Quantum
Theory of
Many-Body
Systems

- Techniques and Applications

(St s /

Z WYL )

Spnnger www.wpcbj.com.cn




Alexandre M. Zagoskin

Quantum Theory of
Many-Body Systems

Techniques and Applications

With 122 Illustrations

@ Springer



Alexandre M. Zagoskin

Department of Physics and Astronomy
The University of British Columbia

6224 Agricultural Road
Vancouver, BC V6T 1Z1
Canada

Series Editors

Joseph L. Birman Jeffrey W. Lynn Mark P. Silverman
Department of Physics Reactor Radiation Division Department of Physics
City College of CUNY National [nstitute of Standards ~ Trinity Coliege
New York, NY 10031 and Technology Hartford, CT 06106
USA Gaithersburg, MD 20899 USA

USA
H. Eugene Stanley Mikhail Voloshin
Center for Polymer Studies ~ Theoretical Physics Institute
Physics Department Tate Laboratory of Physics
Boston University University of Minnesota

Boston, MA 02215
USA

Minneapolis, MN 55455
USA

Library of Congress Cataloging-in-Publication Data
Zagoskin, Alexandre.
Quantum theory of many-body systems : techniques and applications
{ Alexandre Zagoskin.
. cm. — (Graduate texts in contemporary physics)
Includes bibliographical references and index.
ISBN 0-387-98384-8 (hardcover : alk. paper)
1. Many-bedy problem. 2. Quantum theory.
4. Superconductivity. 1 Title.  II. Series.
QC174.17.P7Z34 1998
530.4' .16-dc2]

3. Green's functions.

97-44448

©1998 Springer-Verlag New York, Inc.

Al) rights reserved. This work may not be translated or copied in whole or in part without the writien
permission of the publisher (Springer-Verlag New York, Inc., 175 Fifth Avenue, New York, NY 10010,
USA), except for brief excerpts in connection with reviews or scholarly analysis. Use in connection
with any form of information storage and retrieval, electronic adaptation, computer software, or by
similar or dissimilar methodology now known or hereafter developed is forbidden.

The use of general descriptive names, trade names, trademarks, etc., in this publication, even if the
former are not especially identified, is not to be taken as a sign that such names, as understood by the
Trade Marks and Merchandise Marks Act, may accordingly be used freely by anyone.

This reprint has been autherized by Springer-Verlag (Berlin/Heidelberg/New York) for sale in the
Mainland China only and not for export therefrom.

ISBN 0-387-98384-8 Springer-Verlag New York Berlin Heidelberg  SPIN 10659762



BPER&RE (CIP) ¥iR

LERGHEFEIS: BIIMNA: %3/ ()
HAHH (Zagoshin, A M. ) F . —Jvgi. HREH
AR 2y AL A2 F], 2009. 5

2R3 : Quantum Theory of Many-Body Systems:

Techniques and Applications
ISBN 978-7-5100-0490-2

1. %

IV. 0413

0. #L-- W. BFie—MRAE—BH—3RX

o R A B T CIP i (2009) 55 066892 5

3 #Z: Quantum Theory of Many-Body Systems: Techniques and Applica-
tions

& #:  Alexandre M. Zagoskin

hiE R ZERRGEMNETHEIR

RERE: A=A XNE

H AR &: HREERHRARIEALF

B R & Z=WEKESAERAA

% 17 HAEBURAFHCEAR (JEHEEIRAH 137 5 100010)
BERAE: 01064021602, 010-64015659

HFEH: kb@wpcebj. com. cn

H . 247

P 3: 10.5

ki . 2009 F05 H

MRAEiE: B 01-2009-1101

H  B: 978-7-5100-0490-2/0 - 705 £ #: 30.00 5T

5 BB HRA T RRRABRS Springer BINEREKERFREN LT



Graduate Texts in Contemporary Physics

Series Editors:

Joseph L. Birman
Jeffrey W. Lynn
Mark P. Silverman
H. Eugene Stanley
Mikhail Voloshin

Springer
New York
Berlin
Heidelberg
Barcelona
Budapest
Hong Kong
London
Milan

Par:s

Santa Clara
Singapore
Tokyo



To my parents



Preface

This book grew out of lectures that I gave in the framework of a graduate course
in quantum theory of many-body systems at the Applied Physics Department of
Chalmers University of Technology and Géteborg University (Goteborg, Sweden)
in the years 1992-1995. Its purpose is to give a compact and self-contained account
of basic ideas and techniques of the theory from the “condensed matter” point
of view. The book is addressed to graduate students with knowledge of standard
quantum mechanics and statistical physics. (Hopefully, physicists working in other
fields may also find it useful.)

The approach is — quite traditionally — based on a quasiparticle description
of many-body systems and its mathematical apparatus — the method of Green’s
functions. In particular, I tried to bring together all the main versions of diagram
techniques for normal and superconducting systems, in and out of equilibrium
(i.e., zero-temperature, Matsubara, Keldysh, and Nambu-Gor’kov formalisms)
and present them in just enough detail to enable the reader to follow the original
papers or more comprehensive monographs, or to apply the techniques to his
own problems. Many examples are drawn from mesoscopic physics — a rapidly
developing chapter of condensed matter theory and experiment, which deals with
macroscopic systems small enough to preserve quantum coherence throughout
their volume; this seems to me a natural ground to discuss quantum theory of
many-body systems.

The plan of the book is as follows.

In Chapter 1, after a semi-qualitative discussion of the quasiparticle concept,
Green’s function is introduced in the case of one-body quantum theory, using
Feynman path integrals. Then its relation to the S-operator is established, and the
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general perturbation theory is developed based on operator formalism. Finally, the
second quantization method is introduced.

Chapter 2 contains the usual zero-temperature formalism, beginning with the
definition, properties and physical meaning of Green’s function in the many-body
system, and then builiding up the diagram technique of the perturbation theory.

In Chapter 3, I present equilibrium Green’s functions at finite temperature, and
then the Matsubara formalism. Their applications are discussed in relation to lin-
ear response theory. Then Keldysh technique is introduced as a means to handle
essentially nonequilibrium situations, illustrated by an example of quantum con-
ductivity of a point contact. This gives me an opportunity to discuss both Landauer
and tunneling Hamiltonian approaches to transport in mesoscopic systems.

Finally, Chapter 4 is devoted to applications of the theory to the superconduc-
tors. Here the Nambu—Gor’kov technique is employed to describe superconducting
phase transition, elementary excitations, and current-carrying state of a supercon-
ductor. Special attention is paid to the Andreev reflection and to transport in meso-
scopic superconductor-normal metal-superconductor (SNS) Josephson junctions.

Each chapter is followed by a set of problems. Their solution will help the reader
to obtain a better feeling for how the formalism works.

1 did not intend to provide a complete bibliography, which would be far beyond
the scope of this book. The original papers are cited when the results they contain
are either recent or not widely known in the context, and in a few cases where
interesting results would require too lengthy a derivation to be presented in full
detail (those sections are marked by a star*). For references on more traditional
material I have referred the reader to existing monographs or reviews.

For a course in quantum many-body theory based on this book I would suggest
the following tentative schedule:'

Lecture 1 (Sect. 1.1); Lecture 2 (Sect. 1.2.1); Lecture 3 (Sect. 1.2.2, 1.2.3);
Lecture 4 (Sect. 1.3); Lecture 5 (Sect. 1.4); Lecture 6 (Sect. 2.1.1); Lecture 7
(Sect. 2.1.2); Lecture 8 (Sect. 2.1.3, 2.1.4); Lecture 9 (Sect. 2.2.1, 2.2.2); Lecture
10 (Sect. 2.2.3); Lectures 11-12 (Sect. 2.2.4); Lecture 13 (Sect. 3.1); Lecture 14
(Sect. 3.2); Lecture 15 (Sect. 3.3); Lecture 16 (Sect. 3.4); Lecture 17 (Sect. 3.5);
Lecture 18 (Sect. 3.6); Lecture 19 (Sect. 3.7); Lecture 20 (Sect. 4.1);, Lecture 21
(Sect. 4.2); Lecture 22 (Sect. 4.3.1, 4.3.2); Lecture 23 (Sect. 4.3.3, 4.3.4); Lecture
24 (Sect. 4.4.1, 4.4.2); Lectures 25-26 (Sect. 4.4.3-5); Lecture 27 (Sect. 4.5.1);
Lecture 28 (Sect. 4.5.2-4); Lecture 29 (Sect. 4.6).
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1

Basic Concepts

When asked to calculate the stability of a dinner table with four legs, a theorist
rather quickly produces the results for tables with one leg and with an infinite
number of legs. He spends the rest of his life in futile attempts to solve the prob-
lem for a table with an arbitrary number of legs.

A popular wisdom.
From the book “Physicists keep joking."

1.1 Introduction: Whys and Hows of Quantum
Many-Body Theory

Technically speaking, physics deals only with one-body and many-body problems
(because the two-body probiem reduces to the one-body case, and the three-body
problem does not, and is already insolvable). Still, what an average physicist thinks
of as “many” in this context is probably something of the order of 10'° - 10%, the
number of particles in a cubic centimeter of a gas or a solid, respectively. When
you have this many particles on your hands, you need a many-body theory. At these
densities, the particles will spend enough time at several de Broglie wavelengths
from each other, and therefore we need a quantum many-body theory. (A good
thing too: What we really should not mess with is the classical chaos!)

The real reason why you want to deal with such a large collection of particles in
the first place, instead of quietly discussing a helium atom, is of course that 102 is
much closer to infinity. The epigraph, or intuition, or both, tell us that the infinite
number of particles (or legs) is almost as easy to handle as one, and much, much
easier than, say, 3, 4, or 7.

The basic idea of the approach is that instead of following a large number of
strongly interacting real particles, we should try to get away with considering a
relatively small number of weakly interacting quasiparticles, or elementary exci-
tations.

An elementary excitation is what its name implies: something that appears in the
system after it has suffered an external perturbation, and to which the reaction of
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FIGURE 1.1. One, two, many.. ..

the system to this perturbation can be almost completely ascribed - like a ripple on
the surface of a pond, only in quantum theory those ripples will be quantized. In a
crystal lattice, such quantized ripples are phonons, sound quanta, which carry both
energy and quasimomentum, and only weakly interact with each other and, e.g.,
electrons. Strike a solid, or heat it, and you excite (that is, generate) a whole bunch
of phonons, which will carry away the energy and momentum of your influence.

Phonons form a rather dilute Bose gas, and therefore are much easier to deal
with, than the actual particles — atoms or ions — that constitute the lattice. The
phonons are called quasiparticles not only because they don’t exist outside the
lattice; they also have finite lifetime, unlike the stable “proper” particles. A key
point here is that the quasiparticles must be stable enough: if they decay faster than
they can be created, the whole description loses sense.

Let us now consider a system of interacting electrons in a metal lattice (which
we will describe by the standard “jelly” model of uniformly distributed positive
charge, neutralizing the total charge of free electrons). Here we have real particles,
which interact through strong Coulomb forces, which moreover have an infinite
radius (because they decay only as 1/r2). For a given electron, we must thus
take into account influences of all the other electrons. Therefore, nothing actually
depends on the details of behavior of any of those electrons! We can safely replace
their action by some average field, depending on averaged electronic density n(r),
thus arriving at the mean field approximation (MFA). We immediately use it to
calculate the screening of Coulomb interaction, to see that not only particles, but
interactions as well, are changed in the many-body systems.

1.1.1 Screening of Coulomb Potential in Metal

Suppose we place an external charge Q in the system. It will create a potential
&(r), which will change the initial uniform distribution of electronic density,



1.1 Introduction: Whys and Hows of Quantum Many-Body Theory 3
pi
In%3

Here pr = /2myz is the Fermi momentum, and we have used the well-known rela-
tion between pr and density of the electron gas. Of course, if the electronic density
becomes coordinate dependent, so is the Fermi momentum: py = pgr(n(r)). In
equilibrium, the electrochemical potential of the electrons must be constant, that
is,

n=

(1.1)

2
[T M + e®(r) = const, (1.2)
2m

and we easily find that

@m( — e®(r))*
3n%?
If there is no external potential, we return to the unperturbed case (1.1).

Now let us employ the electrostatics. The potential must satisfy Poisson’s equa-
tion,

nir) =

(1.3)

Vi®(r) = 4rp = dweAn,

where p is the charge density induced on the neutral background by the probe
charge, and An(r) = n(r) — n is the change in electronic density. (The positive
“jelly” neutralized the negative charge of the electrons, remember? Besides, we
assume that it has unit dielectric permeability, £ ~ 1.) Therefore, we can write

(1.4)

— 3/2 _ 3/2
V2o(r) = dre | P = eQON — @muy” |
3In k3

This is the Thomas-Fermi equation, first obtained in the theory of electron density
distribution in atoms.

Generally, this nonlinear equation can be solved only numerically. If, though,
we assume that e® is much smaller than the Fermi energy, u, and expand the
right-hand side of (1.4) in powers of & to the lowest order — that is, taking

An(r) = — > £2O" (1.5)
2 p
we obtain a linear equation,
VZO(r) = zida(r). (1.6)
)"TF

Here A1r is the Thomas—Fermi screening length,

ul?2 zV/6  k
Arp = -

Jémrenti2 2. 31/6 gml/2

To find the physical meaning of Arr, let us sol-ve (1.6) for &(r), imposing the

condition that at small distances ®(r) =~ Q/r. This is reasonable, because close

n~Vs, (1.7



