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INTRODUCTION TO CIRCLE PACKING

The topic of “circle packing" was born of the computer age but takes its inspiration and
themes from core areas of classical mathematics. A circle packing is a configuration of
circles having a specified pattern of tangencies, as introduced by William Thurston in 1985.
This book lays out their study, from first definitions to the latest theory, computations, and
applications. The topic can be enjoyed for the visual appeal of the packing images — over
200 in the book — and the elegance of circle geometry, for the clean line of theory, for
the deep connections to classical topics, or for the emerging applications. Circle packing
has an experimental and visual character that is unique in pure mathematics, and the
book exploits that character to carry the reader from the very beginnings to links with
complex analysis and Riemann surfaces. There are intriguing, often very accessible, open
problems throughout the book and seven Appendices on subtopics of independent interest.
This book lays the foundation for a topic with wide appeal and a bright future.



Preface

The circle is arguably the most studied object in all of mathematics, so it was a surprise at a
conference in 1985 to hear William Thurston introducing a new topic called circle packing.
And if encountering a new idea is one of the pleasures of mathematics, then seeing it attach
to your favorite topic is a true joy. When Thurston conjectured a connection between circle
packing and the venerable Riemann Mapping Theorem of 1851, I was hooked.

Now, nearly 20 years later, one sees that this was no mere passing encounter for these
topics. Circle packing has opened a discrete world that both parallels and approximates the
classical world of conformal geometry — a “quantum’ complex analysis that is classical in
the limit. In this book, I introduce circle packing as a portal into the beauties of conformal
geometry, while I use the classical theory as a roadmap for developing circle packing.

Circle packings are configurations of circles with specified patterns of tangency. They
should not be confused with sphere packings; here, it is the pattern of tangencies that is
central — the connection between combinatorics and geometry. We will study the existence,
uniqueness, computation, manipulation, display, and application of circle packings from
the ground up. There are no formal prerequisites for this study; indeed, I shamelessly
exploit the visual nature of circle packing and our native intuition about circles so that
even the novice mathematician can penetrate deeply into the subject. At the same time, I
have an obligation to circle packing itself as a new field, so the book is mathematically
rigorous.

To balance access with rigor, I have structured the book in four parts. For most readers,
Part I will be the first encounter with circle packings, so it is a broad overview: from
a circle packing managerie to the function-theory paradigm. We become more formal
in Part IT with a proof of the fundamental existence and uniqueness result for maximal
packings from first principles. Because the key roles are played by surprisingly elementary
geometric arguments, this can serve even the non-mathematician as an exemplar of a
robust and self-contained mathematical theory. In the classroom, Part II serves well as a
one semester course for advanced undergraduate or beginning graduate students.

I define a discrete analytic function theory based on circle packings in Part III. At its
core, analyticity is a profoundly geometric property, and this comes out in the discrete
setting in a very compelling way. The amazing integrity of the analogies is confirmed in
Part IV, when we prove that under refinement, the objects of the discrete theory converge
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Xii Preface

to their classical counterparts. We prove Thurston’s 1985 conjecture on the approkimation
of conformal maps (the Rodin/Sullivan Theorem) from first principles and then extend
it broadly to other functions and to conformal structures. The circle packing methods
described here have made the 150-year-old Riemann Mapping Theorem computable in
many situations for the very first time. I demonstrate a number of applications, the most
surprising of which involves “cortical brain mapping.” Material in Parts III and IV could
augment the traditional complex analysis sequence or serve as a basis for advanced topics
courses.

The book also provides a wealth of material for individual or group projects from the
undergraduate to the research level. I promote an intuitive and hands-on approach through-
out, posing many open questions and experimental opportunities; see in particular, the
several independent topics in the appendixes. I have provided “practica” on computational
and software issues for those willing to get their hands dirty, and one can always download
and run my software package, CirclePack. The book closes with a full circle packing
bibliography.

People are drawn to mathematics for any number of reasons, from the clarity in elemen-
tary geometry, the challenge of richly layered theory and open questions, the discipline
of computation, to the need for results in other areas. Read with an open mind and you
can find all of these in circle packing — and I have not even mentioned the pure aesthetic
pleasure of the pictures, which can sustain us all through the rough patches. I hope you
enjoy circle packing.

I have many people to thank for their advice, encouragement, and patience over the
years of this book’s writing. Thanks go to my circle packing collaborators and friends,
from whom I've learned so much: Dov Aharonov, Phil Bowers, Charles Collins, and
Alan Beardon; also to my former students Tomasz Dubejko and Brock Williams, great
circle packers both. Special thanks to Alan Beardon and Fred Gehring for their unfailing
encouragement and sage advice over the years; to Oded Schramm, Jim Cannon, and Bill
Floyd for many enjoyable and insightful conversations; and to William Thurston for the
audacious notion of circle packing. To my many friends in classical function theory: I'm
still one of you!

I began writing during a sabbatical at the University of Cambridge; my thanks to
the department and, particularly, to Alan Beardon, Keith Carne, and my part-III class.
Of course, this project could never have succeeded without the continued support and
encouragement of wonderful colleagues and staff here at the University of Tennessee.
Thanks to the circle packing class who helped me hone my notes: James Ashe, Matt
Cathey, Denise Halverson, and Jason Howard. Finally, I acknowledge a debt of gratitude
to the National Science Foundation for its financial support over the years and, likewise,
to the Tennessee Science Alliance.



II

Contents

Preface

An Overview of Circle Packing
A Circle Packing Menagerie

1.1. First Views

1.2. A Guided Tour

Circle Packings in the Wild

2.1. Basic Bookkeeping

2.2. The Storyline

Practicum I

Notes I

Rigidity: Maximal Packings
Preliminaries: Topology, Combinatori

3.1. Surfaces and Their Triangulations

3.2. The Classical Geometries

3.3. Circles, Automorphisms, Curvature

3.4. Riemann Surfaces

Statement of the Fundamental Result
Bookkeeping and Monodromy

5.1. Bookkeeping

5.2. The Monodromy Theorem
Proof for Combinatorial Closed Discs
6.1. A Mind Game

6.2. Monotonicities and Bounds

6.3. The Hyperbolic Proof

Proof for Combinatorial Spheres
Proof for Combinatorial Open Discs
8.1. Existence and Univalence

8.2. Completeness

8.3. Uniqueness

8.4. Proof of Lemma 8.7

page xi
1
3
3
6

15
15
17
29
3
33
35
35
39
48
49
51
54
54
58
62
62
63
66
72
@3
i
81
95
112

cs, and Geometry

vii



viil Contents

9 Proof for Combinatorial Surfaces e
9.1. A Discrete Torus ' 116

9.2. A Classical Torus 118

9.3. The Proof 120

9.4. One Final Example 125
Practicum II 126
Notes II 129

III Flexibility: Analytic Functions ' 131
10 The Intuitive Landscape 133
10.1. Think Geometry! 134
10.2. Fundamentals ‘ 135
10.3. Discrete Analytic Functions 136
10.4. Discrete Conformal Structures 137

11 Discrete Analytic Functions 139
11.1. Formal Definitions 139
11.2. Standard Mapping Properties 140
11.3. Branching 141
11.4. Boundary Value Problems 143
11.5. The Maximum Principle 149
11.6. Convergence 150

12 Construction Tools 153
12.1. Cutting Out 153
12.2. Slitting 153
12.3. Combinatorial Pasting 154
12.4. Doubling 156
12.5. Combinatorial Welding 156
12.6. Geometric Pasting 157
12.7. Schwarz Doubling 158
12.8. Refinement, etc. 158

13 Discrete Analytic Functions on the Disc 160
13.1. Schwarz and Distortion 160
13.2. Discrete Univalent Functions 161
13.3. Discrete Finite Blaschke Products 163
13.4. Discrete Disc Algebra Functions 167
13.5. Discrete Function Theory 169
13.6. Infinite Combinatorics 173
13.7. Experimental Challenges 176

14 Discrete Entire Functions 181
14.1. Liouville and (Barely) Beyond 181
14.2. Discrete Polynomials 182
14.3. Discrete Exponentials 188

14.4. The Discrete Error Function ' 189



15

16

| 9

18

v
19

20

21

Contents

14.5. The Discrete Sine Function
14.6. Further Examples?

Discrete Rational Functions

15.1. Basic Theory

15.2. A Fortuitous Example

15.3. Special Branched Situations
15.4. Range Constructions
Discrete Analytic Functions on
Riemann Surfaces

16.1. Ground Rules

16.2. Discrete Branched Coverings
16.3. Discrete Belyi Functions
16.4. Further Examples

16.5. Alternate Notions of “Circle Packing”
Discrete Conformal Structure
17.1. A Key Example

17.2. Discrete Formulation

17.3. Extremal Length

17.4. The Type Problem

17.5. Packable Surfaces

Random Walks on Circle Packings

18.1. Random Walks and Electrical Networks

18.2. Technical Background

18.3. Random Walks and “Type”

18.4. Completion of a Proof

18.5. Geometric Walkers

18.6. New Intuition?

Practicum IIT

Notes III

Resolution: Approximation
Thurston’s Conjecture

19.1. Geometric Ingredients

19.2. Proof of the Rodin—Sullivan Theorem
19.3. Example

Extending the Rodin—Sullivan Theorem
20.1. Outline

20.2. Proving the Lemmas

20.3. The Ratio Functions

20.4. Companion Notions

20.5. The He—Schramm Theorem
Approximation of Analytic Functions
21.1. Approximating Blaschke Products

X

192
194
195
195
196
197
199

201
201
202
209
211
213
217
217
219
220
225
229
232
232
233
234
237
240
241
243
245
247
249
250
251
254
257
258
259
263
264
266
268
268



22

2B

Contents

21.2. Approximating Polynomials

21.3. Further Examples

Approximation of Conformal Structures
22.1. Polyhedral Surfaces

22.2. The Ten-Triangle-Toy

22.3. Convergence

22.4. More General in Situ Packings
Applications

23.1. “Dessins d’Enfants” of Grothendieck
23.2. Conformal Tilings

23.3. Conformal Welding

23.4. Brain Flattening

23.5. Summary

Practicum IV

Notes IV

Appendix A. Primer on Classical Complex Analysis
Appendix B. The Ring Lemma
Appendix C. Doyle Spirals

Appendix D. The Brooks Parameter
Appendix E. Inversive Distance Packings
Appendix F. Graph Embedding
Appendix G. Square Grid Packings
Appendix H. Schwarz and Buckyballs
Appendix I. CirclePack
Bibliography

Index

271
272,
275
275
276"
277
281
286
286
290
295
299
302
303
306
309
318
322
327
331
335
339
343
346
347
354



|
|
|
|

I

. _ircle Packing

Circle packing has arrived so recently on the mathematical scene as to be totally new to
many readers. Therefore, I am devoting Part I to an informal and largely visual tour of the
topic, introducing only the most basic terminology and notation, but giving the reader a
glimpse of how the full story will unfold. We all understand circles, but the reader may
be surprised at how deeply they can carry us into the heart of conformal geometry.

Chapter 1 begins with a visit to a “menagerie” of circle packings, a wide-ranging collec-
tion that I hope you enjoy as much in the touring as I did in the collecting. The Menagerie
suggests our first theme: Given a specified combinatoric pattern, what can one say about
the existence, uniqueness, and variety of circle packings having those combinatorics?
In Chapter 2 we get a view of the landscape beyond existence and uniqueness, where
the central theme of the book — the emergence of fundamental parallels with analytic
functions — plays out. I hope to set a style here that will carry on throughout the book,
namely, one that engages the reader’s native intuition not about static pictures, but about
packing dynamics: How does a packing react if we change its boundary radii? If we
introduce branching? How are the combinatorics and geometry feeding off one another?
Deep classical themes will bubble to the surface with a surprising ease and clarity if one
only remains open to the possibilities.

At the end of Part I is the first of four practica inviting the reader into the experimental
side of the topic. Circle packings exist both in theory and in fact. The book requires
nothing more than mental experiments, but those with an adventurous spirit may wish to
grapple with my software package CirclePack or even do their own coding.






1
A Circle Packing Menagerie

1.1. First Views

In the belief that images speak louder than words, I will begin with a preliminary ramble
through a menagerie of circle packings. Look for the common features and the differences
in preparation for the guided tour to follow.

Figure 1.1. Collection 1.



4 A Circle Packing Menagerie

Figure 1.2. Collection 2.



1.1. First Views

Figure 1.3. Collection 3.



6 ! A Circle Packing Menagerie

Figure 1.4. Collection 4.

The examples we have seen so far have been relatively tame. Before we start our guided
tour, let us turn up the heat a notch with the more involved examples in Figure 1.4. Some
of these reflect the complexity of applications; others contain internal symmetries, the
more subtle of which may not be immediately evident. They represent topics we will
touch upon in Parts III and IV of the book.

1.2. A Guided Tour

We start with some basics that you may already have deduced. First, there are three
geometric settings for our packings, euclidean, spherical, and hyperbolic. In Figure 1.1



1.2. A Guided Tour q

we see the familiar euclidean plane R? in (a) and (b), the sphere in (c), and the interior
of a disc in (d). Throughout the book, we treat R? as the complex plane C and make
use of complex arithmetic. The sphere will be the Riemann sphere, represented as the
ordinary unit sphere in R and denoted by IP (for complex projective space). The outer
circle enclosing the packing of Figure 1.1(d) is not part of the packing; rather it is the
boundary of the unit disc D in the plane. Here, however, D represents the Poincaré disc, a
standard model of the hyperbolic plane. The geometries of P, C, and D will be of central
importance in our work and we will have more to say about their distinct personalities
shortly.

Next, observe that each packing involves an underlying pattern of tangencies. The
hierarchy of structures is indicated in Fig. 1.5. All our tangencies are external, each circle
lying outside the disc bounded by the other. In fact, however, tangencies do not occur in
isolated pairs; rather the fundamental units of the patterns are mutually tangent triples of
circles (triples, for short), with each triple forming a (curvilinear) triangular interstice.
Triples are as important to the rigidity associated with circle packings as cross-bracing is
to the rigidity of a bookcase. In turn, the triples of a pattern are linked together through
shared pairs of circles to form the next level of structure, the flower, consisting of a central
circle and some number of petal circles, the chain of successively tangent neighbors.
The number of petals defines the degree of the central circle. The condition that every

-«——— circle

-«—— tangent pair

interstice
T tdple

h.

petal

<— flower

Figure 1.5. A hierarchy of circle packing structure.



