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Preface

There are already several excellent books on Malliavin calculus. However,
most of them deal only with the theory of Malliavin calculus for Brownian
motion, with [35] as an honorable exception. Moreover, most of them discuss
only the application to regularity results for solutions of SDEs, as this was the
original motivation when Paul Malliavin introduced the infinite-dimensional
calculus in 1978 in [158]. In the recent years, Malliavin calculus has found
many applications in stochastic control and within finance. At the same time,
Lévy processes have become important in financial modeling. In view of this,
we have seen the need for a book that deals with Malliavin calculus for Lévy
processes in general, not just Brownian motion, and that presents some of the
most important and recent applications to finance.

It is the purpose of this book to try to fill this need. In this monograph
we present a general Malliavin calculus for Lévy processes, covering both the
Brownian motion case and the pure jump martingale case via Poisson random
measures, and also some combination of the two. We also present many of the
recent applications to finance, including the following:

The Clark—Ocone theorem and hedging formulae

Minimal variance hedging in incomplete markets

Sensitivity analysis results and efficient computation of the “greeks”
Optimal portfolio with partial information

Optimal portfolio in an anticipating environment

Optimal consumption in a general information setting

Insider trading

To be able to handle these applications, we develop a general theory of
anticipative stochastic calculus for Lévy processes involving the Malliavin
derivative, the Skorohod integral, the forward integral, which were originally
introduced for the Brownian setting only. We dedicate some chapters to the
generalization of our results to the white noise framework, which often turns
out to be a suitable setting for the theory. Moreover, this enables us to prove
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VIII  Preface

results that are general enough for the financial applications, for example, the
generalized Clark—Ocone theorem.

This book is based on a series of courses that we have given in different
years and to different audiences. The first one was given at the Norwegian
School of Economics and Business Administration (NHH) in Bergen in 1996,
at that time about Brownian motion only. Other courses were held later, every
time including more updated material. In particular, we mention the courses
given at the Department of Mathematics and at the Center of Mathematics for
Applications (CMA) at the University of Oslo and also the intensive or com-
pact courses presented at the University of Ulm in July 2006, at the University
of Cape Town in December 2006, at the Indian Institute of Science (IIS) in
Bangalore in January 2007, and at the Nanyang Technological University in
Singapore in January 2008.

At all these occasions we met engaged students and attentive readers.
We thank all of them for their active participation to the classes and their
feedback. Our work has benefitted from the collaboration and useful comments
from many people, including Fred Espen Benth, Maximilian Josef Butz,
Delphine David, Inga Baadshaug Eide, Xavier Gabaix, Martin Groth,
Yaozhong Hu, Asma Khedher, Paul Kettler, An Ta Thi Kieu, Jgrgen Sjaastad,
Thilo Meyer-Brandis, Farai Julius Mhlanga, Yeliz Yolcu Okur, Olivier
Menoukeu Pamen, Ulrich Rieder, Goncalo Reiss, Steffen Sjursen, Alexander
Sokol, Agnes Sulem, Olli Wallin, Diane Wilcox, Frank Wittemann, Mihail
Zervos, Tusheng Zhang, and Xunyu Zhou. We thank them all for their help.
Our special thanks go to Paul Malliavin for the inspiration and continuous
encouragement he has given us throughout the time we have worked on this
book. We also acknowledge with gratitude the technical support with com-
puters of the Drift-IT at the Department of Mathematics at the University
of Oslo.

Oslo, Giulia Di Nunno
June 2008. Bernt Jksendal
Frank Proske



Contents

INtroduction « . waiuiimsssonsimicnits swsanaaosvinssssnissinses 1
Part I The Continuous Case: Brownian Motion
1 The Wiener-Ité Chaos Expansion ......................... 7
1.1 Tterated Ito Integrals........... .. ... i, 7
1.2 The Wiener-It6 Chaos Expansion ......................... 11
1.3 EXerCises . ........uiuiii e e 16
2 The Skorohod Integral ............... ... ... .. ... ........... 19
2.1 The Skorohod Integral ......................cciiiunn.... 19
2.2 Some Basic Properties of the Skorohod Integral ............. 22
2.3 The Skorohod Integral as an Extension of the It6 Integral .... 23
2.4 EXEICISES . ..ottt e e 25
3 Malliavin Derivative via Chaos Expansion ................. 27
3.1 The Malliavin Derivative ............... .. ... 27
3.2 Computation and Properties of the Malliavin Derivative. . . ... 29
3.2.1 Chain Rules for Malliavin Derivative................. 29
3.2.2 Malliavin Derivative and Conditional Expectation . .. .. 30
3.3 Malliavin Derivative and Skorohod Integral ................. 34
3.3.1 Skorohod Integral as Adjoint Operator to the
Malliavin Derivative . ......... .. ... . .. 34
3.3.2 An Integration by Parts Formula and Closability
of the Skorohod Integral............................ 36
3.3.3 A Fundamental Theorem of Calculus ................ 37
B4, EXCICISeS o sns svivmvsmamusmsdosmsensdssssomsssesns e s 40
4 Integral Representations and the Clark—Ocone Formula.... 43
4.1 The Clark—Ocone Formula .. ...............ooviiiiinn.. 43
4.2 The Clark—Ocone Formula under Change of Measure......... 45

IX



X

Contents

4.3 Application to Finance: Portfolio Selection..................
4.4 Application to Sensitivity Analysis and Computation

of the “Greeks” in Finance ...............................
4.5 EXErciSes :coe:niimimsinsinsmnsins i@simisannisnsds ibnsonss

White Noise, the Wick Product, and Stochastic
Integration ..... ... ... .. .. ...
5.1 White Noise Probability Space ............................
5.2 The Wiener-It6 Chaos Expansion Revisited.................
5.3 The Wick Product and the Hermite Transform ..............
5.3.1 Some Basic Properties of the Wick Product...........
5.3.2 Hermite Transform and Characterization
Theorem for (S)—1 ... eoviiii i
53.3 TheSpaces Gand G* .............coiviiiiiinnnn...
5.3.4 The Wick Product in Terms of Iterated It6 Integrals . . .
5.3.5 Wick Products and Skorohod Integration.............
5.4 EXEICISES .. ..ottt ittt

The Hida—Malliavin Derivative on the Space 2 = §'(R).. ..
6.1 A New Definition of the Stochastic Gradient and a Generalized

Chain Rule ......viivivivoiiaimsinesiovavessnssnn TP
6.2 Calculus of the Hida—Malliavin Derivative

and Skorohod Integral ............ .. ... . ... ... ... ... ...

6.2.1 Wick Product vs. Ordinary Product .................

6.2.2 Closability of the Hida—Malliavin Derivative ..........

6.23 WickChainRule............. ... ... ... ........

6.2.4 Integration by Parts, Duality Formula,

and Skorohod Isometry ............................

6.3 Conditional Expectation on (8)* ..........................
6.4 Conditional Expectationon G* . ...........................
6.5 A Generalized Clark—Ocone Theorem ......................

6.6 EXEICISeS ... .ottt e

The Donsker Delta Function and Applications .............
7.1 Motivation: An Application of the Donsker Delta Function

to HedgIng ::icvivisesnisnivivoiisioninbinsamsnsinssnsin
7.2 The Donsker Delta Function ..............................
7.3 The Multidimensional Case . ..............................
T4 EXEICISeS ... ..ottt e e

The Forward Integral and Applications ....................
8.1 A Motivating Example .............. ... ... L
8.2 The Forward Integral ................. .. .. iiiiiiin...
8.3 It6 Formula for Forward Integrals .........................



Contents XI

8.4 Relation Between the Forward Integral

and the Skorohod Integral ............... ... ... ... ... ..... 140
8.5 It6 Formula for Skorohod Integrals ........................ 142
8.6 Application to Insider Trading Modeling ................... 144
8.6.1 Markets with No Friction........................... 144
8.6.2 Markets with Friction.............................. 149
BT EXEICISES smssn ssmin gimasssnssesm@s s sees §HiEG0aETHEH 0 156

Part II The Discontinuous Case: Pure Jump Lévy Processes

9

10

11

12

A Short Introduction to Lévy Processes ................... 161
9.1 Basicson Lévy Processes .............cooviiiiiiiniinininin. 161
9.2 Thelto6 Formula............. ..., 165
9.3 The It6 Representation Theorem for Pure Jump

Lévy Processes . ..........ooiiniiiiiiiniiiinninann... 168
9.4 Application to Finance: Replicability....................... 171
9.5 EXEICISES ...t vvitt ettt ittt et e et e 173
The Wiener—Ité Chaos Expansion ......................... 177
10.1 Iterated It6 Integrals............ ..ot iiienn .. 177
10.2 The Wiener-Ité6 Chaos Expansion ......................... 178
10.3 EXerCiSes . . .. ..ottt e e 182
Skorohod Integrals .............. ... .o, 183
11.1 The Skorohod Integral .............. ... ... .. .. .. .. ...... 183
11.2 The Skorohod Integral as an Extension of the It6 Integral . ... 184
11.3 EXEICISES . . ot ovo et ie et it et e e e e 186
The Malliavin Derivative .................................. 187
12.1 Definition and Basic Properties ........................... 187
12.2 Chain Rules for Malliavin Derivative .. ..................... 190
12.3 Malliavin Derivative and Skorohod Integral ................. 192

12.3.1 Skorohod Integral as Adjoint Operator

to the Malliavin Derivative ......................... 192
12.3.2 Integration by Parts and Closability
of the Skorohod Integral............................ 192

12.3.3 Fundamental Theorem of Calculus................ ... 194
12.4 The Clark-Ocone Formula . .. ......... .. ... ... ... ....... 196
12.5 A Combination of Gaussian and Pure Jump Lévy Noises .. ... 197
12.6 Application to Minimal Variance Hedging with Partial

INfOrMAtioN . ¢« ccionm e imivis sosmaaasnssmnsmessssnsshsvnss 200
12.7 Computation of “Greeks” in the Case of Jump Diffusions .. ... 206

12.7.1 The Barndorff-Nielsen and Shephard Model .......... 207

12.7.2 Malliavin Weights for “Greeks” ..................... 209

12.8 EXOrCISES . o ittt ettt e 213



XII

13

14

15

16

Contents

Lévy White Noise and Stochastic Distributions ............
13.1 The White Noise Probability Space ........................
13.2 An Alternative Chaos Expansion and the White Noise .......
13.3 The Wick Product .. ........ ... ...

13.3.1 Definition and Properties...........................

13.3.2 Wick Product and Skorohod Integral ................

13.3.3 Wick Product vs. Ordinary Product .................

13.3.4 Lévy-Hermite Transform ...........................
13.4 Spaces of Smooth and Generalized Random Variables:

G and G% ...
13.5 The Malliavin Derivative on G* . ...... ... ...t
13.6 A Generalization of the Clark-Ocone Theorem ..............
13.7 A Combination of Gaussian and Pure Jump Lévy Noises

in the White Noise Setting. .. .......... ... ... ... .........
13.8 Generalized Chain Rules for the Malliavin Derivative ........
13.9 EXOICISES . . vttt e

The Donsker Delta Function of a Lévy Process
and Applications ............ ... oo i
14.1 The Donsker Delta Function of a Pure Jump Lévy Process. . .
14.2 An Explicit Formula for the Donsker Delta Function .........
14.3 Chaos Expansion of Local Time for Lévy Processes ..........
14.4 Application to Hedging in Incomplete Markets ..............
14.5 A Sensitivity Result for Jump Diffusions ...................
14.5.1 A Representation Theorem for Functions
of a Class of Jump Diffusions .......................
14.5.2 Application: Computation of the “Greeks” ............
14.6 BEXOICISES © v\ v v v et ittt et et e e e

The Forward Integral ............ ... ... ... ... ...
15.1 Definition of Forward Integral and its Relation

with the Skorohod Integral ...............................
15.2 It6 Formula for Forward and Skorohod Integrals.............
15.3 EXEICISES . iiivsmivsimsiasss smsions@sisinmsaasinsds imssosa

Applications to Stochastic Control: Partial
and Inside Information ............ ... .. ... ... .. .. ... .. ...
16.1 The Importance of Information in Portfolio Optimization .. ...
16.2 Optimal Portfolio Problem under Partial Information ........
16.2.1 Formalization of the Optimization Problem:
General Utility Function ...........................
16.2.2 Characterization of an Optimal Portfolio
Under Partial Information .. ........................
16.2.3 Examples .. ... ...
16.3 Optimal Portfolio under Partial Information
in an Anticipating Environment . ............ ... ... .......



Contents  XIII

16.3.1 The Continuous Case: Logarithmic Utility ............ 291
16.3.2 The Pure Jump Case: Logarithmic Utility ............ 296
16.4 A Universal Optimal Consumption Rate for an Insider ....... 300
16.4.1 Formalization of a General Optimal
Consumption Problem ............................. 302
16.4.2 Characterization of an Optimal Consumption Rate . ...304
16.4.3 Optimal Consumption and Portfolio ................. 307
16.5 Optimal Portfolio Problem under Inside Information ......... 310
16.5.1 Formalization of the Optimization Problem:
General Utility Function ....................00ouu.. 310
16.5.2 Characterization of an Optimal Portfolio
under Inside Information ........................... 314
16.5.3 Examples: General Utility and Enlargement
of Filtration .......... .. ... o i, 317
16.6 Optimal Portfolio Problem under Inside Information:
Liogarithmic Utility ...cccuvvmimecninsimsisrmninesmsnuswns 322
16.6.1 The Pure Jump Case ...........ccoiviiiiniinininn. 322
16.6.2 A Mixed Market Case. .............coiiiiiiei... 325
16.6.3 Examples: Enlargement of Filtration................. 327
16.7 EXEICISES « vt o ittt e e e e 334
17 Regularity of Solutions of SDEs Driven
by Lévy Processes ...............c.ooiuiiiiiiiiiinnnenen.. 337
17.1 The Pure Jump Case ...............ciiiiianninennnn... 337
17.2 The General Case ............couriiiiini .. 341
17.3 EXEICISeS . . .o vttt ettt e e e 343
18 Absolute Continuity of Probability Laws................... 345
18.1 Existence of Densities . ........... .. ... .. ... ... ... 345
18.2 Smooth Densities of Solutions to SDE’s Driven
by Lévy Processes . ........... .. ... ... i 349
18.3 EXOICISES . o oottt ittt i e e 351
Appendix A: Malliavin Calculus on the Wiener Space ......... 353
A.1 Preliminary Basic Concepts..............ooiiiiiniinnne .. 353
A.2 Wiener Space, Cameron—Martin Space,
and Stochastic Derivative............... ... .. ... ... ....... 357
A.3 Malliavin Derivative via Chaos Expansions ................. 363
Solutions .. ... ... 367
References. .. ...... ... .. i e 399
Notation and Symbols ............ .. ... ... . 411






Introduction

The mathematical theory now known as Malliavin calculus was first intro-
duced by Paul Malliavin in [158] as an infinite-dimensional integration by
parts technique. The purpose of this calculus was to prove the results about
the smoothness of densities of solutions of stochastic differential equations
driven by Brownian motion. For several years this was the only known appli-
cation. Therefore, since this theory was considered quite complicated by many,
Malliavin calculus remained a relatively unknown theory also among mathe-
maticians for some time. Many mathematicians simply considered the theory
as too difficult when compared with the results it produced. Moreover, to a
large extent, these results could also be obtained by using Hérmander’s earlier
theory on hypoelliptic operators. See also, for example, [20, 114, 225, 230].

This was the situation until 1984, when Ocone in [173] obtained an explicit
interpretation of the Clark representation formula [46, 47] in terms of the
Malliavin derivative. This remarkable result later became known as the Clark-
Ocone formula. Sometimes also called Clark-Haussmann-Ocone formula in
view of the contribution of Haussmann in 1979, see [98]. In 1991, Ocone and
Karatzas [174] applied this result to finance. They proved that the Clark-
Ocone formula can be used to obtain explicit formulae for replicating portfolios
of contingent claims in complete markets.

Since then, new literature helped to distribute these results to a wider
audience, both among mathematicians and researchers in finance. See, for
example, the monographs [53, 161, 169, 212, 216] and the introductory lecture
notes [178]; see also [206].

The next breakthrough came in 1999, when Fournié et al. [81] obtained
numerically tractable formulae for the computation of the so-called greeks in
finance, also known as parameters of sensitivity. In the recent years, many
new applications of the Malliavin calculus have been found, including partial
information optimal control, insider trading and, more generally, anticipative
stochastic calculus.

At the same time Malliavin calculus was extended from the original setting
of Brownian motion to more general Lévy processes. This extensions were at

G.Di Nunno et al.,, Malliavin Calculus for Lévy Processes with Applications 1
to Finance,
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2 Introduction

first motivated by and taylored to the original application within the study
of smoothness of densities (see e.g. [12, 35, 37, 38, 44, 141, 142, 143, 163,
189, 190, 218, 219]) and then developed largely targeting the applications to
finance, where Lévy processes based models are now widely used (see, e.g.,
(25, 29, 64, 69, 148, 171, 181]). Within this last direction, some extension to
random fields of Lévy type has also been developed, see, for example, [61, 62].
Other extension of Malliavin calculus within quantum probability have also
appeared, see, for example, (84, 85].

One way of interpreting the Malliavin derivative of a given random vari-
able F = F(w), w € §2, on the given probability space (12, F, P) is to regard
it as a derivative with respect to the random parameter w. For this to make
sense, one needs some mathematical structure on the space (2. In the original
approach used by Malliavin, for the Brownian motion case, {2 is represented
as the Wiener space Cy([0,T]) of continuous functions w : [0,7] — R with
w(0) = 0, equipped with the uniform topology. In this book we prefer to use
the representation of Hida [99], namely to represent 2 as the space S’ of tem-
pered distributions w : S — R, where S is the Schwartz space of rapidly
decreasing smooth functions on R (see Chap. 5). The corresponding probabil-
ity measure P is constructed by means of the Bochner—Minlos theorem. This
is a classical setting of white noise theory. This approach has the advantage
that the Malliavin derivative D;F of a random variable F : &' — R can
simply be regarded as a stochastic gradient.

In fact, if v is deterministic and in L%(R) (note that L2(R) C S’), we define
the directional derivative of F' in the direction v, D F, as follows:

D,F(w) = lin}) B+ EZ) = Flw) , weS,

if the limit exists in L2(P). If there exists a process ¥(w,t) : 2 x R — R
such that

D,F(w) = /E;W(w,t)'y(t)dt, weS

for all v € L%(R), then we say that F is Malliavin-Hida differentiable and we
define
D.F(w) := ¥(w,t), weds

as the Malliavin—(Hida) derivative (or stochastic gradient) of F at t.

This gives a simple and intuitive interpretation of the Malliavin deriva-
tive in the Brownian motion case. Moreover, some of the basic properties of
calculus such as chain rule follow easily from this definition. See Chap. 6.

Alternatively, the Malliavin derivative can also be introduced by means of
the Wiener-Ité chaos expansion [120]:

F =7 I(fa)

n=0



