A (OMPLEHE COTRY

1 '_w onKTExT

. e — A ——
-

TOM CLARK



ALGEBRA
A COMPLETE COURSE

Tom Clark

Indiana University - Purdue University at Indianapolis

VideoText Interactive

A
vv

Addison-Wesley Publishing Company

Reading, Massachusetts ® Menlo Park, California ® New York
Don Mills, Ontario ® Wokingham, England ® Amsterdam ¢ Bonn
Sydney e Singapore ® Tokyo ® Madrid ® San Juan ¢ Milan ¢ Paris



Copyright © 1996 by VideoText Interactive.

All rights reserved. No part of this publication may be reproduced, stored in a retrieval
system, or transmitted, in any form or by any means, electronic, mechanical,
photocopying, recording, or otherwise, without the prior written permission of the
publisher. Printed in the United States of America.

ISBN 0-201-88986-2
123456789 10- CRS-99989796



Table of Contents

Unit | - The Structure of Mathematics
Part A — Mathematics as a Language

LESSON 1  Mathematical Parts of Speech .......ccccoooiiiiiiiniii 1
LESSON 2  Mathematical EXPressions ... ssssssssasimmsossmsssssemesss savssarussssssses 2
LESSON 3  Translation of Mathematical Symbols..........c.ccccoiiiiiiiiiiiiiis 5

Part B — Further Investigation of Number Symbols

LESSON 1  The Development of Our Number System ...........cccoovveviiiiiniciiinennnns 7
LESSON 2  Fraction Forms and Decimal Forms .........c.cccccoooiiiii, 10
LESSON 3  Changing Fraction Forms to Decimal Forms ..........ccccoceiiniiinnnnns 12
LESSON 4  Changing Decimal Forms to Fraction Forms ..........ccccccooiiiinnn 14
LESSON S  PEIUBIE suossconavsmvmmanunsmuss vissssnnssmsssssssssmss sssssssssnes soss s ssssngs 1onosss sasssssseves 17
LESSON 6  Primes, Composites, and Factoring ............ccccceeeveiviiiiiiciiciiieiiinnnnnn, 20
LESSON 7  Least Common Multiple ........ccccooviriiiiiriiiiiriiieccecieccce e 22
LESSON S8 Greatest ComMON FACIOT wioemsuioscin ssnciss ssssssvssvsssissuisssssssavsmsmsonsssnes 24

Part C — Further Investigation of Operation Symbols

LESSON 1 Order of Operations .. umsissamsosnmssessmmssssnssssmssosassonssvssaicssanassnss 26
LESSON 2 Properties Of Operations ...........ccceeeueeiiiieeniiiiiieiieeeiee e 29
LESSON 3  Properties of Operations with Special Numbers..........c.coceevvieennnen. 32
LESSON 4  Operations with Fraction Multiplication ............ccccceeviiiiiiiiiiiinincnnn. 34
LESSON 5  Operations with Fractions — Addition and Subtraction ...................... 37
LESSON 6  Operations with Fractions — DiViSION .........ccceeverieniinieciiiiniiienienen 39
LESSON 7  Operations with Decimals ............ccociiiiiiiiiiiiiiiiicicceen 41
LESSON 8  Operations with Signed Numbers — Vectors and Absolute Value ....... 44
LESSON 9  Operations with Signed Numbers — Addition...........cccoeeeciieenieennnenn. 47
LESSON 10 Operations with Signed Numbers — Subtraction ............c.cccceeeereenen. 51

LESSON 11 Operations with Signed Numbers — Multiplication and Division ...... 53

Part D — Further Investigation of Relation Symbols

LESSON 1  Order of Numbers and the Number Line...........ccccceeevvieeviieeenieeeennnn. 57
LESSON 2 Properties Of EQUALItY .....cccccevieiiiiiiniiiiirieeiecceeceee e 60
LESSON 3 Properties of Inequality .......ccccoeiiiiiiiiieiieiiiieecieeeeee e 63

Part E — Mathematical Models
LESSON 1 The MathematiCS O SEtS ..ccooiiviiiiiieeiiee e 66
LESSON 2  The Mathematics of Functions

Table of Contents



Unit Il - First Degree Relations with One Placeholder
Part A — Basic Equations and Inequalities

LESSON 1  Solution Statements and Solution Sets ..........cccccceiiiiiiiiiiiiiiiencnnnenn.
LESSON 2  First Type — MaKing ZEeTos .........cccevvmirmaieninrienienieeisiesieniesiesnc e
LESSON 3  Second Type — MaKing Ones .........ccccevemiieiieniiiiiiiienieceee
LESSON 4 COMDINALIONS ...evviiiiiieiiiiiiieeeeeeeeeeeissareseesesesssnsnseseeeseseesssessmmmnrsessrecesss

Part B — Complications on Equations and Inequalities

LESSON 1  Grouping SyMBOIS ..ccussssssssesessmsssssssmnsnsnosssosseessarsnsesssassnessesssrars
LESSON 2  Like Terms on the Same Side .........coveeeveiiiiiieeeeeeeeeeeeiieeeeeeeee e e
LESSON 3  Placeholders on Both Sides .......ccoooiiiiieeiiiieeiiiiieececiiiee e
LESSON 4  COmDbINAtIONS ......coeeiiiiiiiiiiiieeeeeeeeeeeeeeeeeeeee e eeee e e e eeeeee e e e e e e e e eeeeseeeeeenaaanens

Part C — Special Cases of Equations and Inequalities
LESSON 1 NG SOlUGON v massssssasmsanss ssssssscsmmsnionssnsisssosss sissmsswnosesmiisssssisssssioss
LESSON 2 Infinite Number of SOIUtions ..........cccccoviiiiiiiiiiiiiiiiiicicec e

Part D — Systems of Equations and Inequalities

LESSON1 Compound Sentences With “and™ ......cc.cussmsssssmssmnsssssvssssssmssssnss
LESSON 2  Compound Sentences With “Or” .........ccccooiiiiiiiiiiniiiieeecce e 104
LESSON 3  Absolute Value Equal to a Positive Number (0r) ..........ccccceevveennnnnn. 108
LESSON 4  Absolute Value Less Than a Positive Number (and) ........................ 110
LESSON 5  Absolute Value Greater Than a Non-Negative Number (or) ............ 114

Part E — Problem Solving Using One Placeholder
LESSON 1  General Strategy and Set UP ......ccooeeeeiiieiiieeiiiieeceeeceeeeee e 117
LESSON 2 “Number” Problems ...........cccoooiiiiiiiiiiiiieiieeieeeeeee e 120
LESSON 3  “Consecutive Integer” Problems.........cccocevvemenieniiiniieniciicieee. 123
LESSON 4 “Age” Problems .......ccccociriiriiiiiiiiieciiiieeseeseeee e 126
LESSON 5  “Geometric Figure” Problems ...........cccocervieniiiniiiiiiiiicceccece, 129
LESSON 6  “Motion” Problems ..........ccccceiiiiiiiiiiieiieiieecie e 133
LESSONT “Percent’ PrODISIIS .cosusmmusrommessusirninmassss simssi sopss s s siss ssishiasinsnin 137

Unit 11l - First Degree Relations with Two Placeholders

Part A — Solution Set For One Open Sentence
LESSON 1  Solution Sets For EQUAtiONS ..........cccueveeeriieeeiieieeeiecceeecee e 141
LESSON 2 Solution Sets For Inequalities ............coceeriuieeiieciiiiiiciiceiee e 147
LESSON 3 Graphing Terminology ........cccuerueeriinierieeieeeeieeie e 149
LESSON 4  Graphing Techniques for y =mx .......cccooovveiiiiiiiiiiiciceceeee 153
LESSON 5  Graphing Techniques for y =mx +b .....ccccooiviiiiiniiiic, 156
LESSON 6  Graphing Techniques — INtercepts ..........c.cceevveeveeeeciieeeeeeeeeee. 159

Table of Contents



Part B — Special Cases of Solution Sets

LESSON 1  J=2,7 <8, P> 8 i 164
LESSON 2 X =28, X <@, X ™ B uueeereeereeereenieeeieeseeainessssessasssssessesssssssssssssssssseessenas 168
LESSON 3 ADSOIULE VAIUE ...evvveeeeeeeieeieieeeeieeeeaseeeeeessssssssssssessessneessnssssssnesnsssssessnes 172

Part C — Finding Relations For Given Solution Sets

LESSON 1 Given the Slope and p-INEICePt . uuucsmmssussssnissssissnssessesnossssnmsensessnesson 177
LESSON 2  Given the Slope and One SOlution..........ccocueeeevernriieeiicniecniienenes 179
LESSON 3 Given Two SOlUtions . owsesssanmsssmersmsensssosssrassnsirsensyisers 182
LESSON 4  Special Cases — Given Parallel or Perpendicular Lines..................... 185

Part D — Solution Sets for System of Two Open Sentences

LESSON 1 Graphic Solution for EQUAtIONS .....cccsessssmessssosssssssnsnnsssansrsssmenvasesnaess 188
LESSON 2  Graphic Solution for Inequaliti€s ..........ccccecureireiiiiiiiiiniiiiiiiiiinn. 191
LESSON 3  Algebraic Solution for Equations — Elimination by Addition .......... 194
LESSON 4  Algebraic Solution for Equations — Elimination by Substitution ..... 199

Part E — Special Cases of Solution Sets for Systems
LESSON 1 No Solution INCONSISIENT ...ccuumssummmmmesssomssasnssssssmsssossessossnssssssarussassons 202
LESSON 2  Infinite Number of Solutions — Dependent............c.ccccecueviiricnnnennne. 206

Part F — Problem Solving Using Two Placeholders

LESSON 1 General Strategy and SEMID «icsssiammsissmsmnmismomiessiomisiiissiminmii 210
LESSON 2 “NUmMDBET” PrODIEIMS ....eeuiieiiiieieiiee e e e e e e e e 212
LESSON 3 “Age” ProbIems i sssssssssmessos sossisossassssssesssssonssnsisss wersmissssiasimsssis 215
LESSON 4  “Geometric Figure” Problems ...........ccccoeiiiiiiiiiiiiiiiiciiiciccee 218
LESSON 5  “Motion” ProblemS .......ccccuvieiiiiiiieeeiiieeeciiieeee e e eeeaaaeeeeeanneeeenans 222
LESSON 6  “Percent” Problems........cccceiiiiiiiiiiiiieeeeeeeecreteeeee e 226
LESSON 7  “Value” or “Mixture” Problems...........ccccooueieivuiriiiiiiiieeeeciieeeeeee 230

Unit IV - First Degree Relations with Three
or More Placeholders
Part A — Solution Sets
LESSON 1  One Open SEntencCe .........ccceeviiiiiiiiiieniieeiieeeieeeieeiee s sieens 235
LESSON 2 Two0 Open SeNteNCES.......ccovueeeriiieirieeeriieeseeeeireeeseeeesssaessnseeeennneenns 238
LESSON 3  Systems of Three or More Open Sentences (Algebraic Solutions)........ 240

Part B — Special Cases
LESSON 1  No Solution — INCONSISENT .....c.eeeiiiiiririieiiiire et 242
LESSON 2  Infinite Number of Solutions — Dependent...............ccoevvvvienennnnnen. 244

Table of Contents



Part C — Problem Solving Using Three or More Placeholders

LESSON 1  “Number” Problems ..........coviiiiiiiieeieiiiiiiiiiiieiiiiiiiniiiniiieieeeee i 246
LESSON 2  “Age” Problems ..........ccccovurmrrriniiniinienininieeieseeneicsicsnensnsnsss 249
LESSON 3  “Geometric Figure” Problems ...........cccccovviiiiiniiiiiinie 254
LESSON4  *“Value” of “MiXtiure” Problems ... sssseemissvissonsomssssenss sassravsoersssssns 257

Unit V - Second Degree Relations and Higher
Part A — Exponent Notation

LESSON 1  Definitions and Terminology .........ccccevuervuiieeiniiieiiiiieecie e 263
LESSON 2 Operations With POWETS . suessuusssuseminsssusemssissssumssessmnsvensassonasonssse 265
LESSON 3  Extensions of Operations with POWers ...........ccccccocceiiiiiiiinnnnne. 268
LESSON 4 Special Cases Of POWEES ..csissssessemssussnaranssssssssassassunssassnsssssssssssssnasss 271
LESSON S  Scientific NOEION ......crormcrsenmesnersassssasissssisissssimistassosiass ssssisi sosnssasvisss 273
Part B — Polynomials
LESSON 1  Alpebraic EXPIeSSIONS wwsmsovsssssssssrssmasisnessssmmsosasassnssnmsessaaonss 275
LESSON 2  Definition and Terminology ........ccccceeuiiiiiiriiiiiniieiiiiieccieesiiee e, 278
LESSON 3  Operations — Addition and Subtraction ...........cccccceeiiviiiiiiiciennene 280
LESSON4 Operations-Multiplication ....scesss s sssrvssssoss 282
LESSON 5  Operations-DiVISION .......cccccuieriiieiieeniiecenie et 284

Part C — Solving Equations and Inequalities by Factoring

LESSON 1  Principle of Zero-ProdUcts. ccsicsrssamssiimissmssmimsssssamisniosnsss 288
LESSON 2 Special Products — Common Factor ...........ccccceeiiiiiinniiniiiennieeeee 292
LESSON 3  Special Products — Difference of Squares ..........ccccooeveeviiienineennnen. 295
LESSON 4  Special Products — Perfect Square Trinomial .............ccccvvieiieennnnnn. 298
LESSON 5  Special Products — General Trinomial ...........cccoceevieiiiiniinienieenne. 301
LESSON 6  Special Products — Four-Term Polynomial ............cccccoiiiiiiininnee. 305
LESSON 7  Special Products — Sum or Difference of Cubes ...........c.cccovuvrnenenne. 308
LESSON 8 Gencral Factoring SIrateRV coweisssssssssinwssssmrsmvinismsssoissns sunissssiosss 312
LESSON 9  Synthetic DIVISION .......cccciivieiiiiiiiiiie ettt 315
LESSON 10 Literal EQUAtIONS ........cccvviiiiieeiiiieiieeesieeerie e e e e enee e e 317

Part D — Problem Solving with Higher-Order Relations

LESSON 1  “Number” Problems .........cccccoviiiiiieiiiieceieeeceeeee e 319
LESSON 2 “Consecutive Integer’” Problems.....c...oisssesvsessasssnmessssisssssossasssssninns 322
LESSON 3 “Geometric Figure” Problems ..........ccccceovieviiiriiiiiiiiciicee e 326
LESSON 4  “Formula” Problems ...........cccouieiiieiiiiiiiiieecciecceee e 329

Table of Contents



LESSON 1
LESSON 2
LESSON 3
LESSON 4
LESSON 5

LESSON 1
LESSON 2
LESSON 3
LESSON 4

LESSON 1
LESSON 2
LESSON 3
LESSON 4
LESSON 5
LESSON 6

LESSON 1
LESSON 2

LESSON 1
LESSON 2
LESSON 3
LESSON 4
LESSON 5
LESSON 6

LESSON 1
LESSON 2

LESSON 1
LESSON 2

Unit VI - Algebraic Fractions
Part A — Operations

SIMPUIYING ..ot
MUTGPIIGAOL ..coiosismissss ssssnmssissmonsrnsnusssnmsnssssrsosnsossnsensssssssnyones assecons

Division
Addition and SUDLIACHION ....eevveeveeeieeeeeeeeeeeeeeeeeeeeeeeeeeee e
Complex FOMME .......osorseseasiisisnisassnismssrsonsrasssssssmmoiissnsssisenssisssesns

Part B — Solving Open Sentences

Equations — ATIAMEHC CaSE .orcmsuerssesssmmmmssssssusssssmsssnercensarsasyssonsrns
Equations — Algebraic Case ..........cccooeriviiinrinenniiiinnieneneniesesnenes
Inequalities — Algebraic Case ..........cccoceevviiinininiciciiec,
Lit&ral BRIUALIONS «onssosiivosmisisniss ssninssnissssssnsssis sbvsvsysssessiassinesssnssponssos

Part C — Problem Solving with Algebraic Fractions

“Fraction” Problems .........coooiiiiiiiiieiiiiiieeeeeeeeeeeeeeeeeeeeeeeeeeee e
“WOTK” PTODIEIMS ..o
LY/ (o5 (o) s Kl 30 (0] o) (=) o IS UTURPRPRRPRRE
“Direct Variation” Problems ........ccocvvveeeiiiiiiiiiiiiiiieeeeeeeeeecineeeeeeeeen
“Inverse Variation” Problems..........ccccuvvvieeieeieeieiiieeeeeeeeeeeeveeeenen.
“Mixed Variation” Problems .........ccoovviviiiiiiiiiiiiiiiiiiiiieeeeeeeeeeeeeeeeeees

Unit VIl - Relations of Rational Number Degree
Part A — Rational Numbers as Exponents

Fractions as EXpONents ..........cccccooiiviiiniiiniieiiciiicicciecceccece
0Odd and Even “Ath” ROOLS ........coueriiiiiiiiiicieeieneiece e

Part B — Operations with Radical Expressions

MUltipliCAtION ..o
Simplifying with Perfect POWETS .........cccooiniiiiiiiniiniicciciecce
Division and Simplifying .........cccoeoeriieiinieieeieeeeeeeee e
Addition and SUBLraCtion ..........ccccevevuierieiiieiieiieeeeee e
Radical Expressions in Polynomials............ccccceeeiiiiiiiiicnciiieceee
Rationalizing Denominators ............cceveerevieerieeeeriieeeiee e e e eeneee e

Part C — Solving Radical Equations

Equations with One Radical Expression
Equations with Two Radicals or More

Part D — Problem-Solving with Relations Containing Radicals
The “Distance” Relation
“Formula” Problems

.........................................................................

Table of Contents



Part E — The Complex Numbers as a Mathematical System

LESSON 1
LESSON 2
LESSON 3
LESSON 4

Imaginary and Complex NUMDBETS.....c..covemsersmimecrsresssasaeanescenssoncsssess
Addition and ‘SubLTACTION........corsaseeenneinizssisssisssssinssassssmsmssssssios sonsnssss
NI IIERII oncsnummmensmenes oo sramenrersse s iesssenn s
DIAFIGIOIL v woommmememmenmmmes cnmn riiaod i s SRR T RSB HOS S RO SO VAR50

Unit VIII - Quadratic Equations
Part A — Solving Quadratic Equations of the Form ax* +bx+¢=0

LESSON 1
LESSON 2
LESSON 3
LESSON 4
LESSON 5

Suppose a=0,b=0,0rc =0 .....cceceriiiminiiiiieie
SUPPase 8, B, € F 0 cessesismmonmsssmsssssesmassssnsrsssess vossssnasssssssassassveses
The Quadratic Formula...........cooveeiiiiiieninienccecicececceceeen
Checking SOIUtIONS .....c...eeoueiiiiiiiiiiiiiiiecit e
Quadratic INSAUAIITIES .. ssuns s s mmmssnismsssdossssnmmsares s wssss

Part B — Equations That Are Quadratic in Form

LESSON 1
LESSON 2
LESSON 3

Higher Integer Order .........oooieiiiiiiiiiiiicieccreecc e
Lower Rational Order, Greater Than Zero ..........ccccoeevvvveeeeeeineeeennns
Integer Order, Less Than Zero .........coouvviviiiiiiiiiiiiniiiiciiccciices

Part C — Problem Solving With Quadratic Relations

LESSON 1
LESSON 2
LESSON 3
LESSON 4

“Geometric Figure” Problems .........cccocceeiiiiiniiiiniieeeiiieeiie e
“Pythagorean Theorem” Problems ...........cccceeiiiiiiiiiiiiiiiniienieen,
PV PEOBIOLIIR 5 ruias sunssnsussnsswersnssnmass ssiosm 5065 98 s ss s vh s s Hn 5%
“Motion” PTODIEMS ....ccuiiiiiiieiiiieiiieecieecee e

Unit IX - The Conic Sections
Part A — Parabolas — The Quadratic Function

LESSON 1
LESSON 2
LESSON 3
LESSON 4
LESSON 5
LESSON 6

Part B — Circles
LESSON 1
LESSON 2

Part C — Ellipses
LESSON 1
LESSON 2

COTEITIVS, s swo e st 05 s e 5 5 5 8550 20 A5 505
The Graph of Y= ax?......covioieieeeeeeeeeeeeee e
The Graph of ¥ = (X = 1)% c.oeeeieeecceeee e
The Graph of ¥ =7 + Kueooooiiiieeee e
The Graph of y=a(x — )+ k ccooveiiieiiieeee e
INYETCEPIS. wiinsssissssssis sussssssissisissirsssisiisssiiontvnmsons mmerssansnssenssasmnssssnas snean

vi Table of Contents



Part D — Hyperbolas
LESSON1  Standard FOIM .iuussssssssssesisonssessnssssssranessanspmasensersssasssmnassanssosrnsonsas 495
LESSON 2  Not Standard FOIM ........cccocevviiiiniiiiiiiiiiniceienneee s 502

Part E — Solving Systems of Relations
LESSON 1  One First-Degree and One Second-Degree ..........cccccceeveeciriicnnennnenens 506
LESSON 2  Two Second-Degree........cccccuereuririciiiiiiiiniiieiiiceceice s eenneeenns 509

Part F — Problem Solving with Non-Linear Systems
LESSON 1 “Number” Problems ;...usmesismisssoissssirsmsnsssasssspssseoonssosssssanns 514
LESSON 2  “Geometric Figures” Problems..........ccccecerviininniniiniininiinicnncnen. 517

Unit X - Exponential and Logarithmic Functions

Part A — Exponential Functions
LESSON 1 Graphs of Solution Sets for {X)'= @%....ccocussssssssssssssssssssssssnsssossssssnsss 521
LESSON 2  Graphs of Solution Sets for f{y) = @ ......ccocevemieniiiiiieiiiececee 524

Part B — Logarithmic Functions

LESSON 1 Logarithmic Functions as Inverses of Exponential Functions.......... 527

LESSON 2  Graphs of Solution Sets for fix) = 10g (x) .....cccoerevrrrrrrrririiriines 530
Part C — Operations with Logarithms

LESSON 1  Properties of Logarithms .........ccccccuevieeriieniieciieniiesee e 532

LESSON 2  Finding Logarithms .........ccccocuiriemieierienieeieceeceeeeeeee e 535

LESSON 3 COMPULALION ...c.ueiuiiiieiieiiiiieteee et sae s st st esesae s e naeenaenees 541

Part D — Solving Open Sentences

LESSON 1  Exponential EQUAtionS ..........ccccecuerieiiniinienenienieeeneesieseeeee e 546
LESSON 2  Logarithmic EQUAtIONS ........cccceouiriirvieriiinenrenieneeeecieccesveesae e 550
Answers to Selected EXercises.............ooooomeooeeeeeeee, 559
IOMA X ... 587

Table of Contents

vii



P ]

Unit | — The Structure of Mathematics
Part A — Mathematics as a Language

2K Mathematical Parts of Speech

Objective: To identify the five parts of mathematical speech and understand their use.
Important Terms:

Number Symbols — more commonly called numerals, symbols used to represent
quantities.

Operation Symbols — symbols such as + (add), — (subtract), x (multiply) and - (divide),
used to indicate action.

Relation Symbols — symbols such as = (is equal to), > (is greater than), and < (is less
than), used to show comparisons, as well as combinations such as > (is greater than or
equal to), > (is less than or equal to), and the negations of all of these (#, #, €, %),
among others.

Grouping Symbols — symbols such as ( ) (parentheses), [ ] (brackets), and { } (braces),
used to show groupings.

Placeholder Symbols — more commonly called variables, symbols such as a, b, ¢ (letters
of the alphabet) and (J (empty boxes), used to hold the place of a number until the
number has been identified.

Example 1: Tell which of the following are relation symbols:

a. 174 b. # c. > d. +

Solution: a. 173 isnota relation symbol. It is a number symbol meaning
seventeen and one-half.

b. = is a relation symbol meaning “is not equal to.”
e > is a relation symbol meaning “is greater than.”
d =+ is not a relation symbol. It is an operation symbol meaning “divide.”

Part A — Mathematics as Language




Lesson 1 — Exercises:

Tell what part of mathematical speech each of the following is, and state in words what each

means.
1. ¢ 2.
5 = 6.
9. — 10.
13. ¢ 14.
17. x 18.

[] 3.
63,231 7.
{1} 11.
0) 15.
n 19.

oW

12.

16.

20.

Part A — Mathematics as a Language

m Mathematical Expressions

Objective: To identify the four types of mathematical expressions and understand
what to do with each.

Important Terms:

Closed Phrase — any mathematical expression which contains neither a relation symbol
nor a placeholder symbol. For example, 2(5 — 1) is a closed phrase.

Open Phrase — any mathematical expression which contains a placeholder symbol but
does not contain a relation symbol. For example, 6 + [3 — #] is an open phrase.

Closed Sentence — any mathematical expression which contains a relation symbol
but does not contain a placeholder symbol. For example, 7(4 —2) = 13 is a closed

sentence.

Open Sentence — any mathematical expression which contains both a relation symbol
and a placeholder symbol. For example, 9 + 2[n — 4] > 12 is an open sentence.

Unit | = The Structure of Mathematics



Example 1:

Solution:

Identify the following mathematical expressions by looking for relation

symbols and placeholder symbols.

12+3
2

a. 17-x b 16—-(2-5)26 . d. 20=4(n-1)

a. Open Phrase — Because there is no relation symbol, this expression is
just a phrase. But there is a placeholder symbol, so the expression is
open.

b. Closed Sentence — Because there is a relation symbol, this expression is
a sentence. However, there is no placeholder symbol, so the expression
is closed.

c. Closed Phrase — Because there is no relation symbol, this expression is
just a phrase. Neither is there a placeholder symbol, so the expression is
closed.

d. Open Sentence — There is a relation symbol, so the expression is a
sentence. There is also a placeholder symbol, so the expression is open.

Example 2:

Solution:

Take the appropriate action for each of the following expressions. For open
phrases, use a domain of {0, 1, 2}. For open sentences, use a replacement set
of {4, 5, 6}.

12+3

a. 17-x b. 16—(2-5)26 5

d. 20=4(n-1)
a. Since this is an open phrase, the appropriate action is substitution from
a domain and evaluation to a range.
Using {0, 1, 2}, we substitute and evaluate:
17-(0)—> 17
17-(1)—> 16
17-(2)—> 15

So the range is {17, 16, 15}.

Part A — Mathematics as Language




Example 2 contd:
b. This expression is a closed sentence, so what we can do is tell if it is
true or false.

16-(2-5)=6
16-10=26
626

Since 6 = 6 and that is one acceptable condition, the expression is true.

¢. Since this is a closed phrase, what we can do is evaluate it.

12+3_E
2 2

=71
Its value is 7+.

d. This is an open sentence, so the appropriate action is to substitute from
a replacement set and obtain a solution set of values that make the
expression true. Using {4, 5, 6} we substitute and determine truth
or falsehood.

20 =4([4]-1) 20 =4([5]1-1) 20 =4([6]-1)
=403) = 4(4) =4(5)
=12 =16 =20
FALSE FALSE TRUE

So our solution set is {6}.

Lesson 2 — Exercises:

Tell whether each of the following expressions is an open phrase, closed phrase, open
sentence, or closed sentence.

1. 6+8(3) 2. m+2 3. 5-z=2
4. 8-2=4-2 5 125’L8>2-2 6. wr—w

7. 9 8 15;’18¢5+6 9. 3k+11<17
10. 2-4-1

Unit | —=The Structure of Mathematics



In the following exercises, take the appropriate mathematical action with each expression. For
open phrases, use a domain of {0, 1, 2}. For open sentences, use a replacement set of {4, 5, 6}.

1. 6+80) 2. m+2 3. 5-z=2
4. 8-2=4-2 5, L2 a9 6. w—w

7. 9y g, 118 5.6 9. 3k+11<17
10. 2-4-1

- |
Part A — Mathematics as a Language

m Translation of Mathematical

Symbols

Objective: To translate English expressions into expressions with mathematical symbols.

Example 1: Translate the following English phrases into phrases with mathematical
symbols.

a. The sum of m and 9 decreased by the product of 6 and y.
b. The quotient of the cube of x and the square of z.

Solution: a. thesumofm and9 decreased by the product of 6 and y
(m+9) = 6fy

So (m + 9) — 6y is the desired phrase.

[ v
p. the quotientof the cube of x and the square of z
* R V3 - —_—
x i z?

3
X .
So x’ +z* or = is the desired phrase.
7
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Example 2: Translate the following English sentences into sentences with mathematical
symbols.

a.

b.

Solution: a.

Six less than twice a number is 14.

58 is greater than the sum of 5 times a number and 18.

six less than twice a number is 14
-6 2n = 14

So 2n — 6 = 14 is the desired sentence.

Note that “six less than” means “subtract 6,” so this must be placed to
the right of 2n.

b 58 is greater than the sum of 35 times a number and 18
T8 T X § Sm 18

So 58 > 5m + 18 is the desired sentence.

Lesson 3 — Exercises:

Translate the following English phrases into phrases with mathematical symbols.

1. The sum of g and 6, increased by 4. 2. The product of m and n, divided by 11.
3. 27 more than the total of x and y. 4. The difference between p and 8.
5. The sum of @ and b, divided by 6. 6. a to the power of 6, increased by 12.
7. The product of 10 and z, decreased 8. y multiplied by 6, increased by
by the product of 8 and x the product of 5 and z.
9. The cube of y, subtracted from 10. The quantity x plus 5, times
the product of 5 and y. the quantity x minus 8.
11. The square of the difference of y and 9, 12. The difference between ¢ and d,
divided by the product of 4 and . subtracted from the sum of ¢ and =
13. The sum of 6 and b, combined 14. The difference between the cube of v and
with the total of 7 and c. the cube of w; divided by the square of e.
15. The square of / divided by b 16. 9 more than 4 times a number is equal

less than the cube of .

to 55.
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17. The result of 8 times a number 18. Twice a number is 28.
decreased by 20 is the same as the sum
of 4 times the number and 20.

19. 6 times a number decreased by 12 equals 20. 150 is the same as 6 times a number
the sum of 3 times the number and 8. decreased by 30.

21. The difference between 25 and 4 times 22. 15 is the difference between one-fourth
a number is less than 100 more than of a number and 12.
3 times the number.

23. Three times a number increased by 20 24. 14 more than 10 times a number is the
is greater than 56. same as the difference between 100
and 4 times the number.

25. The sum of 5 times a number and 30
is less than or equal to 50.

Unit| — The Structure of Mathematics
Part B — Further Investigation of Number Symbols

m The Development of Our

Number System

Objective: To identify the different types of numbers and understand how they are related
to each other.

Important Terms:

Well-Defined Operation — an operation which satisfies the conditions of Existence
(must get an answer), Uniqueness (must get only one answer for each number
combination), and Closure (answer must be in the set we are working in).

Natural Numbers — the numbers we use to count objects. The complete set of natural
numbers is shown as {1, 2, 3, ...}, usually called “the set N.” These numbers are also
called counting numbers.

Whole Numbers — the natural numbers combined with the number 0. The complete set
of whole numbers is shown as {0, 1, 2, 3, ...} and usually called “the set W.”

Integers — the whole numbers combined with all of their opposites. The complete set is
shownas {...,3,-2,-1,0,1,2,3,...}.
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