttt ittt ettt raie et aeaes ( 74)



Chapter 5 L'yapunov Stability Analysis ...................................................... (76)

5.1 Stability Definitions === er=rertersresserssesarieitiriatetteatiotieietassstesatsenaaananns (76)
5.2 First Method of Lyapunovy «:cseseeceserecersastostottotiotusnisineiitiitisatatintaiae (78)
5.3 Second Method of Lyapunov ............................................................ (80)
5.4 Application of the Lyapunov Method to Linear systems «««esssessesrerscreranenens (86)
PrODLEmIS  + v+ v +essessesasraseanetantintsenaentraearateataatantaeaaaaaeaeeaeraaneanens (89)
REFEIEIICES * v v v vt v rrrerrrretteettattutneiieiieteetetteatteitttetessietesaaostoteestotacnnasessssnsons (91 )



% 1 E Qﬁg%g@ﬂ&Q@ﬁﬁ ............................................................ (92)
1.1 Eﬂ %‘- .................................................................................... (92)
1.2 EﬁA—ﬁHﬂ%ﬁfﬁ@ﬁ%ﬁé@%ﬁﬂ ....................................... (95)
1.3 Eﬂﬁﬁaﬁjl{kﬁ?éﬁliﬁiﬁ ................................................... (103)
1.4 ﬁiﬁ?&élﬂ%ﬁﬁm%ﬁ?ﬁ&ﬁ ................................................ (104)
1.5 ﬁﬁgg;@iﬁ:ﬁﬁﬁﬁ ............................................................... (105)
> E .......................................................................................... (106)
% 2§ ﬁﬁg%mgﬂ,ﬁm .................................................................. (109)
2.1 E—.j-)[{@i%gig\gé ..................................................................... (109)
2.9 B—j—jﬁg{%ﬁ%% ..................................................................... (118)
;J ﬂ ......................................................................................... (121)
% 3 ﬁ &ﬁg%ﬂﬁgﬁﬁﬁﬁg;ﬂﬁuﬁ ...................................................... (123)
3.1 g“%‘ .................................................................................... (123)
3.2 %ﬁ&ﬁﬁlﬂ%%%ﬁﬁﬁﬁ ...................................................... (123)
3.3 éﬁﬁﬁéﬁé%%%ﬁéﬂﬂlﬁ ......................................................... (130)
3.4 gﬁﬂ;j‘lﬁjgﬁﬂgﬁgﬁﬁﬁﬁgmw& ............................................. (135)
3.5 ﬁﬁfﬁﬁ\ﬁﬁﬂmﬂﬁ%ﬂ%ﬁﬁﬁ ...................................................... (137)
3.6 Xﬂ'ﬁjﬁ@ .............................................................................. (138)
3.7 %mﬁ.m .............................................................................. (139)
3 E .......................................................................................... (143)
g 4 E &ﬁﬁgﬁm&g&gg .................................................................. (146)
4.1 REFBEFB LI cooreereeremerrennes O — (146)
4.2 ﬁ]ﬁﬁﬁj&ﬁﬁmg&ﬁ ............................................................ (147)
4.3 gﬁ%A& ................................................................................. (150)
4.4 &ﬁmiﬂﬂ%ﬁ ........................................................................... (151)
3 B eecereerorncttcstnsiatitnniresnisrnsennotasetstrsesrsenttoressssnsanssresnastnsansnnsans (160)



8 S W AR RRETEUE T voovsvvvrs svvvrssonce sanns dasannsmsss osns suvans enomes eavossase (162)

5.1 FATHETE N ceoverrersernnsectoneistasonionnostnmsesiamorssaniocsssssssassesssssnses (162)
5.0 DERRERTEREE . wescovseveneisanns vanss ens NevEvs SRS aS TN SLE IS SSEASS SERSES S (164)
5.3 ZERELIERES THE ceeerrreeeirei s (166)
5.4 BHERGIETLIRIIER T -oooorrrrrrrerrmrimsnmiiniineae. (170)
B e PP T P T PP PR PP PP PP PP (173)
v R P R T P P PP P TP P TP P PP PP PP (175)



Chapter 1 State-Space Description of
Linear Systems

1.1 Introduction

Nowadays, one of the challenges to control engineers is the modeling and control of
modern, complex, large-scale and interrelated systems, such as chemical processes, robotic
systems, and traffic control systems. Although, in classical control theory, the transfer function
description of physical systems provides a practical approach to analysis and design and allows
us to use block diagrams to interconnect subsystems, it has certain basic limitations. This is
due to the fact that it is an external description of control systems based on the input-output
relation, and is only applicable to the linear, time-invariant single-variable systems, i.e.
systems with one input and one output only.

On the other hand, the time-domain method based on the state-space description is more
powerful. Its principle advantages are that it is easily implemented on a digital computer, it is
applicable to nonlinear systems and time-varying systems, it is readily extended to multivariable
systems, i.e. systems with several inputs and outputs, and it provides additional insight into

system behavior that transfer function analysis does not.
1.1.1 State Variable

The basis of modern control theory is the concepts of state and state variable. As the word
implies, the state of a system refers to the past, present, and future conditions of the system.
In general, the state can be described by a set of numbers, a curve, an equation, or something
that is more abstract in nature. For dynamic system, however, the state of a system is described
in terms of a set of state variables.

The state variables of a dynamic system is defined as the minimum set of variables such
that the initial values of these variables at time ¢, together with any input to the system for ¢ >
ty, will allow the behavior of the system to be determined uniquely for ¢ > tg. It should be
emphasized, however, that the selection of state variables is not unique; there are many
different sets of state variables that can be available for a given system.

A simple example of the state variable description of a dynamic system is the RLC circuit
shown in Fig. 1.1. For a passive RLC network, the number of state variables required is equal
to the number of independent energy-storage elements. The state of this system can be described
in terms of a set of state variables: x,,x,, where x, is the inductor current i; (¢) and x; is the

capacitor voltage vc(t). This choice of state variables is intuitively satisfactory because the
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stored energy of the network can be described in terms of R L
: o— T }+—"" 1 ——
these variables as -
1,. 1 +
E = ‘E‘Ll%+7cv% v; c:E_vC
Using Kirchhoff’s circuit laws, we obtain following

equations describing the change rate of capacitor voltage °
and that of inductor current, respectively Figure 1.1 State variable model of RLC

di

Lk o o Riy - ve + v; network
de
doc .
Cq =u

We can rewrite these equations as a set of first-order differential equations in terms of the

state variables x; and x, as follows

dx, R 1 1
FT R Al AT A
dvy 1
dt = ¢

Using above equations and the initial conditions of the network represented by x,(t) and
%,( ), we can determine the system’s future behavior.

For a particular system, the number of state variables is fixed and is equal to the system
order. Or, we can say that the number of state variables may be determined as the number of
initial conditions needed to solve the differential equation or the number of first-order

differential equations needed to define the system.

1.1.2 State-space Representation

The general form of a dynamic system is shown in

Fig. 1.2. ity Dynamic system ¥
Since the system behavior can be completely ) State variables

Uy Y

described with state variables, the state of a nth-order _#» Cxi,x, 00 Xn) Yq

linear time-invariant system can be described by a set

of n first-order differential equations, written in terms Figure 1.2 Dynamic system described with

of the state variables x;,%,,'**,%,, in general form, state variables

as
ﬁél(t) = auxl(t) + auxz(l) + 0+ a,,,x,,(t) + b“u,(t) + "+ blpup(‘)
2(1) = anxi(t) + anx(t) + = + (1) + byyuy(2) + - + boyu, () (1.1
fé,,(t) = a,,lxl(t) + a,,zxz(t) + "+ a,,,,x,,(t) + b,,lul(t) + "+ b,,pup(t)

where ¥ = dj} . This set of differential equations can be written in the matrix form as follows
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X1 a ap "t a1, || %1 by by blp uy
%) ay ap "t axn|| % by byp ot by || w2

=| ., . | I 2 . (1.2)
Xn Gl Qp2 " Qpn Xn bnl bn2 o bnp up

The column vector consisting the state variables is called a state vector and is written as

X1

The vector of input signals is denoted as #. Then the system can be represented with the
vector-matrix form of the state differential equation as
x(t) = Ax(t) + Bu(t) (1.3)
Eq. (1.3) is also commonly called the state equation. The n x n square matrix A is called the
system matrix; the n x p matrix B is called the input matrix. In this text, bold uppercase
characters refer to matrices, while bold lowercase characters refer to vectors.
In general, the outputs of a linear system can be related to the state variables and the input

signals by the output equation

Y1 it C2 'Y Ca || %1 dy dp - dlp uy
Y2 _ €21 Cxn 7 Cp || X2 N dy dp - dzp us
Yq Cq1 Cq2 7T Cgnt-Xp dg dp v dypilu,
1.e.
y(1) = Cx(t) + Du(r) (1.4)

where y is the set of output signals expressed in column vector form, the ¢ x n matrix C is
called the output matrix, and the ¢ x p matrix D is called the feedforward matrix or direct
transfer matrix. In many practical examples we have D = 0.

The combination of state-equation and output equation is called the state-space.
representation or state-space description. The block diagram shown in Fig. 1.3 is helpful for
visualizing the relationship between the various elements and signals. The double lines
represent vectors, rather than single variable, and the integral block symbolizes n integrators,
one for each state variable.

As for the linear time-varying systems, the standard state-space representation is of the

form

x(t) = A()x(t) + B(t)u(e)
y(t) = C(t)x(¢) + D(t)u(r)

where the matrixes A(t), B(t), C(t), and D(t) are continuous functions of time.
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Figure 1.3 Block diagram of general state-space description

1.2 State-Space Representation from
Input-Output Representation

In practice, it is often required to establish the space-state representation from the system
input-output representation, i.e. differential equation describing system’s dynamics. For
linear time-invariant systems it is possible to develop the same result from the corresponding
transfer function. In this section, we will consider only linear time-invariant single-variable
systems, so the inputs and outputs will be scalars. Since the state variables of a given system

are not unique, in general, we prefer to establish some “special” or canonical forms.
1.2.1 Input without Differential Items

Generally, a nth-order linear time-invariant system, for input without differential items,
can be described by a differential equation
Y08 + ary™ V() + o + anyy(t) + ay(e) = u(e) (1.5)
where y(t) is the output variable and u(¢) is the input. The corresponding transfer function is
given by
e )) = ] (1.6)

a0+ a1 + a,

1. Controllable Canonical Form

For the present case, we define the state variables as

x1(t) = y(t)
x(t) = y(t)

(1.7)
2, (t) = V(1)
Then, we can obtain a set of first-order differential equations
21(1) = x(1)
.i (t) = X (t)
R (1.8)

2 (1) == a(1) = a122(2) = = @y, (1) + u(t)
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In Eq. (1.8) the last equation is obtained by equating the highest-ordered derivative term to
the rest of Eq. (1.5). The output equation is simply

y(t) = x,(t) (1.9)
In the vector-matrix form, the state-space representation is written as
0 0
. In-l '
x(t) = 0 | x(t) + " u(t) (1.10)
P 1
y(2) =[1 0 - 0]x(z)

For reasons to be discussed later, a state-space representation is said to be in the
controllable canonical form if it has such a pair of system matrix and input matrix as shown in
Eq. (1.10). Note that the system matrix is a companion matrix, and the coefficients that
appear in the differential equation or transfer function also appear directly in the system matrix.
In fact, it is evident that this canonical form can be written directly from the given differential
equation or transfer function. '

The block diagram shown in Fig. 1.4 is drawn according to the state-space representation
given by Eq. (1.10), and is called the state variable diagram. This diagram is consists of
integrators, multiplicators, summators, and signal lines, and the output of each integrator is a

state variable.

u 1 Xn 1 Xn-1 1 X2 1 X|1=y
'O_‘ 5 5 i 5
—a —a —dn-y —dn
O ') Y
-/ / U/

Figure 1.4 State variable diagram
A linear time-invariant state-space representation that has a prescribed rational transfer
function is called a realization of this transfer function. The term “realization” is justified by
the fact that, by using the state-space representation, the system with the transfer function can

be built in the real world by using an operational amplifier circuit.
2.Observable Canonical Form

Taking Laplace transform of Eq. (1.5) under nonzero initial conditions and grouping the

terms associated with the same power of s, we get



* 6 - Modem Control Theory

(s" + a;s" '+ + a,)Y(s) =

U(s) + y(0)s" ! 4+ [y(0) + ayy(0)]s"2 + ==+ 4+
[y2(0) + a1y 2(0) + =+ + a,2y(0)]s +
[y(n—l)(O) & aly("-z)(O) + "+ an—ly(O)]

By inspection, based on above equation, the state variables can be chosen as
)

% =¥
Kool =Y + a1y
: . (1.11)
2 =y 4 aiy™ 4 4 g,y
g =y 4 a4 b oay )

Thus, from Eq. (1.5) and Eq. (1.11), we get another set of first-order differential equations

X =U - QY = U - ax,

X2 =X = Qp1Y = X1 — Qp_1%,

' (1.12)
R A L
5\.7,. =Xp-1 — A1%,
The output equation is
y =1, (1.13)
In the matrix form, the state-space representation is
0 0: -a, 17 |
. = Qn- 0
x= I 5 X+ [ (1.14)
- a 0
y=[0 = 0 1]x )

For reasons to be discussed later, a state-space representation is said in the observable canoni-
cal form if it has such a pair of system matrix and output matrix as shown in Eq (1.14). Further-
more, this canonical form can be written directly from the given differential equation or transfer
function. The state variable diagram of a state-space representation in observable canonical form is
shown in Fig. 1.5.

Example 1.1 Consider the following differential equation

y+3y+2y=u
Write its state-space representation in controllable canonical form and observable canonical form, re-
spectively.

Solution Defining x; = ¥ and x, = y yields the state-space representation in controllable

canonical form



