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To thetudent

_ The Usefulness of Mathematics

elcome to the study of college algebra and its appli-

cations. Most of the students who take this course

will go on to major in business or economics, in the

life or health sciences, in the social sciences, or in
education. Whether you know your future major or not, you will gain a lot
from this course. Why? Because the examples and exercises chosen for this
text are drawn from your future major field of study. You’ll learn college
mathematics from this book, but you will also learn a lot about the practical
issues and problems that you will encounter soon enough in your courses and
your career.

The study of math does more than show you how to solve practical prob-
lems. It also cultures orderliness and precision in thinking. The study of
mathematics helps you to express ideas in a very orderly and precise way.
Mathematics is a language. It is a very precise language through which a per-
son can describe the order and pattern in nature. Industries and business
firms, people and plants, and cities and nations are all elements of nature.

So there are many useful applications of mathematics in the management,
social, and life sciences, just as there are applications of mathematics in the
physical sciences. As you learn to express ideas in the language of mathemat-
ics, you will sharpen your own thinking.

There is another aspect of the study of mathematics that relates to the
orderliness of this language and its applications to natural phenomena.

As you use mathematical concepts to express the orderliness of phenomena
in the world of business and society, you will notice that some mathematical
concepts appear again and again in different applications or different contexts.

TO THE STUDENT



TO THE STUDENT

As you notice these different instances of common mathematical ideas, you
will learn to recognize the simple, more universal concepts that underlie the
apparently diverse phenomena of the world. When you recognize the pat-
tern, the mathematical concept, then the specific examples that you encounter
will no longer seem foreign to you. They will seem familiar. You will think to
yourself, “Aha! That’s just a linear relationship. I know how to use that.”

These two attributes of mathematics — its precision of language and its
orderliness of content — help you to develop the two extremes of mental abil-
ity. Your thinking must be sharp and precise on the one hand, yet broad and
integrative on the other. I have worked with students to develop these quali-
ties of mind, and I have seen that it is possible and valuable (see www.tm.org).

The applications of mathematics that you will find in this book will be
both interesting and informative. Of course, they have to be interesting, or
else most students would forget the mathematics that the applications are
supposed to illustrate. But the examples in this text will be informative as
well. They will give you a sneak preview of the topics that you will soon be
studying in your major.

Study carefully the examples in this book. As you read the exercises,
you will learn some new vocabulary of the discipline from which the example
was taken. Don’t be afraid of unfamiliar words like “demand curve” or “cost
function.” In so many cases, you will see that a new word from a discipline
merely expresses an old, familiar idea from mathematics. When you later
take courses in economics, sociology, ecology, and so on, you will remember
back to the applications of mathematics that you learned in this course, and
they will not seem new to you.

Best wishes,
Scott Herriott



ollege Algebra is often a challenging course to teach. The

students, faculty, and client departments across campus seem

to have different purposes for the course. To state the point

in extremes, for the students it is a required course that ap-
pears to be a repetition of what they already saw — and learned to some
degree — in high school. To the mathematics faculty, it is a precalculus course
that should develop students’ analytic skills. And the client departments

require it as a foundation for the mathematical content of their majors.

The key to satisfying all parties is to look carefully at why the client
departments require college algebra and to use a textbook that develops the
skills of thinking and analysis that students will need in their future majors.
The development of this text benefited from data on 3,300 college algebra
students at a dozen schools in the Midwest. The data showed that it is not un-
common for 40%—-45% of the college algebra students to be headed toward
a business major. Life/health sciences, social sciences, and education account
for another 40%—45% of the intended majors of these students. At most
schools, only about 10%—15% of the college algebra students even think
they are headed toward a mathematically intensive major. On average across
schools, this means that most of the students will later be taking statistics,
that less than one-half will take a one-term course in calculus for business
and the life sciences, and that about one-tenth of the class will attempt a full-
year sequence of calculus.

The students want a college algebra course that will help them in their
future study. This text motivates these students with numerous interesting,
practical applications that they will encounter in their majors. In preparing

TO THE TEACHER
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the exercise sets, I scoured the fields of business, psychology, biology, health,
human physiology, and sociology for new applications that will convince the
students they really need to study this math.

This approach can be very satisfying to the instructor, because it devel-
ops in the students some deep skills of thinking and analysis. The most fun-
damental of these is mathematical modeling — the ability to take a verbal or
numerical description of a phenomenon and to express it in a graph or equa-
tion. The students in this course learn to identify the distinctive mathemati-
cal characteristics of the linear, exponential, power, and quadratic functions.
Working through many examples, they learn how to see these characteristics
in the natural-language descriptions of phenomena. As they develop the abil-
ity to generalize, they come to appreciate the power of mathematics.

The modeling is just a context for the study of algebra. Algebra comes
into play when the students have to solve their model equations to answer a
practical question. The techniques for solving equations, and the mathemati-
cal principles behind those techniques, are the core of this text.

I'have enjoyed the process of researching and writing this book. I hope
that you and your students have a similar experience in using it.

Scott Herriott
Fairfield, Towa
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1.1 Tables, Graphs, and Equations
1.2 Solving a Proportional Equation
1.3 Solving Linear Equations

hen people hear the word “mathematics,” they tend

to think of addition, subtraction, multiplication, and

division of numbers. But mathematics is not really

about numbers. Genuine mathematics, the kind of
“higher” mathematics that you will learn from this text, is about relationships
among various aspects of ourselves, phenomena in our society, and all that
exists in our environment. Mathematics provides a language that we can use
to describe these relationships.

This first chapter is a review of a few key ideas in elementary algebra.
Some students will find nothing new here, but for others — especially those
who have been away from mathematics for a while — this chapter will be a
nice way to wade back into the pool slowly. If these ideas have grown some-
what faded in your memory, take the time to read through the chapter, work
the tasks suggested in the “Practice” boxes as you are reading, and do some
of the exercises at the end of each section.

Tables, Graphs, and Equations

LEARNING OBJECTIVES

Understand what variables are and how they are used to express relationships.

Distinguish among various elements of the real number system: natural, rational, and irra-
tional numbers and integers.

Express a relationship between variables using tables, graphs, and equations.

1.1 TABLES, GRAPHS, AND EQUATIONS 1



CHAPTER 1

REVIEW OF ELEMENTARY CONCEPTS

n this section, we look at three different ways to describe the relation-

ship between two variables: as a table of numbers, as a graph, and as a

mathematical equation. You will also learn how to transform one type
of description — table, graph, or equation — into another.

Variables and Their Relationships

When we understand how two things vary in relation to each other, we can
use knowledge about one thing to help predict the other. For example, a small
business owner may want to know how the price charged for a product affects
the quantity that will sell. This knowledge can help the businessperson to de-
termine the best price to charge for the product. An exercise physiologist may
want to know the way in which an athlete’s performance varies with the amount
of training the athlete undertakes. A biologist might want to know how the re-
production rate of bacteria in a biogas production facility depends on temper-
ature in order to determine if the facility should invest in a heater.

In each of these examples, a person is trying to describe the relationship be-
tween one variable and another. A variable is almost always an attribute of some
object. It is an attribute that can be measured or recorded, such as the weight
of a textbook, the distance to a wall, or the gender of a person. “Time” is an ex-
ception to this rule: it is used as a variable, but it isn’t an attribute of an object.

The object on which you might take a measurement of a variable is called
a case, and the recorded quantity or type is the value of the variable for that
case. Variables whose values can be expressed as numbers, such as weight or
distance, are called numerical variables. Variables such as gender that can only
be described by category names, “male” and “female,” are referred to as cat-
egorical variables.

For example, if a medical researcher suspects that alcohol reduces the ef-
fectiveness of the immune system, a research study might investigate a hy-
pothesized relationship between alcohol consumption and the incidence of
disease, taking measurements on other variables that might influence this re-
lationship, such as gender and weight. If the data were taken on 100 college
students, each student would be one case of observation. Each student would
be measured on those four variables. Alcohol consumption and weight are nu-
merical variables. Gender is categorical. The incidence of disease could be
measured either as a categorical variable (“yes” or “no” in the semester) or as
a numerical variable (number of days ill during the semester).

PRACTICE

What type of variable (numerical or categorical) is each of the following?

1. Bank account balance

2. Marital status

3. Student’s semester at college

4. Student’s year of college

5. Level of pain experienced by a person brought into an emergency room

Answers: (1) numerical, (2) categorical, (3) numerical, (4) either, (5) categorical
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The variable in (1) is numerical because the value of a bank account bal-
ance is measured in dollars. The variable in (2) is categorical because it is
either “single” or “married.” Sometimes “widowed™ and “divorced” are also
added as subcategories of “single.” The variable in (3) is numerical because a
student’s semester can be denoted with the numbers 1 through 8, signifying the
number of semesters that a person has been enrolled at college. The variable
in (4) could be measured either as numerical or categorical: as a count of years
or by category “freshman,” “sophomore,” “junior,” and “senior.” The actual
measurement will depend on the purposes for which the information is to be
used. The variable in (5) will probably be measured categorically in any prac-
tical usage. An admitting nurse may ask a patient, “Is your pain low, moder-
ate, or severe?” This question gives three categories that can indicate the level
of pain. But such a measurement system could be made numerical if the nurse
were instructed to ask everyone, “On a scale of 1 to 10, how severe is your
pain?” This example shows that some variables can be given a numerical mea-
surement, even if it is only a subjective measure.

Information in Tabular Form

Quantity sold
Store Price (8)  per week (Ib.)
Store A 3.40 150
Store B 2.85 300
Store C 3.00 265
Store D 335 170
Store E 3.20 210
P
4 -
~ 3
a
5
224
(-9 14
0 —
A B C D E
Store
FIGURE 1.1

Let’s say that a grocery chain wants to find out what the re-
lationship is between the price of butter and the number of
pounds sold per week. One way to show the relationship be-
tween these two variables is to use a table such as the one here.
Each row represents a case that is observed, namely the indi-
vidual stores in the Garzolli grocery chain. The columns de-
scribe two attributes of the stores’ sale of butter, the variables
price and quantity.

Look a little closer, and you will notice that the table also

shows the relationship between the two variables, price and quantity. By ex-
amining the table, we can see that stores that charge a higher price of butter
tend to have lower weekly sales.

Bar graph showing the prices at stores A to E

Now, let’s consider how the information in this table
can be presented graphically.

The Bar Graph

A bar graph enables you to compare the level of a
single variable across several categories. In the case of
the Garzolli stores, we can use a bar graph (Figure 1.1) to
compare the price of butter across different stores. The
various cases (here, the stores) are arrayed left to right
on the horizontal axis. This permits a person to compare
visually the heights of the different bars: a bar that is
twice as tall as another signifies a quantity that is twice as

S large, and so on.

The order in which the cases (e.g., stores) are pre-
sented left to right does not matter in a bar graph. Like
categories, they are not logically ordered in any way.
However, it is not unusual to find bar graphs in which the
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Month’s profit ($ in hundred thousands)
o
|

—1 - A

FIGURE 1.2

C
Store

REVIEW OF ELEMENTARY CONCEPTS

instances are ordered so that the bars are increasing in height, or decreasing in
height, from left to right.

Bar graphs can be used to represent both positive and negative values. The
table below lists the monthly profits of five Garzolli stores during May 2004.
As you can see, some stores posted a loss for the month, a negative profit.

Monthly
Store profits ($)

Store A 120,000
Store B 450,000
Store C —50,000
Store D 200,000
Store E —25,000

In a bar graph, such as Figure 1.2, the profits are
shown as the length of the bars, which are measured
against a number line on the vertical axis. As you can
see, the bar graph is useful for showing the relative mag-
nitude of different quantities. The magnitude— or ab-
solute value— of a number is its distance from zero
along the number line.

The length-of the bar downward shows the magni-
tude of a negative number in the bar graph. Comparing

S the bars for stores C and E in Figure 1.2, we see that the
magnitude of the loss experienced by store C was twice

E as great as the magnitude of the loss at store E. The
graph also tells us that store A has a profit whose mag-

nitude is just over twice as large as the magnitude of the

Bar graph showing both positive and negative numbers loss at store C.

The Real Number System

This is a good time to pause and reflect about the numbers on the vertical
axis of a bar graph. Any measurable quantity can be represented as a distance
up (positive quantities) or down (negative quantities) along the vertical scale.
The markers at intervals of $100,000 along the vertical axis are just a few of the
numbers that are represented on the line. Every point on that line, as far up
and as far down as one can imagine, represents some number. This is a very
important idea.

All the numbers on the line represent a measurable distance. They are
part of the real number system or, put another way, the set of real numbers.
The real numbers can be pictured as a line. In a bar graph, the real numbers
appear as a vertical line with positive numbers in the upward direction and
negative numbers in the downward direction. However, the real number line is



