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Preface

The subject of this book is micromechanics being the analysis of heterogeneous
materials on the level of individual constituents. Number of manmade composites is
permanently increasing, in parallel with the rising need to study the “structure - prop-
erties” relationships as this knowledge enables purposeful tailoring of composite ma-
terials with superior properties by rational choice of components and composition.
This explains an importance of micromechanics as a science and motivates its rapid
development in recent decades.

In past years, the main effort in micromechanics was focused on the macroscopic
properties of heterogeneous solids and the most work in the area has been done
with aid of the single inclusion (Eshelby) model being the theoretical framework of
several applied theories. These theories provide useful for practice bounds and ap-
proximations for the effective constants and so they can be grouped under the title of
engineering, or applied micromechanics. Most of the published up to now books on
micromechanics fall in this category. Certainly, applied micromechanics is easy and
convenient for use—but, as always, convenience comes at a price. The latter involves
low or uncertain accuracy, inability to account the microstructure of composite and,
as a consequence, inapplicability to study the phenomena (e.g., damage) caused by
the local fields.

Now, it is well recognized that a reliable prediction of composite’s behavior must
combine a realistic model of microstructure with an adequate analysis of the relevant
model boundary problem. The need for an in-depth study has led to the development
of computational micromechanics. Recent dramatic increase in computational power
and available commercial FEA software made direct numerical approach accessible
(not affordable for individual researcher, however) and enabled consideration of in-
volved heterogeneous structures. The drawback of this approach is high computa-
tional effort, especially for 3D models. Another and, probably, even more substantial
problem is extracting the meaningful data from a bunch of numbers generated by
FEA code.

A promising alternative to computational micromechanics is the multipole ex-
pansion method also providing an efficient analysis of complex heterogeneous struc-
tures. Being mostly analytical in nature, this method constitutes a theoretical basis of
high-performance computational algorithms and found numerous applications in as-
tronomy, physics, chemistry, engineering, statistics, etc. Introduced by J.C. Maxwell
in 1873 and then further developed by Lord Rayleigh in 1892, this is historically the
first method of micromechanics. A substantial progress made since that time (and, es-
pecially, in recent years) in development of the multipole expansion method has been
reported in numerous journal papers. However, in the author’s opinion, a true value
of this method for micromechanics is still underestimated and its potential in the area
is not fully discovered so far. This book is the first monograph giving systematic ac-
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Preface

count of the method, with application to the actual problems of micromechanics. The
multipole expansion method uses a classical approach and toolkit of mathematical
physics which is a compelling reason to consider it as theoretical micromechanics.

The book does not pretend to cover all the aspects and methods of micromechan-
ics. Its specific aim is to describe theory and technique of the method in detail, with
application to the selected actual problems of micromechanics. This is primarily the
multipole expansion approach that sets this monograph apart and is alternative one
to what readers would find in the other books. In the author’s opinion, the following
features of this work can be of particular interest for the reader.

* The multipole expansion theory and technique have been described and further
developed. In this respect, the book is of interest for a wide readership including
the specialists in applied mathematics, mathematical physics, engineering, and
related areas dealing with heterogeneous media.

* A detailed analysis of a variety of micromechanical multi-inclusion models has
been performed. The contemporary topics include the composites with imperfect
and partially debonded interface, nanostructured materials, cracked solids, sta-
tistics of the local fields, brittle strength, etc. The obtained complete analytical
solutions provide a clear insight into the physical nature of the problems.

¢ The book contains a number of tabulated data and plots for the various problems.
The results of the multipole analysis are commonly considered as the most reli-
able and serve as a benchmark for testing applicability of approximate models
and accuracy of numerical solutions.

¢ The considered mechanical models are readily generalized in many ways to take
the specific features of real-world heterogeneous materials into account. The For-
tran source codes given in the Appendix can be used by the readers as a starting
point in developing their own codes.

e An important feature of the developed approach is high numerical efficiency.
In contrast to computational micromechanics, the multipole expansion does not
require the powerful computers and expensive software to be used and appears
probably the most efficient (especially in the fast multipole version) method of
micromechanics.

The book summarizes the work done by the author with colleagues for more than
20 years in development and application of the multipole expansion method and
is expected to be of particular interest to researchers and professionals in applied
mathematics, physics, mechanics, materials science, engineering, and related areas
dealing with the heterogeneous solids. I am very grateful to all my colleagues and
friends, in Ukraine and abroad, who have contributed to this work as well as inspired
and supported me in many ways in conducting the research and writing this book.

Kyiv, Ukraine Volodymyr I. Kushch
October, 2012



Contents

Preface..............

CHAPTER 1
1.1
1.2

1.3
1.4

1.5

........................................................................................................ XV
Itroduetion ... 1
Motivation for the Work.............oouiiiiiimiimiiiiicieie i 1
Geometry MOGELS ......ccoeeeverrernsnsossrssosnesaressassocsssnessssstssssissssssanssass 3
1.2.1 Single INCIUSION wusvissscssssisivamssssssossvinsssssessoaaesasssessssssnsssvossans 3
1.2.2 Finite Arrays of INCIUSIONS ..couosmssssssssssssssvissyasensossnsssessssancan 4
1.2.3 Composite Band and Layer .........cccccccvvceriivvicniniiienninnecennn. -4
1.2.4 Representative Unit Cell (RUC) Model..........cccoceverecrenncnnee 6
Method Of SOIULION .....cccviriiieitieie et s 8
Homogenization Problem: Volume vs. Surface Averaging........... 10
1.4.1 'ConduetiVity:s sessssamssvmnssissssssssmansrissssomssscsssssassassasssaniss 11
1:44:2 BlASHCHEY . ocsessmssmmmssssenssmsvinmssssesnssionesssssosssonassssessssaossepassesss 14
Scope and Structure of the BoOK .........cccoucuiiimiiiiniciiiiiciccees 17

PART | Particulate Composites.......cccceerssssssscererssennnnnnss 19

CHAPTER 2

2.1

2.2

23
24

25

Potential Fields of Interacting Spherical

INCIUSIONS ....eeeiinreirrre e e e 21
Background TREOTY .....cccocuviiiiiriiiiiriicie e 21
2.1.1 Scalar Spherical Harmonics . .......ccccoeeveveeineviiciieninincnnens 20
2.1.2 Selected Properties of Solid Spherical Harmonics . ...........24
2.1.3 Spherical Harmonics vs. Multipole Potentials................... .26
General Solution for a Single InClusion........cccocvvveveeveeiiiniesnsnnnes 26
2.2.1 Multipole Expansion Solution .......c...cccecievciienininienecnens 27
2.2.2/Far Bield BXPANSION o voxsvsmissamimuersmvsmsmssmvresivsesensamssssis 27
2.2.3 Resolving Equations ......cuassusssssiaisisnnsaiisassaimii 28
Particle Coating vs. Imperfect Interface ............cccooveiniiiiicrccnnnn, 29
Re-Expansion Formulas for the Solid Spherical Harmonics ....... 30
2.4.1 Equally Oriented Coordinate SyStems .........cccccevieeeeereenees 31
2.4.2 Multipole Expansion Theorem ..........cccoovvcerevrviiinernenees 32
2.4.3 Arbitrarily Oriented Coordinate Systems. ........cccceveecueene 33
Finite Cluster Model (FCM) ......ooooiiiiiieicceieeceeeeeeeceeee e 35
2.5.1 Superposition Principle.........c.coevueeuemirivvirerencniiecieseeecees 35
2.5.2 FCM Boundary-Value Problem...........cccovniiiiiiiiieienionninnns 36

2.9.3 Convergence Prool....csusssssssssssesssosvssssasssissssssenssseans «37



vi

Contents

2.6

CHAPTER 3
3Ll

3.2
3.3
34

3.5
3.6

CHAPTER 4
4.1

4.2
4.3

4.4

4.5

2.5.4 Modified Maxwell Method for Effective Conductivity ....... 40
CompositeSphert swr s nsasimmmimma swsymosrmosmimmemmn 42
2.6.1 Outer Boundary CONAItON «...x:avissiswsssissnieivessiasissamans 43
2.6.2 Interface CONAItIONS. <. ovwsmssssomorsms ivesssssussns sassivasssansans .43
2.6.3 RSV and Effective Conductivity of Composite .........c........ 44
Half-Space FCM ... e 45
2.7.1 Double Fourier Transform of Solid Spherical

HAIMONICS .. 1ot se e s senessesssnesnsenes 45
2.7.2 Homogeneous Half-Space .........c.cvvinveimnnsiniienaniininnessneonne 47
2.7:3 SUPETPOSItION SUiusssussssosuisssnssssovamvisssisssns syesvassmassnisassissssonss 47
2.7.4 Half-Space Boundary Condition...........cc.ceeineineiinneinennnn 48
2.7.5 Interface Conditions.........ccoueeuercrienieirerceesie e 48
Periodic Multipoles: Application to Composites...... 51
ComPpOoSite Layer.......ccooieiiiiriieieiieic ettt 51
3.1.1 2P Fundamental Solution of Laplace Equation ................... 51
3.1.2 2P . S0lid HATMONICE ssiassssessmasssssmmssassssssson sssonusmizaasossssssnisnes 54
3.1.3 Heat Flux Through the Composite Layer.............cccocceeeueee. 55
Periodic Composite as a Sandwich of Composite Layers ............ 57
Representative Unit Cell Model.........c.coveerenrinenenrenecineienieinnens 59
3P Scalar Solid Harmonics. .........ceecerceicriiiiinieeiececee e 61
3.4.1 Direct SUMMAtioN i:.uomemin s mnmaimimnsmimsaimamaamsimamasess .61
3:4.2 Hasimoto s APProach........cwssonsasismvessisimsmvmmssssrsssssnes 61
3.4.3 2P Harmonics-Based Approach..........coccceeviiiiiiiieniinincne. 63
Local Temperature Field............cccoooiiiiiiiniiiciiccccccc, 64
Effective Conductivity of COMPOSIte ........ccoveerereeanerrinniinennes 65
Elastic Solids with Spherical Inclusions ................ 69
Vector Spherical Harmonics ...........ooevvveirniieenineecieiie e 70
4.1.1 Vector Surface Harmonics ......cccceeroiimiiieeeniosiiiiiee s eieienee s 70
4.1.2 Vector Solid Harmonics ........cccevviiiniiinnnenicsnicnin e 71
Scalar and Vector Solid Spherical Biharmonics .........ccccccviiiiine 74
Partial Solutions of Lame EQuation..........ccccccocrieeiieiiuinceciicnnennnn 76
4.3.1 DefiNitiON c..cocviiieiie ittt e 76
4.3.2 Properties of Spherical Lame Solutions ...........cccoeceeevcennnen. 78
Single Inclusion in Unbounded Solid........cc.cceeviiiiiiiicinicnnnnnne. 81
4.4.1 Par Field EXpansion .swessssossonwsassssssassssrasisisissavissis .82
4.4.2 Resolving Set of Linear EQuations ............ccccccoeviinniiennne. 83
4.4.3 Single Inclusion in Viscous Fluid (Stokes’s Problem)......... 84
Application to Nanocomposite: Gurtin & Murdoch Theory ........ 86
4.5.1 Imperfect Interface Conditions ..........c.ccccereeminiiiieiiceincsnnnn. 86

4.5.2 Formal SOIUtION ..ccccvvvieieieciiieeie s eecvareceeeserieaiee e s ennnaeeeeas 88



Contents vii

4.5.3 Single Cavity Under Hydrostatic Far Field Load ................ 89
4.5.4 Single Cavity Under Uniaxial Far Field Load...................... 90
4.6 Re-Expansion Formulas for the Vector Harmonics and
BIharmOniCs .c.viveieririiiere s 91
4.6.1 Translation of Scalar Biharmonics.........ccoveenviiviiinnnncninne 91
4.6.2 Translation of Vector Harmonics ..........ccecveeeiereenicniiiicianan 94
4.6.3 Translation of Vector Biharmonics ..........cccccvvvviviiiineinnes 96
4.6.4 Translation of Lame Solutions..........cccceoeriiirnincvrinninninennaes 97
4.6.5 Re-Expansion Due to Rotation .........cccccevuieeicociiiincccnne 99
4.7 Finite Array of Inclusions (FCM)......cccccocuiiiiiieiiininiiiicirieinan. 99
4.7.1 Direct (Superposition) Sum.........ccccueeerieniiinineencincieans 100
4.7.2 Local EXpansion Sum. ...........c.cccceuisiosisaisiisionssnsisss . 101
4.7.3 Infinite System of Linear EQUations .........ccccoovvvvinnrnirienns 101
4.7.4 Two Cavities Under Uniaxial Far Tension..........cocecevuiune 102
4.7.5 Interface-Induced Stress Concentration in
Nanostructured SOl ........cooveiiiiiiiiiciiiiiiiinc e 103
4.7.6 Stress Concentration Factors of Interacting Inclusions ..... 104
4.8 Isotropic Solid with Anisotropic Inclusion..........cccccoeveeieeenen. 105
4.8.1 Formal Solution ........c.csisimssmamsmsmmmsimismsmmiis 106
4.8.2 Resolving Set of Equations...........cccovieiiiiiininienincnens 107
4.9 Effective Stiffness of Composite: Modified Maxwell
APPTOACH o scssmesessiressusossmsmmssssmsmmimssimoisv s iR TR oy RS sn 109
4.9.1 CubiC SYMMELTY ...c..oiviiieiimiiiieeiierceiiesesnesi s 110
4.9.2 Bulk Modulus A% .........coceioiiieinicnieesenreneeenee e 111
4.9.3 Shear Modulus ,u"l‘ .............................................................. 112
4.9.4 Shear Modulus u’; ............................................................. 112
4,10 Elastic Cotiposite: SPHETE ... cesusessissssmesismsssesssusseivisaisssensssss 113
4.11 RSV and Effective Elastic Moduli........cccooveiiiciinininncncnicnne. 114
4.11.1 Macroscopic Strain and Stress Tensors .........cccccceeeeennene 114
4.11.2 Effective Bulk Modulus. .......cccccoiiminenecenrieieceesrcecees 115
4.11.3 Effective Shear Modulus....c.ssmssmemmmsimssanssmnionsss 116
CHAPTER 5 Elasticity of Composite Half-Space, Layer,
([T —— U ET— R 119
5.1 Vector Harmonics and Biharmonics for Half-Space .........c........ 119
5.1.1 DEfINItION ..oieiiiiievicciieii et s st 119
5.1.2 Integral Transforms.........ceeveeereruerienrerieneireeseeieeeeeae e 121
5.1.3 Series EXPANSIONS iz swinsmosissmnsovisivaiaasvsersansovisinmsnaissssnss 123
5.2 Vector Lame Solutions for Half-Space...........cccccevereiiviiivieannnnnn 124
5.2.1 DEfINIION ..ueivnienieieeieeee ettt s 124

5.2.2 Properties of Lame Solutions h'0% .........oooovreiiin 125



viii

Contents

53

5.4

5.5

5.6

5.7

CHAPTER 6

6.1

6.2

6.3

6.4

5.2.3 Integral Transforms and Series Expansions.........c.cc.ccc..... 127
FCM for Elastic Half-Space ..........ccocoveiiiiiiiieivieinieciiecenie e 127
5.3.1 Problem Statement............coceeeveruerinicricieiesene e 127
5.3.2 Solution for Homogeneous Half-Space.......c.ccccocunueencnee. 128
5.3.3 Heterogeneous Half-Space .........ccoocooveiiiiiiininiiiinens 129
Doubly Periodic Models........c.uuerieeeveniiriniereerinsinssisnesiensenns 131
541 2P L.ame SoluBons w.ws aomsiswnsmnsismssmsisssissssssmsi 132
5/4.2 Composite Layer umsmisssuonsssnivinsyismsonssssssemssmanss 134
5.4.3 Periodic Composite as a Sandwich of Composite

LAYETS oonvoricnsssoovssmmasssasavsnsusrrsmssssssnsoersdonsbekionsssn b Susiciss 137
Triply Periodic Vector Multipoles..........ccocevveeveeceeienieereeececenne 137
5.5.1 Scalar Biharmomnics. .......cccuiieniiinieiieeiesieiesiccie e ceveiae 137
5.5.2 Periodic Solutions of Lame Equation...........c.ccccceeenuenen. 139
RUC Model of Elastic Spherical Particle Composite.................. 140
5.6.1 Formal SOIUtion ......ccooevviveiiierieniiiriieicceenienre e 140
5.6.2 Effective Stiffness Tensor .........ccooevevencrineneinniniseneeeeen 142
Numerical Study .......ccoiiimiiiiiiiceeeceece e 145
5.7.1 Local Stress Fields.......ccooiuerevmniineieiceninie e 145
5.7.2 Effective Stiffness Tensor .........cccoooeeveciiicnnicee e 148
Conductivity of a Solid with Spheroidal
INCIUSIONS ..o e 155
Scalar Spheroidal Solid Harmonics..........ccocecvecvecrininiccnionecnenn. 155
6.1.1 Laplace Equation in Spheroidal Coordinates .................... 155

6.1.2 Spheroidal Solid Harmonics: Definition and Properties.... 157
6.1.3 Relationships Between the Spherical and Spheroidal

T AIONIES 5355553 esvssssssasnisnentenssussesmsssss spymsassessesnrassosomasins 159
6.1.4 Alternate Set of Spheroidal Harmonics ..........cccccceeeiecencs 161
Single Inclusion: Conductivity Problem...........ccccocoeviiveeniennnenn 162
6:2:1 Series SOMUON ..omussmssmsmransmssssssrnansissss svmasasg 163
6.2.2 Resolving EQUAtiONS ......c.ccevvriieiiieecicciiiccecie e 163
6.2.3 Limiting Cases: Spherical, Penny-Shaped,

and Needle-Like Inclusions.......ccccocevviveiicniicnnninncnncnnens 164
Re-Expansion Formulas for Spheroidal Solid Harmonics.......... 168
6.3.1 Formal Series EXpansion ..........cccccccccvvrninceccicniecnceninenns 169
6.3.2 Translation: Integral Form of Expansion Coefficients....... 170
6.3.3 Translation: Rational Form of Expansion Coefficients...... 172
6.3.4 Translation; General FOrmula ... c.ccseavvesssessessussasssossssnsssessas 174
6.3.5 ROLAtION. c.ccieiiieriieri e s 177
Finite Cluster Model of Spheroidal Particle Composite............. 179

6.4.1 Formal SoIution:. ... sssusisissmissssisissssssarssssssssisssmssioies 179



6.5

6.6
6.7
6.8

6.9

CHAPTER 7
7.1

7.2

7.3

7.4

7.5

Contents

6.4.2 Modified Maxwell Method for Effective

CondUuetiVItY i :issmssvamasssmmmsisssmsssmsssisisssssmsssmamesmisiiisas: 180
Double Fourier Integral Transform of Spheroidal
H AT OIS 51015 s010savmsmssnvas o usnimsngsve sssessss s suasbrs s oRa RS RARS Ao s 183
Doubly Periodic HArmonics .........ccccocevviceiviicninciivacninscninieians 185
Triply Periodic Harmonics........cccooevvvvmrnienencniienciccicniencceenee 187
Heat Conduction in Periodic COmpoSsite .........cccccvuveiinericinnnnnnns 188
6:8.1 Problent: StAtETNEAt, vuuesrsismssesssmssossanssesssgesspsssnenssnsnesss .188
6.8.2 Temperature Field in Periodic Composite: 3P

APPIOACH....cvecieieie et 188
6.8.3 Temperature Field in Periodic Composite: 2P

APPIOACH. ...ttt 191
6.8.4 Multiple Inclusion RUC Model ........cccccvvviiiiiiinviniiiniinnn 192
6.8.5 Effective ConduCHVILY ..cowsusmmssmammsssssmsuosserssassossaronss .193
Numnefical EXariples o emismonsesssssmmsisasssoosassssrsisis 195
6.9.1 Spheroidal Cavities and Inclusions..........cccccoooiiveinnennn. 195
6.9.2 Penny-Shaped Cracks ........cccceveieviicniinncncniiiicceenee 196
6.9.3 Superconducting Flakes........c.coccoeevveecinmnicnenisieeiinies 200
Elastic Solid with Spheroidal Inclusions ....... vernene 203
Background TheOTY .:swsswesessssssssssvivissssssassssssies snsassassasaiissss 203
7.1.1 Vector Solid Harmonics in Spheroidal Coordinates .......... 203
7.1.2 Scalar and Vector Biharmonics. Spheroidal Lame

SOIULIONS ... e 206
7.1.3 Selected Properties of Spheroidal Lame Solutions............ 209
Single-Inclusion Problem . wusssassassissiumsssssssvessissssnsarsasusssssos 215
7.2.1 Single Particle in Unbounded Solid..........ccccceeeeivniiiinnnns 215
7.2.2 Single Particle in an Unbounded Fluid.............ccccccoe.ee. 218
7.2.3 Stress Intensity Factors for the Penny-Shaped Crack........ 219
Re-Expansion Formulas for the Spheroidal Lame Solutions......222
7.3.1 Translation. ......c..coueevirieiiieieieniicieeee e saessseannens 224
7-3.2 Rotationi.swomuesmvisissiminmsssssisiasmssismsisvioasississsisosasisssss 227
Finite Cluster Model of Composite with Spheroidal
INCIUSTONS oo iivinaiims s rarbsoiinssonninpivtedosssns ranesssassonesais isosssastnasonnes 228
7.4.1 Problem ‘Statement ;. ..sesisssssasssossissisis sisssssissssssissiesvasass 228
74,2 FOTial SOIUIOM svssvmssenessssssnussvsmnssnsumsssemssiseissneesmonase 229
7.4.3 Local EXPanSion .........ccccuieieiienrinmeieesieniiessssseeeieenens 230
7.4.4 Numerical Example: Penny-Shaped Crack Interacting

with Another Crack or Inclusion.........cccoceiviinciocincinennnas 231
Half=Space PLODISTN . isuesssuissssssss sinessassanvassasvsessossansansrsspssssnssnosauss 236

7.5.1 Integral Transforms of the Spheroidal Lame Solutions.....236



Contents

7.6

CHAPTER 8

8.1

8.2

8.4

7.5.2 Elastic Half-Space Containing a Finite Array of

Spheroidal INCIUSIONS.....cccveiiivieeiene e 238
RUC Model of Elastic Spheroidal Particle Composite............... 239
7.6.1 Periodic Solutions of the Lame Equation ...........cccceeevenee. 239
7:6.2 Formal SOITEON s suusursmsmmnsisssssmvnisinssssmersvinsssiig 240
7.6.3 Effective Stiffness Tensor of the Spheroidal Particle

COMPOSIIE ..t et s 242
7.6.4 Numerical Study .......cccooriiriiiiniiniicereecer e 242
Composites with Transversely Isotropic
LSOO — 251
Transversely Isotropic Conductivity .........ccoevvereerervesseisniiensenrenns 251
8.1.1 Partial SOIMIEONS cscemmsasmssvsssssmsasmssussssassassssmasessssnsss shsssassane 252
8.1.2 Problem Statement............coocooiiiiniiiieiiinee e 253
8.1.3 Series SOIUtION ......c.veoviiiniiiieiceciecte et snes 253
8.1.4 Effective Conductivity Tensor ..........ccoecveeverveneieeenveenenenne. 256
Transversely Isotropic Elastic Solid with Spherical
FACTUSTONS ssssomssusnisvoss sosemosamssssossssnins sgssnsvsroissvesss sussmassaevssssassavasss 258
8.2.1 Partial Vector Solutions.........ccceeveeeuieiiesiiesieciunireisiecrnaeiees 258
8:2.2 Single Ichision PrObIEHL.. o cuesmmussssssmonsumiarsaisassnsssssoss 263
8.2.3 Finite Array of INCIUSIONS ....cccueeieeeieiieirieceerieeriese v einens 266
RUGC MOGEL...couiiiiiiiiiiiiiiiciiie it sies e .269
8:3.1 Formal Solution ..o.csmuwassimasmvismmsmsmnsyinm s 269
8:3.2 Effective: Stiffness TENSOL . oususussvisssvimsssssivisssupsssiasssssasssns 270
Numerical EXamples.........ccooiiiiiiiiiiiiescccciec e 271
8.4.1 Stress CONCENtration .........c.ccccceruereieriieeerecnerecreceeaennes 271
8.4.2 Effective Stiffness .......ccvviveviiciereceereeceeee e 275

PART Il Fibrous Composites: Two-Dimensional

(o1 [ ] -V —TR—" . - |
CHAPTER 9 Circular Fiber Composite with Perfect

Interfaces ....... I o R R R 283
9.1 In-Plane Conductivity and Out-of-Plane Shear:

The Governing EQUAtiONS ........cccueereririiiiniiiceeeeceeseeenie e creeeeas 284

9.1..1 ‘CONduetiVityic:uuissssnssmsssmsssisssasassnssmmsssassssssssosianiasas 284

9.1.2 Out-of-Plane Shear .........ccccoevevviiiiiiiieeeecie e 284

9.2 Finite Array of Circular InClusions .........ccccoeceeviiiiiniiieieninne. 285

9.2.1 General Solution for a Single Inclusion..............cccccccoce. 285

9.2.2 Finite Array of Inclusions in Unbounded Plane ................ 286

9.2.3 Convergence Proof...........cccouiciiiniiiiiiiiiiieciciecen, 290



Contents Xi

9.3 Half Plane with Circular Inclusions...........ccoccevveviviinnienieneene. 291
9.4 Infinite Arrays of Circular InClusions ..........cccooeeevveeeieceneneenes 295
9.4.1 Periodic Complex Potentials............cccuveeverereereesirecinrecnne 295
9.4.2 Composite Band....s.sssws s s s s 296
0:4.3 COMPOSILE: LAYET . cssussiorssssnnrossmasisissmmssrsssssssnsumssisessnnsats 298
9.5 Representative Unit Cell Model..........cccovieeiiieinicniiinnincicnicnes 301
9.5.1 Problem Statement............cceevuevienerrieeeeuiniiiiesiesnieee e 301
9.5.2 Local Thermal Fields: 1P Approach ........c.cccecuvivrierrvinnnen. 302
9.5.3 Local Thermal Fields: 2P Approach......c..ccocovciuivicnnnes 304
9.5.4 Averaged Fields and Effective Conductivity...........c..c.c..... 306
9.6 Finite Array of Circular Inclusions: In-Plane Elasticity
PROBISIIL. syomssmsmmmmoponeamsipmenmsmemvsssmsasisnmmssssamseivsvesassy 307
9.6.1 Basic Equations in Terms of Complex Potentials.............. 307
9.6.2 Solution for an Unbounded Plane........c.ccoccovevviicnniienrnn. 309
9.7 Circular Inclusions in Half-Plane ...........ccccoeiimniinenieceninnnne 312
0.7.1 Problem Statement...........c.cervevrerreenierrneeisrenineernerseenssenens 312
9.7.2 Determination of the Integral Densities p(3) and g(£) .....314
9.7.3 Resolving Linear System: Integrals vs. Rational
EXPIESSIONS ...cuviuiiieiiiiiiiiiisiei ettt esm bbb 315
9.8 RUC Model of Fibrous Composite: ElastiCity........cc.cccerirerrenees 318
9.8.1 The Problem Statement.............ccceveereevirneerieiiecreeeeeeeanns 318
9.8.2 Displacement SOIULION.........ccccecervermeereeresierieeeeiier e 319
9.8.3 Transverse Effective Stiffness of Fibrous Composite........ 321
9.9 Statistics of MicroStructure, Peak Stress and Interface
Damage in Fibrous COMPOSILE ........cceveeerireniinieseniiiieneesiennens 323
9.9.1 MicroStructure Statistics: Nearest Neighbor Distance......324
9.9.2 Peak Interface Stress and Statistics of Extremes................ 325
9.9.3 Stress Concentration vs. Nearest Neighbor Distance ........ 326
9.9.4 Micro Damage Model of FRC..........ccccceveieiiiciiciainnnnn 329
CHAPTER 10 Fibrous Composite with Interface Cracks ............. 331
10.1 General Solution for a Single, Partially Debonded
INCIGSION wxpiswssinsasassmmmssusnm imsersonso s sossassasasmas sumisessnasmtsnarinssanan 331
10.1.1 The Problem Statement...........c..ccecverienierieninieeeceeeennen. 331
10.1.2 The R(C) FUNCHON .......oociiniiieirieiiceieeieeee e 332
10.1.3 Formal SOIution ......c...ccceeviveeniirsienieeiiere e e 334
10.1.4 Heat Flux Intensity Factor .........ccocooeoininiiennnensseninnnnns 337
10.2 Finite Array of Partially Debonded Inclusions.............cc.eveevennen 337
10.3 Conductivity of Fibrous Composite with Interface Damage...... 340
10.3.1 Formal SOIUtion .......coccvuirieviiieeienenieirieiiecie e 340



Xii

Contents
10.3.3 Effective Conductivity Tensor .........cocvveerverureriecrsiuneseens 343
10.3.4 Numetical EXamples.iiiisssimansmssasmvssmamsssssmsais 344
10.4 In-Plane Elasticity: General Form of the Displacement
SOTULION ..t 346
10.5 Displacement Solution for the Partially Debonded Inclusion ....348
10.5.1 Problem Statement..........cccceuereiemierenienecicereeeie s saenns 348
10.5.2 General Form of Potentials...........cc.cocoivueeieiieceecienenne. 349
10.5.3 The Ry(¢) and X(€) Functions.........cceceeeeiieineecvuenianncnens 350
10.5.4 Analytical SOIUtION ...cvcvveiieiiiree e s serenneans 352
10.5.5 Stress Intensity FACtOT.....coouvviieeiiiiiiieniiieiiriee e siesiiennes 354
10.6 A Finite Number of Interacting Inclusions with Interface
CTACKS .ttt et et e 355
10.6.1 Problem Statement and Iterative Solution Procedure....... 355
10.6.2 Evaluation of Integrals in Eq. (10.87)....cccoeeviiveciieeiaens 357
10.7 RUC Model of Fibrous Composite with Interface Cracks.......... 359
10.7.1 Formal SoIUtion ...........ccocvivimieiiiiiieiiieie e sae e 359
10.7.2 Effective Stiffness Tensor .......ccccocevvevieceieeieerieneeneens 360
10.7.3 Numerical Study: Stiffness Reduction vs. Interface
Crack Density ...cocviiiiiniininciiiiin s ssee s 362
CHAPTER 11 Solids with Elliptic Inclusions............ iessnmssenrennnes 367
11.1 Single Elliptic Inclusion in an Inhomogeneous Far Field .......... 367
11.1.1 Problem Statement and Form of Solution............c.cccec.ee.. 367
11.1.2 Displacement and Traction at the Elliptic Interface......... 369
11.1.3 Formal SOIUtion .......cccccueiieieiiiiiine e 371
11.1.4 Stress Intensity Factor.........ccccooveeiniiiiiiciiiiiiiiniccnneniens 374
11.2 Re-Expansion Formulas for the Elliptic Solid Harmonics ......... 374
11.3 Finite Array of INClUSIONS .....ccviiiiiiiiniiniiieccreneee e 378
11.4 Half-Space Containing a Finite Array of Elliptic Fibers............. 382
11.4.1 Integral Transforms for Elliptic Harmonics..........cccevevne. 382
11.4.2 Half-Plane with Elliptic Hole: Out-of-Plane
Elasticity/Conductivity Problem ...........cccccooiininnnnne. 383
11.4.3 Half-Plane with Elliptic Inclusion: Plane Elasticity
PLODICI. ......coroeoncanneennrsnmsnesncssaassss smmmseonsonsasmesnsmnmmssnssances 386
11:.4.4 BCM in Half-PIANE .5 vosuismimsssssrsssssmssssssppsamsssasmssspimssss 389
11.5 Periodic Complex PotentialS...........ccocviiiiriniceinneiiieniccieees 390
1 1.6 Micromechanical Model of Cracked Solid........c.ccooeveiiiinnnnnn. 391
1:6.1. Geometly sorarmmommmmnimeme s s s s 392
11.6.2 Boundary-Value Problem...........ccoccoviiiieinciiccieinnnee. 393
11.6.3 Out-of-Plane Shear .........ccccooeiiiiiiiiieeieieiceceeceseees 394

11.6.4 Plane Srain .........ccccooiiiiimiiiniiciiiiiiee e ceseenees 395



Contents

11.6.5 Effective Stiffness Tensor ........ccoeveererieeeerieniiiiiesnenees 399
11.6.6 Stress Intensity Factors ........covvviniiiniiiiiiiiniincnnnnnnn 400
11.7 Numerical EXamples .......ccoooeviiviiiiiiciiieniinieieciecie i 401
11.7.1 Geometry with Pre-Defined Crack Orientation
STALISTICS .. .o snssressnosrosnsonssinisaivivieuisssis sosssiosdassnos sosmiasisonavs 401
11.7.2 Effective Stiffness vs. Crack Density and Orientation ....402
11.7.3 SIF STAHSLICS .vuvesmsmesssenssssesssmssississsssssnmsssonpusessssssasensssassin 406
CHAPTER 12 Fibrous Composite with Anisotropic
Constitients..............cconananmsninimsanss 411
12.1 Out-0Of-Plane SHEar .........ccevvrierierenireieerenieeeenee s sreeesesneenne 411
12.1.1 Qutline of the Approach and Basic Formulas.................. 411
12.1.2 Single Inclusion Pioblem..: i smsssaisansssisssnsssmsssssaisanses 414
12.1.3 Finite:Array of INCIUSIONS wusimumvsssvsssssammmsmsomsmissasss 416
12.2 Periodic Complex POtentialS..........oecoveevieieierenirnieciienecinisniesinns 418
12.2.1 RUC MOdeL.....ccoeiiniiiiiiiiiieieceeiieiesicecicrc e enes 419
12.3 PIane STraif ....coceeceieiieciie et 420
12.3.1 General SOIUtION ...c..ooeervcenieiieeiie e e 421
12.3:2 Single Inclusion Problem s ssssssssssvmsmsnoseosssugssssesss 421
12.3.3 ATty Of. INCIISTONS! wocmisssmopmmmsssssussmsmewssssnprvomsvsssss ssss 423
12.4 Effective Stiffness TenSor .......cooevvvvriiiecinnvininesisisieesicesens 424
APPENDIX A Sample Fortran Codes........cccrcrmerrmmmmsssessssnnnannnnns 427
A.1 FCM Conductivity Problem (Chapter 2) .......c..cccevvurecercercennn. 428
A.2 RUC Conductivity Problem for Spherical Particle
Composite (Chaper 3} ueesssmamsisssnssimsssms s 436
A.3 FCM Elasticity Problem (Chapter 4)........ccccccoveviviieericneesineanie. 440
A.4 RUC Elasticity Problem for Spherical Particle Composite
(CRAPLET 5) ..ttt sttt 453
A.5 RUC Conductivity and Elasticity Problems for Fibrous
Composite (Chapter 9)......oivvveeieiieririieireenrissreseseseesneessessseenes 459
A6 Standard Lattice SUMS ssasssssisssssisssosamssimmiss mvasissiag 465
A.6.1 Triple Harmonic and Biharmonic Sums for Simple
CUbiIC LatliCe . ..cc.eeeeieeeiiierciiene et s 465
A.6.2 Double Harmonic and Biharmonic Sums for Square
5 L1 (o O RUSOPT 469
Biblography . 471

| 1171 [, 485

xiii



HoNEEE, R SEEPDRIE S A) ;. www. ertongbook. com



