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PREFACE

This book is the Proceedings of the KIER-TMU International Workshop on
Financial Engineering 2010 which was held in Tokyo in the summer of 2010
in order to exchange new ideas in financial engineering among researchers from
various countries, not only from academia but also from industry.

The KIER-TMU workshop is held for two consecutive years from 2009 as
a successor to “Daiwa International Workshop on Financial Engineering,” which
was held from 2004 to 2008, and is jointly organized by the Institute of Eco-
nomic Research, Kyoto University (KIER) and the Graduate School of Social
Sciences, Tokyo Metropolitan University (TMU). Financial supports from Life
Risk Research Center, Doshisha University, Japan Society for Promotion of Sci-
ence’s Program for Grants-in Aid for Scientific Research (A) #21241040, TMU
Program for Enhancing the Quality of University Education, Selective Research
Fund of Tokyo Metropolitan University and Credit Pricing Corporation are greatly
appreciated.

The KIER-TMU workshop serves as a bridge between academic researchers
and practitioners. We invited global leading scholars, including four keynote
speakers, and various kinds of active and productive discussions were made dur-
ing the workshop. Main features of the presentations at the workshop are (1) wide
coverage of the research themes, (2) reporting of the most up-to-date research
results, and (3) active and friendly discussions between the speakers and the audi-
ences from academia and industry.

This book consists of eleven papers, all refereed, representing or related to
the presentations at the KIER-TMU workshop. These papers are addressing state-
of-the-art techniques and concepts in financial engineering. This book will be of
value to the readers for the most up-to-date information about the hot topics in
financial engineering and brief surveys on such topics as the basic to the forefront.

We would like to express our utmost gratitude to those who contributed their
papers to the proceedings and those who kindly helped us by refereeing these
papers. We would also like to thank Mr. Satoshi Kanai for editing manuscripts,
and Ms. Alisha Nguyen and the editorial committee members of World Scientific
Publishing Co. for their kind assistance in publishing this book.
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The Distribution of Returns at Longer Horizons

Ernst Eberlein'and Dilip B. Madan?*

'Department of Mathematical Stochastics, University of Freiburg.
Email: eberlein @stochastik.uni-freiburg.de
Robert H. Smith School of Business, University of Maryland.
Email: dbm@rhsmith.umd.edu

Longer horizon returns are constructed from data on daily returns. Ob-
served drawbacks of a Lévy process are a sharp decrease in skewness
and excess kurtosis. Drawbacks to scaling are a flat term structure of
skewness and excess kurtosis. A strategy that combines some exposure
to independent increments and some exposure to scaling is developed in
the context of self decomposable daily return distributions. Estimations
are conducted on 400 stocks and we report that a good strategy for con-
structing longer horizon returns can be that of accumulating as i.i.d. half
the daily return while scaling the remainder at rate one half.

Keywords: Lévy processes, Scaling, time consistency, return distribution

1. Introduction

A statistical analysis of data on daily returns can provide some assessment
of the centered daily return distribution but many questions of financial interest
require a knowledge of distributional properties at a longer horizon like a week,
a month, a quarter or even a year. This is particularly true when considering in-
vestment decisions in stocks or options thereof as the typical investment horizon
or rebalancing period is more than just a day. One could in principle estimate
on daily data a fully dynamic return generating process reflecting time varying
conditional moments and including mean reversion in drifts and volatilities, that
can then be simulated to the horizon of interest. However, such an approach is
time consuming and considerably hampered by the many questions that need to
be answered in building dynamic models. A more direct and simpler alternative is
the construction of the long horizon return directly from the short horizon return.

* Dilip Madan acknowledges support from the Humboldt foundation as a Research Award Winner.



Such an approach is investigated in Eberlein and Ozkan (2003) where a Lévy pro-
cess distribution is estimated at the shorter horizon and the independent and iden-
tically distributed (i.i.d.) returns are accumulated to the longer horizon to get the
latter distribution. An implication of the independent increment property of Lévy
processes is that volatilities should scale with the square root of the return hori-
zon. These principles are widely adopted and noted in Diebold, Hickman, Inoue
and Schuermann (1998) as advocated by Basel I documents, though they warn
against the wide spread use of square root scaling for volatilities. The objections
are consistent with the wide spread rejection of the hypothesis of independent and
identically distributed increments in empirical work (Lo and MacKinlay (1988),
and Lo (2002)). We note however, that this hypothesis may be accepted after a de-
volatilization procedure has been implemented as described in Eberlein, Kallsen,
and Kristen (2003).

Apart from employing an infinitely divisible distribution to model log returns
at the longer option maturity, numerous authors have entertained the hypothesis
of self similarity and scaling and we cite Peters (1991, 1999), Mantegna and Stan-
ley (1995), Cont, Bouchaud and Potters (1997), Mandelbrot (1963, 1997), Heyde
(1999), Shiryaev (1999) and Cont (2001). Our interest here is not in Lévy pro-
cesses with such a property, but just with the suggestion of generating the longer
horizon return by scaling the shorter horizon return without saying anything about
the process. Hence we consider scaling an arbitrary probability density at unit
time, say the day, to construct the longer horizon density from it. Such scaling
principles were employed in Bakshi and Madan (2006) and the scaling coefficient
was estimated to lie just under one half. On the hypothesis of such a self similar-
ity one supposes that the distribution of returns at the longer horizon is equal in
law to h” times the lower horizon return where £ is the ratio of the two horizons.
A convenient choice for the coefficient y, in line with the square root scaling of
volatilities, is the value 0.5. Our focus is entirely on the construction of the longer
horizon density and we make no statement about any stochastic processes that
may or may not be involved.

The two approaches of accumulating i.i.d. innovations and scaling a unit time
variate are widely differentiated with respect to their effects on the term structure
of skewness and kurtosis. For example, it is known that for a Lévy process skew-
ness falls like the reciprocal of the square root of the horizon while excess kurtosis
falls like the reciprocal of the horizon itself. On the other hand, with scaling both
skewness and kurtosis are constant for all horizons. In this paper we present evi-
dence in support of both hypotheses, demonstrating that scaling tends to dominate
the alternative of a Lévy process, when we consider Kolmogorov-Smirnov (KS)
statistics at longer horizons. However, we also observe that skewness and kurtosis
do appear to fall at longer horizons and these observations are not consistent with
the constancy implied by scaling. They just do not fall as fast as predicated by ac-
cumulating i.i.d. variates. This set of observations leads us to formulate a mixed



approach that allows for both aspects to be present. We proceed to decompose the
return into two components, one of which we accumulate as i.i.d. returns while
we scale the other component. The mixed approach of partially accumulating
i.i.d. returns and scaling the remaining component, is shown to yield superior KS
statistics and also provides for a slower decline in skewness and kurtosis. There
are two parameters to be estimated in the mixed approach, and this is the propor-
tion that is accumulated as i.i.d. returns and the scaling coefficient of the portion
that is scaled. We find that an adequate and superior performance to accumulat-
ing i.i.d. returns or scaling is delivered by just accumulating half the return and
scaling the remainder with a scaling coeflicient of one half. Hence, in the absence
of estimation opportunities for the longer horizon we advocate accumulating half
the return as i.i.d. and scaling the remainder at a scaling coefficient of one half.

The mixed approach we suggest for constructing the longer horizon return,
at this writing, does not have associated with it any process consistent with the
distributions being generated for the entire continuum of longer horizons. An
additive process consistent with these densities has subsequently been constructed
in Madan and Schoutens (2009) when the unit time density is further restricted to
be in the class L', in the hierarchy introduced by Urbanik (1972, 1973) and studied
in detail by Sato (1980). We note in passing that the distributions generated by
any Lévy process (the CGMY class included) with finite moments of order 4 will
display a term structure for skewness and excess kurtosis that possibly falls too
rapidly while the Sato process associated with a self decomposable law at unit
time as constructed in Carr, Geman, Madan and Yor (2007) will display a term
structure for these entities that is flat.

Our method for combining the accumulation of independent shocks with scal-
ing or self similarity over the longer horizon employs self-decomposable daily
return distributions. By the definition of self-decomposability one may split the
daily return into a fraction of itself plus an independent component. We then
accumulate in an i.i.d. fashion the fraction and scale the residual independent
component using a scaling coefficient. The longer horizon return then requires
the estimation of the fraction and the scaling coefficient. Maximum likelihood
procedures are used to estimate these two parameters.

The outline of the paper is as follows. Section 1 presents preliminary evidence
in support to some degree for both hypotheses that also addresses why a strict
adherence to either hypothesis is questionable. In Section 2 we develop our mixed
approach that accomodates both ideas at some level. Estimation strategies and
results for the combined model are described in Section 3. Section 4 describes the
improvement attained by the mixed model, along with what is possible without
estimation, by accumulating half the return as i.i.d. and scaling by one half the
remainder. Section 5 concludes.



2. Preliminary Evidence on Scaling and Accumulating i.i.d. Variates

We obtained from CRSP (Chicago Center for Research in Security Prices) data
on stock prices for 477 stocks with 3000 observations starting on Jan. 31, 1996
and finishing on December 31, 2007. We shall use this data to construct from
daily returns 10 and 20 day returns by simulating both operations of accumulating
i.i.d. variates and scaling the daily return. We then ask how well the simulated long
horizon returns describe the properties of the actual 10 and 20 day nonoverlapping
returns in the data.

The first step is then to build the empirical distribution function for daily re-
turns for each of the 477 stocks. This was done by binning the data in the in-
terquantile range of a tenth of a percent to the 99.9 percentile into 100 regularly
sized bins. For purposes of comparison to actual long horizon returns we also
extracted data on 10 and 20 day nonoverlapping returns.

For simulating the accumulation of i.i.d. variates for 10 or 20 days, we draw
from the empirical daily return distribution 10000 paths of length 10 and 20 re-
spectively. The long horizon return is then built by merely summing these draws
over the length of the paths.

For simulating the scaling operation we draw from the daily return distribution
just once and scale the outcome by the square root of 10 or 20 to build the sample
for the scaled long horizon returns.

Our first comparison between the simulated long horizon returns and the actual
ones is to perform a KS test for whether the actual non-overlapping 10 and 20
day return outcomes come from the two candidate distributions that we call Lévy
for accumulating i.i.d. variates, and Scaling for just scaling the daily return. We
record the 477 p-values for each of the two methods, Lévy and Scaling, at each of
the two horizons, 10 and 20 days. We graph in figure (1) the proportion of stocks
with a p-value exceeding a particular level.

This graph supports the superiority of scaling over accumulating i.i.d. variates.
At both horizons the proportion of stocks with high p-values is greater under scal-
ing though we note that almost 70% of the stocks fail to make a 10% p-value in
all the cases. The support for scaling is therefore not that strong and there appears
to be a substantial room for improvement in performance.

Our second comparison focuses attention on skewness and kurtosis for daily
returns and the same for the set of nonoverlapping 10 and 20 day returns. Under
a finite moment Lévy process construction we know that long horizon skewness
decreases at a rate proportional to the square root of the number of periods while
excess kurtosis decreases like the reciprocal of the number of periods (Konikov
and Madan (2000)). On the other hand under scaling the term structure of skew-
ness and excess kurtosis is flat. To evaluate these properties we regressed the 10
and 20 days skewness and excess kurtosis across the 477 stocks on the daily skew-
ness and excess kurtosis. We recognize that it has been argued that return kurtosis
and even variance could be infinite. We clearly do not subscribe to this view and



Levy and Scaling KS tests on CRSP

T T T T T T T T T

0.7 A

Proportion with higher p-value

~
~ ~ -

o ~)ny
-
0 b Bl .. JUTTUT L P P P 4 .

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
p-value

Figure 1. Independent draws for 10 and 20 days in dot dashed and dotted lines respectively. Scaling
for 10 and 20 days in dashed and solid lines.

in fact view actual returns to be bounded random variables with finite moments
of all orders. The analytical difficulties of dealing with bounded random variables
prompt us to use models with a support on the real line. Infinite moments are then
a theoretical possibility, but only as a consequence of our inability to analytically
model the reality.

For the validity of the approach of accumulating i.i.d. variates we expect, in

this regression, a zero intercept with slope coefficients equal to ‘/—'1_0 = .3162 and
I

e .2236 for the skewness regression. For the excess kurtosis regression the
expected slope coefficients are .1 and .05 while the intercepts are zero. On the
other hand for the validity of scaling, as skewness and kurtosis are constant in
term structure, they are at longer horizons equal to their value at the daily horizon.
Hence we should observe in the cross sectional regression zero intercepts and unit



slope coeflicients. The estimated coefficients are given in Table 1.

TABLE 1
Higher Moment Regressions

skwl0  skw 20  krtl0 krt20
intercept .0621 .1670 1.2293  1.7014
slope 4098 .3205 1657 .0429
R? 39.14% 19.40% 55.77% 9.69%

We report in addition t-statistics for the null hypothesis of accumulating i.i.d.
variates and Scaling in Table 2. We test here for the departure of estimated coeffi-
cients from the values expected under the null hypothesis.

TABLE 2
Lévy and Scaling t-statistics

skwl0 skw20 krt10 krt20
intercept 3.57 751 9.07 14.13
slope Lévy 3.98 323 9.67 -1.17
slope Scaling -25.10 -22.60 -122.93 -158.79

It is clear that both skewness and kurtosis are falling with slope coefficients
below unity, though they are not falling at a rate commensurate with accumulating
i.i.d. variates. The fact that they are falling is also evidenced by the large and
highly significant t-statistics (Mood and Graybill (1963)) associated with scaling.
That the rate is lower than that of a Lévy process is evidenced by the positive
and significant Lévy t-statistics. We take this evidence of declining skewness and
kurtosis to be in favor of the hypothesis of independent increments being present
in some form.

A preliminary investigation of the relationship between daily return distribu-
tions and the distribution of longer horizon returns provides partial support for
both operations of scaling and accumulating i.i.d. variates. The latter accumu-
lates the effects of independent shocks while the former reflects the attributes of
self similarity that preserve distributional structure but recognize that the longer
horizon is a scaled version of the shorter horizon. The next section considers
combining these properties.

3. Combining the Accumulation of i.i.d. Variates with Scaling

The arguments in favor of accumulating i.i.d. variates relate to the arrival of
sequences of independent news shocks that get incorporated into stock price re-
visions in markets. The arguments in favor of scaling relate to issues of self sim-
ilarity whereby we recognize the occurence of a change of scale but no change
in the structure of the underlying probability law. A natural approach to synthe-
size these two ideas is to attempt to split the random variable at unit time into



