MONOGRAPHS AND RESEARCH NOTES IN MATHEMATICS

car
Functional Analysis
in Banach Spaces

and Banach Algebras

I'ixed Point Theory

under Weak "Topology

for Nonlinear Operators

and Block Operator Matrices
with Applications

Aret Jeribi
Bilel Krichen

CRC Press
Taylor & Francis Group

A CHAPMAN & HALL BOOK



MONOGRAPHS AND RESEARCH NOTES IN MATHEMATICS

Nonlinear
Functional Analysis
in Banach Spaces
and Banach Algebras

Fixed Point Theory

under Weak Topology

for Nonlinear Operators

and Block Operator Matrices
with Applications

- -

EL YRR ok
Aref Jeribi | 5 Eﬁ 45
L g8

University of Sfay

Tunisia

Bilel Krich&@

University of Sfax

@ CRC Press
Taylor & Francis Group

Boca Raton London New York

Tunisia

CRC Press is an imprint of the
Taylor & Francis Group, an informa business

A CHAPMAN & HALL BOOK



CRC Press

Taylor & Francis Group

6000 Broken Sound Parkway N'W, Suite 300
Boca Raton, FL 33487-2742

© 2016 by Taylor & Francis Group, LLC
CRC Press is an imprint of Taylor & Francis Group, an Informa business

No claim to original U.S. Government works

Printed on acid-free paper
Version Date: 20150619

International Standard Book Number-13: 978-1-4987-3388-5 (Hardback)

This book contains information obtained from authentic and highly regarded sources. Reasonable
efforts have been made to publish reliable data and information, but the author and publisher cannot
assume responsibility for the validity of all materials or the consequences of their use, The authors and
publishers have attempted to trace the copyright holders of all material reproduced in this publication
and apologize to copyright holders if permission to publish in this form has not been obtained. If any
copyright material has not been acknowledged please write and let us know so we may rectify in any
future reprint.

Except as permitted under U.S. Copyright Law, no part of this book may be reprinted, reproduced,
transmitted, or utilized in any form by any electronic, mechanical, or other means, now known or
hereafter invented, including photocopying, microfilming, and recording, or in any information stor-
age or retrieval system, without written permission from the publishers.

For permission to photocopy or use material electronically from this work, please access www.copy-
right.com (http://www.copyright.com/) or contact the Copyright Clearance Center, Inc. (CCC), 222
Rosewood Drive, Danvers, MA 01923, 978-750-8400. CCC is a not-for-profit organization that pro-
vides licenses and registration for a variety of users. For organizations that have been granted a photo-
copy license by the CCC, a separate system of payment has been arranged.

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are
used only for identification and explanation without intent to infringe.

Visit the Taylor & Francis Web site at
http://www.taylorandfrancis.com

and the CRC Press Web site at
http://www.crcpress.com

FSC. wonebissoume Printed and bound in Great Britain by
wwmn FSC*CO13068 TJ International Ltd, Padstow, Cornwall




MONOGRAPHS AND RESEARCH NOTES IN MATHEMATICS

Series Editors

John A. Burns
Thomas J. Tucker
Miklos Bona
Michael Ruzhansky

Published Titles
Application of Fuzzy Logic to Social Choice Theory, John N. Mordeson, Davender S. Malik
and Terry D. Clark

Blow-up Patterns for Higher-Order: Nonlinear Parabolic, Hyperbolic Dispersion and
Schrédinger Equations, Victor A. Galaktionov, Enzo L. Mitidieri, and Stanislav Pohozaev

Cremona Groups and Icosahedron, Ivan Cheltsov and Constantin Shramov

Difference Equations: Theory, Applications and Advanced Topics, Third Edition,
Ronald E. Mickens

Dictionary of Inequalities, Second Edition, Peter Bullen
Iterative Optimization in Inverse Problems, Charles L. Byrne

Modeling and Inverse Problems in the Presence of Uncertainty, H. T. Banks, Shuhua Hu,
and W. Clayton Thompson

Monomial Algebras, Second Edition, Rafael H. Villarreal

Nonlinear Functional Analysis in Banach Spaces and Banach Algebras: Fixed Point
Theory under Weak Topology for Nonlinear Operators and Block Operator Matrices with
Applications
Aref Jeribi and Bilel Krichen

Partial Differential Equations with Variable Exponents: Variational Methods and Qualitative
Analysis, Vicentiu D. Ridulescu and Du$an D. Repovs

A Practical Guide to Geometric Regulation for Distributed Parameter Systems,
Eugenio Aulisa and David Gilliam

Signal Processing: A Mathematical Approach, Second Edition, Charles L. Byrne
Sinusoids: Theory and Technological Applications, Prem K. Kythe
Special Integrals of Gradshetyn and Ryzhik: the Proofs — Volume [, Victor H. Moll

Forthcoming Titles
Actions and Invariants of Algebraic Groups, Second Edition, Walter Ferrer Santos
and Alvaro Rittatore
Analytical Method's for Kolmogorov Equations, Second Edition, Luca Lorenzi
Complex Analysis: Conformal Inequalities and the Bierbach Conjecture, Prem K. Kythe

Computational Aspects of Polynomial Identities: Volume |, Kemer’s Theorems, 2nd Edition
Belov Alexey, Yaakov Karasik, Louis Halle Rowen



Forthcoming Titles (continued)

Geometric Modeling and Mesh Generation from Scanned Images, Yongjie Zhang
Groups, Designs, and Linear Algebra, Donald L. Kreher
Handbook of the Tutte Polynomial, Joanna Anthony Ellis-Monaghan and lain Moffat

Lineability: The Search for Linearity in Mathematics, Juan B. Seoane Sepulveda,
Richard W. Aron, Luis Bernal-Gonzalez, and Daniel M. Pellegrinao

Line Integral Methods and Their Applications, Luigi Brugnano and Felice laverno
Microlocal Analysis on R"n and on NonCompact Manifolds, Sandro Coriasco

Practical Guide to Geometric Regulation for Distributed Parameter Systems,
Eugenio Aulisa and David S. Gilliam

Reconstructions from the Data of Integrals, Victor Palamodov
Special Integrals of Gradshetyn and Ryzhik: the Proofs — Volume I, Victor H. Moll

Stochastic Cauchy Problems in Infinite Dimensions: Generalized and Regularized
Solutions, Irina V. Melnikova and Alexei Filinkov

Symmetry and Quantum Mechanics, Scott Corry



To

my mother Sania, my father Ali,

my wife Fadoua, my children Adam and Rahma,

my brothers Sofien and Mohamed Amin,

my sister Elhem,

my mother-in-law Zineb, my father-in-law Ridha, and
all members of my extended family ....

Aref Jeribi

To
the memory of my mother Jalila,
my father Hassan,
my wife Nozha, and my children Mohamed and Zaineb.

Bilel Krichen






Preface

This book focuses on fixed point theory for block operator matrices and its
applications to a wide range of diverse equations such as, e.g., transport equa-
tions arising in the kinetic theory of gas (see [63]), stationary nonlinear bio-
logical models (see [138]), and in particular two-dimensional boundary value
problems arising in growing cell populations and functional systems of inte-
gral equations. In all these topics, we are faced with problems such as the
loss of compactness of mappings and/or missing appropriate geometric and
topological structure of their underlying domain. Hence, it is convenient that
we focus on fixed point results under the weak topology.

As a general rule, emphasis is generally put on some generic and recent re-
sults regarding the main topic, since it would be impossible to aim for complete
coverage. Simultaneously throughout the chapters (5-7), we tried to illustrate
the diversity of the theoretical results in the different settings (Banach spaces
and Banach algebras).

In recent years, a number of excellent monographs and surveys presented
by distinguished authors about fixed point theory have appeared such as, e.g.,
(2, 3, 45, 88]. Most of the above mentioned books deal with fixed point theory
related to continuous mappings in topology and all its modern extensions.
However, it is not always possible to show that a given operator between Ba-
nach spaces is weakly continuous. Quite often, its weak sequential continuity
does not present any problem. As a first aim, this book is devoted to the study
of several extensions of Schauder’s and Krasnosel’skii’s fixed point theorems
to the class of weakly compact operators acting on Banach spaces as well as
Banach algebras, in particular on spaces satisfying the Dunford-Pettis prop-
erty. Notice that both of the above mentioned theorems can be used in order
to resolve some open problems, seen in [99] and [115]. We first give some ex-
tension forms of Schauder’s theorem by using some tools of the weak topology.
Then, we present other results which are deduced by quite simple arguments.
The notion of weak sequential continuity seems to be the most convenient one

xi



xii Preface

to use. It is not always possible to show that a map is weakly continuous.
However, weakly sequentially continuous maps are shown to be the most con-
venient ones to use. That is why some new variants of fixed point theorems
involving the measure of weak noncompactness and based on the notion of
weak sequential continuity are presented in Banach spaces as well as Banach
algebras. Some nonlinear alternatives for the sum of two weakly sequentially
continuous mappings, and belonging to Leray—Schauder and Furi-Pera, are

also presented.

The second objective of this book is dealing with the following question:
Under which conditions will a 2 x 2 block operator matrix with nonlinear en-
tries (and acting on Banach spaces and Banach algebras) have a fixed point?
Based on the previous extension established under the weak topology setting,
we are planning to extend these results by proving that, under certain hy-
potheses associated with its nonlinear entries, the 2 x 2 block operator matrix

/
E::(A B.B)
¢ D

has a fixed point in Q x ©', where © and Q' constitute two nonempty, closed,
and convex subsets of Banach spaces or Banach algebras. This discussion is
based on the presence or absence of the invertibility of the diagonal terms of
T —L. Several fixed point theorems from Chapter 2 enable us to get new results
for a particular 2 x 2 block operator matrix involving operators such as, e.g.,
D-Lipschitzian, convex-power condensing, weakly sequentially continuous...,
acting on a Banach algebra X. A regular case is considered when X is a
commutative Banach algebra satisfying the so-called condition (P); that is,
for any sequences {z,} and {y,} in a Banach algebra X such that z, —
z and y, — y, then z,.y, — z.y; here — denotes the weak convergence.
That condition is very important and plays a key role in the investigations
conducted in the proposed monograph. A new recent work is considered, when
the entries are assumed multi-valued mappings.

Many applications to a wide range of diverse equations such as, e.g., trans-
port equations arising in the kinetic theory of gas [97], stationary nonlinear
biological models, in particular the two-dimensional boundary value problem
arising in a growing cell population, a functional system of integral equations,
and differential inclusions, are presented.

We should emphasize that this book is the first one dealing with the topo-
logical fixed point theory for block operator matrices with nonlinear entries
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in Banach spaces and Banach algebras. This book can also be regarded as a
modest contribution to the fixed point theory in Banach spaces and Banach
algebras. Researchers, as well as graduate students in applicable analysis, will
find that this book constitutes a useful survey of the fundamental principles
of the subject. Nevertheless, the reader is assumed to be, at least, familiar
with some related sections concerning notions like the fixed point theorems
of Schauder, Krasnosel’skii, Leray—Schauder and Furi-Pera, the basic tools
of the weak topology, the concept of measures of weak noncompactness, and
the transport equations, etc. Otherwise, the reader is urged to consult the
recommended literature in order to benefit fully from this book.

There are some theorems which are based upon a number of hypotheses.
These results are very recent. We should notice that, in a future and improved
version of this book, the number of hypotheses in some theorems could be
lowered and yet lead to the same conclusions. In other words, it may be
possible to find an optimum number of hypotheses in the future.

The first author should mention that in the thesis work performed under
his direction, by his former students and present colleagues Afif Ben Amar,
Ines Feki, Bilel Krichen, Soufien Chouayekh, Rihab Moalla, Bilel Mefteh, Na-
jib Kaddachi, and Wajdi Chaker, the obtained results have helped us in writing
this monograph.

Finally, we would like to thank our friends and colleagues, particularly
Pr. Ridha Damak whose encouragement and valuable remarks influenced the
development of this monograph. We are grateful to Dr. Bilel Mefteh, Dr.
Wajdi Chaker, Dr. Rihab Moalla, and Dr. Najib Kaddachi, who have read
and commented upon the entire manuscript. Their constructive criticism has
led to many improvements and has been a very great help. We encourage any
comments or suggestions from any researcher. These comments or suggestions
will certainly enable us to integrate some improvements for a new version of
this book.

Aref Jeribi and Bilel Krichen

Sfax
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Symbol Description

The most frequently used notations, symbols, and abbreviations are listed

below.

N The set of natural numbers.
R, C  The fields of real and

complex numbers,
respectively.

R™ The n-dimensional real

space.
inf(A)

set A.

B, The ball with radius .

Bx The unit ball in X.

d(z,y)
Y.

(X,d) The metric space X.

X*, X' The dual of X.

diam(A) The diameter of the set A,
where A is a subset of a

metric space X.

dim(X) The dimension of the space

X.
Izl The norm of z.

(X, |-]l) The linear normed space X.

{zr,}  The sequence {z,}.
(P) The (P) property.

BOM  Block Operator Matrix.

The infimum of the set A.
sup(A) The supremum of the set A.
0A The boundary of the set A
OnA The boundary in 2 of the

The distance between x and

P(X)
Gr(T)
Q7

Set of subset of X.

The graph of T'.

The D-function of the
mapping 7.

The family of all closed
subsets of S.

The family of all convex
subsets of S.

Pei.cv(S) The family of all closed

l.s.c

u.s.C

C(,R)

Co(I)

c(J, X)

C(J;R)

C(J)

convex subsets of S.

Lower semi-continuous.
Upper semi-continuous.

The space of real
continuous functions on 2.
The space of real
continuous and bounded
functions on I.

The Banach algebra of real
continuous functions from J
into X.

The Banach algebra of real
continuous functions from J
into R.

The Banach algebra of real
continuous functions from J
into R.

The L, space.

XV



xvi Symbol Description

W(X,Y)The set of weakly compact  conv(.) The convex hull.

linear operators from X co(.) The closed convex hull.
into Y. conv(.) The closed convex hull.
W(X) The ideal of weakly (S, %, 1) The measure space S.
compact linear operators on MNWC Measure of weak
X. noncompactness.
L(X,Y) The space of linear DP Dunford—Pettis property.
operators from X into Y. FIE Functional Integral
L(X)  The space of linear Equation.
operators from X into X. FDE Functional Differential
T, = I I, converges weakly to z. Equation.
Tn — T T, converges strongly to z.  (m) The (m) property.
M The closure of the set M. Ty The streaming operator.
Mv The weak closure of the set N} Nemytskii’s operator
M. generated by f.

co(.) The convex hull. IVP Initial Value Problem.
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