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Preface to the Series

in Information and Computational Science

Since the 1970s, Science Press has published more than thirty volumes in its series
Monographs in Computational Methods. This series was established and led by the late
academician, Feng Kang, the founding director of the Computing Center of the Chinese
Academy of Sciences. The monograph series has provided timely information of the
frontier directions and latest research results in computational mathematics. It has had
great impact on young scientists and the entire research community, and has played a
very important role in the development of computational mathematics in China.

To cope with these new scientific developments, the Ministry of Education of the
People’s Republic of China in 1998 combined several subjects, such as computational
mathematics, numerical algorithms, information science, and operations research and
optimal control, into a new discipline called Information and Computational Science.
As a result, Science Press also reorganized the editorial board of the monograph series
and changed its name to Series in Information and Computational Science. The first
editorial board meeting was held in Beijing in September 2004, and it discussed the
new objectives, and the directions and contents of the new monograph series.

The aim of the new series is to present the state of the art in Information and
Computational Science to senior undergraduate and graduate students, as well as to
scientists working in these fields. Hence, the series will provide concrete and
systematic expositions of the advances in information and computational science,
encompassing also related interdisciplinary developments.

I would like to thank the previous editorial board members and assistants, and all
the mathematicians who have contributed significantly to the monograph series on
Computational Methods. As a result of their contributions the monograph series
achieved an outstanding reputation in the community. I sincerely wish that we will
extend this support to the new Series in Information and Computational Science, so that
the new series can equally enhance the scientific development in information and
computational science in this century.

Shi Zhongci
2005.7



Preface

This book is a new edition of the previous one Finite Element Language. A new
part ‘applications’ has been added in the current version, as shown explicitly in the
title. Finite Element Language (FEL) is a state of art modeling language used to
solve partial differential equations (PDEs) by using finite element method (FEM) or
finite volume method (FVM). This language is used to generate computer programs
of FEM/FVM, by simply creating system-defined expressions for PDEs and its cor-
responding algorithms. The computer program of FEM/FVM ( e.g., C or Fortran
code) can be automatically generated by using the generator of this language.

When programming using FEL, the amount of code generated is reduced by more
than 90 percent compared with that generated by other advanced language gener-
ators, thus it tremendously improves the efficiency of programming. Moreover, the
system-defined expressions for PDFs and its algorithms are extremely easy for user
to read, modify, update, re-use and maintain. FEL helps engineers and researchers
to mainly focus on understanding their physics problems and creating the appro-
priate mathematical models by making them free from the tedious, time-consuming
and error-prone coding work.

This book is organized as follows: Part I includes 5 chapters and appendix A
- F. Chapter 1 discusses the description language for creating the expressions of
PDF's. These expressions are used by the system to generate the element subroutines
in FEM/FVM; Chapter 2 presents the fundamental method to create the FEM
algorithms for solving problems in single-physics field; Contents presented in Chapter
3 are similar to that in Chapter 2 but involed with coupled problems in multi-
physics fields; Chapter 4 introduces the strategy for building FEL which is based
on the component-based-programming method. Details about five most commonly
used component programs are also given; The FEM data structure is presented
and discussed in Chapter 5. Appendix A to C provide some fundamental concepts
and knowledge for finite element shap function and element types as well as the
coordinate transformations and numerical integration. Appendix D and E contain
the collection of keywords and some specific statements defined in FEL.

Part I includes six chapters, introducing the applications of FEL in solid mechan-
ics, Navier-Stokes equation, Darcy flow, electromagnetic field, structural mechanics
and thermal field problems, respectively. It is worth mentioning that the analytical
examples in the book are only used to illustrate the specific applications of FEL,
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some of the application results have not been strictly benchmarked so it is user’s
responsibility to perform the verification. The pre- and post-processing work is done
based on FEPG.GID platform.

The history of FEL and the developed software FEPG can be tracked back to
the 1980s. FEPG has been involved from the early version of only working on single
CPU to the latest version which works on HPC and internet and provides user with
very friendly GUI, thanks to the rapid development of modern simulation and high
performance computing technologies.

The early users of FEPG have become its ‘fans’ and strong supporters or even
participants. However, limited by the current situation of CAE industry in China,
the promotion of FEL and FEPG face big challenges. We would like to take the
opportunity when this book being published, to invite people in scientific computing
community in China to join us in promoting FEPG and developing our own high
performance finite element software.



Contents

Preface to the Series in Information and Computational Science

Preface
Chapter 6 Solid Mechanics -« « -« «««««xwrreerrrrimii 1
6.1 Infinitesimal Linear Elastic Deformation « -« covoveeierriirrerinneen. 1
6.1.1 Finite Element Language Program for
Qhabic: ProBlamas: & i s s 5 53 668 85 s 5165 ¢ 875 5 50 g 8 508 £ 108 6 ¥ &6 N 108 3 00 1 015y S wne 0 s 1
6.1.2 Finite Element Language of Time Discretization Problem Whose
Wave Format is Velocity Method « -« ««««««xrreserermmmmininnaeeeno.. 13
6.1.3 Finite Element Language Program of Time Discretization Problem
Whiose Wave Format 16 NEWHIATK « « = =+ v s o st miwns ons s nsmns enrsssss 24
6.2 Small Elastic-plastic Deformation - -« -«««xreereeerammimiiiiiiiinns 34
6.2.1 Finite Element Language Program of Static Problem Using
Displacement as Unknown Variable « =+« « v veeereaeeineienen. 34
6.2.2 Finite Element Language Program of Static Problems Where Displacement
and A are Calculated Simultaneously -« -« ««xovvrrereererreeaeeen. 60
6.2.3 Theory Text of Non-associated Flow Rule <« +«croermerereneanenene. 75
6.3 Small Linear Viscoelastic Deformation « -« ««vvverrenerieiiieiieens 76
6.3.1 GON Filegcrvcerrreertmnttn ettt 76
6.3.2 MIDI Tl e o st o 4 1o s 60554556 6 915 0% 95 5 506 § $lors o Wbt § s 66 90 ¥ 6168 5 9080 & o 0y ¥ 0 0 8 77
6.3.3 Displacement Calculation Program «««-:«xeeovrrverireereeniee. 7
6.3.4 Stress Calculation Program ........................................ 84
6.4 Linear Elastic Problems with Finite Deformation:« -« cevoeeereeeenn. 92
B.4.1 GON FHlES v v v v v vvrnerneoneeneeneeneeaneaneeneeneeemneneenenns 92
BT NI Tilig 555 oo o p s sh sim s o o5 €00 6 3 800 % 90506 31064 1005 5 ¥idl 68 S0 8 ¥R 8 258 5 408 40 93
6.4.3 Displacement Calculation Program ==« ««-crrrrrermrrreeae. 93
6.4.4 Stress Calculation Program ««««««««««weerermmarmmmimiraaemiiin... 100
6.5 RIGIA-PIASHIC v v vr e e emeee et 109
6.5.1 Finite Element Language Program for Steady-State Problems-«------ 109
6.5.2 Finite Element Language Program for Dynamic Problems -« --------- 119
Chapter 7 Navier-Stokes Equation -« -« -««c«:ooeoamamitiriiiii .. 132
7.1 Steady Mixed Finite Element Language Program --------------------- 133
AL N Tl 5 @653 405 8 6152 51084 S5 6§16 535 S04 6 46 69 W00 s 208 £ 5 I 6 2 5 4 iy § 18 € 5 e 133
712 MDI FlleS ....................................................... 133



vi Contents

7.1.3 Velocity and Pressure Calculation Program -« ««««««--cveeeaeeeenen.. 133
7.2 Steady Finite Volume Method Language Program-:-««--« -+ vcovnven 139
721 GCN Flles ....................................................... 139
722 MDI FileS ....................................................... 140
7.2.3 Velocity and Pressure Calculation Program -« «««««««ccccveeeeea... 140
7.3 Splitting Method of Transient Operator:-«-«-«-««-covveeeaeaee... 147
7.3.1 Finite Element Program of Least Square Method ««««««-tccvoveeennn 147
7.3.2 Finite Element Program for CBS Method -+ - ««-«-vrvvveveeeenn.n 161
Chapter 8 Darcy FIow -« -« ceeeeeueuuimuiinmumieiieeaseies 171
8.1 Finite Element Language Program of Unconfined Seepage Problems---171
811 CON Fillogs s sws o 66 5 a5 6015 s oas gty o 605 5 s 6§08 5 55,5 8 805 8§88 & 00806 40785 485 171
812 MDI FlleS ....................................................... 171
8.1.3 Calculation Program of Water Head -+« - --+-vrvrererreaeiann. 172
8.1.4 Force Calculation Program -« «««««eeeeereeeemmmiiiieaeaieena.. 175
8.2 Finite Element Language Program of Oil-water Two-phase

Flow PrOBIem = s s s s wiss s s/ s 55 5 o8 5 5608 5 o481 615 § wim 5 2485 6 5180 3 515 & & S0 s S350 & a1 182

8.2.1 Basic Equations for the Two-phase (Oil and Water) Black-oil
IV LOE 5 s 565 & 5 e o 506 3160w & 00 & Fo0nars S5t & F160% 5 51 8 B9 6 5 b & G4 8 8 08 & AOBYE B S B 6008 183
8.2.2 Processes of Solution Algorithm «-«+-c+vrevereerrenienineenna.. 184
823 (GONUFIleg vttt rrrrrsreaeraseeteetentssassaissastetessasanarssnnnas 185
BG4 NIDT Filles <5 5515 § 66 5 aisi o 558 55836 5 w306 5555 3 346 8 80805 808,535 5 6 s 8 5 0806 5 s 185
8.2.5 Calculation Procedures of Saturation « -« -««««verrrveeeerneeiinn. 190
8.2.6 Processing of Irreducible Water and Residual Oil »«««=«-vveerneenens 199
Chapter 9 Electromagnetic Fields:- -« -« --«ccceeereeeri ... 209
9.1 Two-dimensional Electromagnetic Field -« «-«-ccevevrvveeniii.. 209
QA0 CEHEHE TIEld e 5 555 Sum 5 #4505 5510 n acoins msens: o mcons oo 515500 & wioas wsmn & s o o Sinsore o 209
9’12 Magnetlc Fleld ................................................... 220
0.1.3 Time-harmonic Field - =« ++-vrrerrreennnnereeeasnianeesenensnnnns 234
9.2 Three-dimensional Electromagnetic Field «-«-«-voevoveeerveeieiin.. 249
021 Siatie Bigldsims s e s oie s 5608155 £ 950 5 5 978 7 45 ¢ 5605 % 508 ¥ #AL6 & 50515 Vkm » S50 6 5 908 « 43 249
9.2.2 Time-harmonic Field -+« c-crcermmemiiiii it 266
Chapter 10 Structural Mechanics - -« -« «exvemmemmmmmii.. 285
10.1 Truss StrucCtures -« ccctevresrorserractroetensscssarsasssnntssnssossas 285
10.1.1 Finite Element Program for 2D Problem « -« «ccvevrrereeeeneae..s 285
10.1.2 Finite Element Program for 3D Problem -« ««-vvvrvveaneeeenn 290
10.2 Beam Structures -« ceocecrtrereamenetentniiiniaietannaseteneeneenns 296
10.2.1 Finite Element Program for 2D Problem « -« «+-rvrerrvenernen.. 296

10.2.2 Finite Element Program for 3D Problem -« «««««-oeveereeeeannn. 302



Contents vii

10.3 Shell Structures - -« «-ccoveverremeritnitiiiitii ittt iiiieenseecnns 310
10.3.1 Finite Element Program for 2D Adini Plate Element -+« -+ - «ccvvv-- 310
10.3.2 Finite Element Program for 3D Adini Plate Element <=« ««vvvvvvee 314
10.3.3 Finite Element Program for 2D Mindlin Element of Plate ---------- 322
10.3.4 Finite Element Program for 3D Plate Element -« -« -««ccoevveeenn. 328

10.4 Finite Element Program for the Spatial Beamplate Composite
U UCEUTES ¢ @ ¢ w6rs 505 w5 8.9 8 w0 8 @ 3 i & 4185806 0§ B § 50506 618 § 83876 o ey § 809 5 & 506 336
1041 GOCN Fileg- - v-veervvesrsannnaseeeeannssesessanssseessasnnnnnnns 336
10.4.2 MDI FILES <+« « « o« e v e ememme et e et e ae i e e e 337
10.4.3 Displacement and Rotation Calculation Subroutine - -« «-«««««-«---- 337
10.4.4 Structure File for Composite Structures-----««-«+seererrerneenenne 337
Chapter 11 Temperature Field -----c-cccoooemmimrmmiiii 340
11.1 Finite Element Program of Stable Problem -« -«---ceceeerereeeennnnn 340
1111  QON Fillg:s ss s sems s svn s wrs s aie s aiess %6 s 750 63 8 65088 574 5 81608 § win 0 857 5 9 340
T T INEITT TG & 5t 5 % i 5 e 5 Suenst 8 ek 3 Bomst 5 Sk £ Bronst & 50l & 5 ok § v # 5,679 5 sl 5t § il 340
11.1.3 Temperature Calculation Program -« ««««--ceerrrreeenneeenn. 341
11.1.4 Heat Flow Calculation Program ««-«««-sccrrrrrrrrerneinneeeeen. 343
11.2 Finite Element Program of Transient Problem -« ««««ecovveeernenann. 346
ITOH. QO Tl s 555 o 55 2,5 5 2k 5 G065 5k £ 40515 5 545 & 5rohs 5 54§ 50 § 5ol § B 5 50 5 00 346
11.2.2 MDI FULES « -« + <+« o v e e e e e mm e e et e et e e e e e e e 347
11.2.3 Temperature Calculation Program -« ««««+-cceerreerneeinneinninn. 347
11.2.4 Heat Flow Calculation Program -« ««««« =« tceseseemmmiiaenaas. 350
SYIMDBOL TADIE -+« -« «+ v vt ettt et et e e 354
G EIEIICES - + -+« « « -« e et et et e e et e e e e e e e 359



Chapter 6
Solid Mechanics

6.1 Infinitesimal Linear Elastic Deformation
6.1.1 Finite Element Language Program for Static Problems

6.1.1.1 GCN Files

test.gen

Comments are on the right

defi

a ell ....field a solves displacement, using ellipse algorithm for
linear steady-state problem.

bstra..... field b solves stress, using the least squares method,
lumped matrix method str.nfe, and the results of field a

startsin a .... initialize field a

solvsin a ..... Use a sin solver without storing element stiffness
but changing bandwidth in field a.

stress b ..... Introduced to solve Field b. the least squares
method

6.1.1.2 MDI Files

test.mdi

Comments are on the right

3dxyz ..... Solving in three-dimensional Cartesian coordinate system

#a 0 3 uvw ..... field a has no initial values, but has three
displacement DOFs.

fde delxyz c8g2 ..... Element calculation subroutine of field a is
delxyz.fde, with eight-node hexahedral element, and second-order
Gaussian integral.

fbc delxyz q4g2 ..... Calculation subroutine of boundary element is
delxyz. fbc. with four-node quadrilateral element and second-
order Gaussian intergral.

#b 0 6 dxx dyy dzz dyz dxz dxy ..... field b has no initial values,
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but has six stress DOFs.

fde selxyz c8 .... Element calculation subroutine of field b
is selxyz.fde, with eight-node hexahedral element, and nodal
integral
#

6.1.1.3 Displacement Calculation Program

6.1.1.3.1 Theory Text

Balance equations
002z 5 00y " 004,

aaz aay 682 + =0
Ozy Oyy Oyz _
0oz, Ooy, 00, _
oz "oy T oz I
Geometric equations
ou
Exx = %
v
Eyy = Fy
__ ow
zz — E
) ow . o (6.1.2)
V2 9y 0z
. Oow Ou
9z 0z
oy oz
Constitutive equation
Ozz 1-v v v Exu
Oyy v 1—v v Eyy
Ozz | E v v 1—v €2z
oy | (1+v)(1-2v) 0.5 —v Eyz
Ozz 05—v Ezz
Ozy 05—v Egy
(6.1.3)

Boundary conditions:
The first-type boundary conditions

u=1ug, V=1 W=wWy (6.1.4)
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The second-type boundary conditions
Tp=fi, Ty=fo, T.=f3 (6.1.5)
The third-type boundary conditions
T = fi(u,v,w), T,= fa(u,v,w), T,= fa(u,v,w) (6.1.6)

Using the principle of Galerkin FEM to solve displacement, from the balance equa-
tion we obtain:

003y 00gy 00z, 00zy Ooyy 00y,
/V(( o T By +5, +fz)5u+( o T By t5, +fy o

aa':r:z aayz 6022 _
+< O + By + 92 +fz))5’de—0 (617)

Translating into weak form yields:

/ (02202 + Oyyleyy + 0,20€,, + 0y206y; + 04,062, + Ozybey) dV
v

=/ (fzbu + fydv + frow)dV + / (Tpou + Tyov + T,6w) dT (6.1.8)
1% r

Plugging the constitutive equations into the above, we obtain

/V emésmm(l—u)dV+ /v em5£yy(1+—u)l(?l_2—y)(u)dV

+ /v emaszzmy)l(‘jﬂ(u)dwr /V eyyésmm(v)dV

+ /V eyyasyy()f—)u—u)dwr /V eyyas,zmufﬂ(u)dv

. /V ezzasm$(u)dv+ /V ezz5eyym(u)dV

+ /V ezzaeum(l—u)dVJF /V ayzéeyzm)(El—_ZT)(o.s—u)dV

E
+ Aemzdgxz( 01— )(O 5 —v)dV

E
+L€xy6€xym(0.5 = V)dV
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= / (fz0u+ fyov + f0w)dV + / (Tpdu + Tyov + Toow) dT’ (6.1.9)
1% r

By spatial discretization, equation (6.1.9) can be written in matrix form, which gives
SU=F (6.1.10)

Where S is the stiffness matrix, U is the displacement vector, F' is the load vector,
and the above form is the linearized equation system.

6.1.1.3.2 FDE Files
The volume integral terms of equation (6.1.9) should be written as FDE file, which
is described as follows:

— delxyz.fde

\sij,j + fi =0

\s = D*e, where eij = (ui,j+uj,i)*aij

\aij = 1/2 if i=j else aij=1

\where u denotes displacement, s denote stress, e denotes strain
\D denotes the constitutive matrix

A e

\PDE in weak form

\ (Dxe,de) = (f,du)

\where de denotes the variations of e

dispuvw
vect uuvw
cCoor X y z
func exx eyy ezz eyz exz exy
fmatr fe 3 3
vect ev exx eyy ezz
vect ep eyz exz exy
shap %1 %2
gaus %3
@l singular.xyz n
mate pe pv fu fv fw rou alpha
vect £ fu fv fw
matrix sm 3 3
(1.0-pv) pv pv
pv (1.0-pv) pv
pv pv (1.0-pv)
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func

@l vol.xyz n

$c6 fact=pe/(1.0+pv)/(1.0-pv*2.0)*vol
$c6 shear=(0.5-pv)

Q@1 gradv.xyz f fe

Ow ev fe 1 5 9

Qa fe_i_j=+[fe_i_jl+[fe_j_il

Qw ep fe 6 3 2

stif

dist=+[ev_i;ev_jl*sm_i_j*fact+[ep_i;ep-i]*shear*fact
load=+[u_i] *f_i*vol
end

6.1.1.3.3 VDE Files
The VDE file generated by FDE file in the previous section is as follows:

——— delxyz.vde

dispuvw

vect uuvw

Coor Xy z

func exx eyy ezz eyz exz exy
vect ev exx eyy ezz

vect ep eyz exz exy

shap %1 %2

gaus %3

mate pe pv fu fv fw rou alpha
vect £ fu fv fw

matrix sm 3 3

(1.0-pv) pv pv

pv (1.0-pv) pv

pv pv (1.0-pv)

func

$c6 vol=1.0

$c6 fact=pe/(1.0+pv)/(1.0-pv*2.0)*vol
$c6 shear=(0.5-pv)

exx=+[u/x]

eyy=+[v/y]l
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ezz=+[w/z]

eyz=+[v/z]+[u/y]
exz=+[u/z]+[w/x]
exy=+[u/yl+[v/x]

stif
dist=+[evi;ev_jl*sm_i_j*fact+[ep_i;ep-i]*shear*xfact

load=+[u_i] *f_i*vol

end

6.1.1.3.4 FBC Files

Boundary integral terms in the equation (6.1.9) should be written in the FBC file
of boundary element, which is described as follows:

—— delxyz.fbc
defi

disp u,v,w
Coor X,y

shap %1 %2
gaus %3

mate fu fv fw 0.0;0.0;100.0;

stif
dist=+[u;ul*0.0

load=+[u] *fu+ [v]*fv+[w]*fw

end

Local coordinate system are used for the boundary elements, the followings are
the method of the local coordinate system: the z-axis of the local coordinate system
is defined by the unit vector of whose direction is defined as starting from the first
element node to the second; the unit vector which is vertical to the boundary unit
and meet the right-hand screw rule with the order of the nodes of the boundary
element is defined as the z-axis of the local coordinate system; taking the vector
which is vertical to the z-axis and z-axis, moreover, can constitute the right-hand
screw rule with the z-axis and z-axis as y-axis of local coordinate system. Therefore,
fzs fy, f> in the boundary element FBC file represent the boundary force in the local
coordinate system.
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6.1.1.4 Stress Calculation Program

6.1.1.4.1 Theory Text
Linear elastic constitutive equation

Ozz 1-v v v Ezz
Oyy v 1—v v Eyy
022 | E v v 1—-v €22
Oyz N (1 + l/)(l — 21/) 0.5—v Eyz
Ogz 0.5—v Exz
Ozy 05—v Ezy
The above equation can be abbreviated as
o= De (6.1.11)

Using the least squares method to solve stress with known displacement, the follow-
ing equation is obtained by using the above formula (6.1.11):

/U&TdV:/ DebodV (6.1.12)
% %

After spatial discretization (6.1.12) can be solved by utilizing the least squares
method.

6.1.1.4.2 FDE Files
The volume integral terms of the equation (6.1.12) should be written as FDE file,
described as follows:

selxyz.fde

\stress equation

\s = D*xe, where eij = (ui,j+uj,i)*aij

\aij = 1/2 if i=j else aij=1

\where u denotes displacement, s denotes stress, e denotes strain
\D denote the constitutive matrix

\PDE in weak form
\(s,ds) = (D*e,ds)
\where ds denotes the variations of s

disp dxx,dyy,dzz,dyz,dxz,dxy
Coor X,y,Z
coef u,v,w



