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To my friend Marcel F. Neuts for his pioneering
contributions to stochastic models



Preface

Stochastic systems are involved in many practical areas, such as applied
probability, queueing theory, reliability, risk management, insurance and finance,
computer networks, manufacturing systems, transportation systems, supply chain
management, service operations management, genomic engineering and biological
sciences. When analyzing a stochastic system, block-structured stochastic models
are found to be a useful and effective mathematical tool. In the study of the block-
structured stochastic models, this book provides a umified, constructive and
algorithmic framework on two important directions: performance analysis and
system decision. Different from those books given in the literature, the framework
of this book is systematically organized by means of the UL- and LU-types of
RG-factorizations, which are completely developed in this book and have been
extensively discussed by the author. The RG-factorizations can be applied to provide
effective solutions for the block-structured Markov chains, and are shown to be
also useful for optimal design and dynamical decision making of many practical
systems, such as computer networks, transportation systems and manufacturing
systems. Besides, this book uses the RG-factorizations to deal with some recent
interesting topics, for example, tailed analysis, continuous-state Markov chains,
quasi-stationary distributions, Markov reward processes, Markov decision processes,
sensitivity analysis, evolutionary game and stochastic game. Note that all these
different problems can be dealt with by a unified computational method through
the RG-factorizations. Specifically, this book pays attention to optimization, control,
decision making and game of the block-structured stochastic models, although
available results on these directions are still few up to now.

The block-structured stochastic models began with studying the matrix-geometric
stationary probability of a Quasi-Birth-And-Death (QBD) process which was
first proposed to analyze two-dimensional queues or computer systems, e.g., see
Evans (1967) and Wallace (1969). The initial attention was directed toward per-
formance computation. Neuts (1978) extended the results of the QBD processes
to Markov chains of GI/M/1 type for the first time. Based on the phase type (PH)
distribution given in Neuts (1975), Neuts (1981) opened an interesting and crucial



door in numerical analysis of stochastic models, which has become increasingly
important for dealing with large-scale and complex stochastic systems due to
advent more powerful computational ability under fast development of computer
technology and communication networks. For a complete understanding of stochastic
models, it is necessary to review two key advances. Firstly, Neuts (1981) considered
Markov chains of GI/M/1 type whose stationary probability vectors are the matrix-
geometric form, called matrix-geometric solution. For the matrix-geometric solution,
the matrix R, the minimal nonnegative solution to the nonlinear matrix equation

R= ZRkAk, plays an important role. He indicated that numerical computation
k=0

of Markov chains of GI/M /1 type can be transformed to that of the matrix R, and
then an infinite-dimensional computation for the stationary probability vector is
transformed to another finite-dimensional computation for the censored Markov
chain to level 0. Readers may refer to Neuts (1981), Latouche and Ramaswami
(1999), Bini, Latouche and Meini (2005) and others therein. Secondly, as a
companion research for Markov chains of GI/M/1 type, Neuts (1989) provided a
detailed discussion for Markov chains of M/G/1 type whose stationary probability
vector has a complicated form, called matrix-iterative solution. Although the two
types of Markov chains have different block structure, the matrix-iterative solution
has many properties similar to those in the matrix-geometric solution, for example,
the matrix-iterative solution is determined by the minimal nonnegative solution

G to another key nonlinear matrix equation G = Z A,.G*.
k=0

These results given in Neuts’ two books (1981, 1989) are simple, perfect and
computable. However, Markov chains of GI/M/1 type and Markov chains of M/G/1
type are two important examples in the study of block-structured stochastic models,
while analysis of many practical stochastic systems needs to use more general
block-structured Markov chains, e.g., see retrial queues given in Artalejo and
G6mez-Corral (2008) and other stochastic models given in Chapters 1 and 7 of this
book. Under the situation, these practical examples motivate us in this book to
develop a more general algorithmic framework for studying the block-structured
stochastic madels, including generalization of the matrix-geometric solution and
the matrix-iterative solution from the level independence to the level dependence.
It is worthwhile to note that such a generalization is not easy and simple, it needs
and requires application of new mathematical methods. During the two decades,
the censoring technique is indicated to be a key method for dealing with more
general block-structured Markov chains. Grassmann and Heyman (1990) first
used the censoring technique to find some basic relationships between the matrix-
geometric solution and the matrix-iterative solution from a more general model:
Markov chains of GZ/G/1 type. Furthermore, Heyman (1995) applied the censoring
technique to provide an LU-decomposition for any ergodic stochastic matrix of
infinite size, Li (1997) gave the LU-decomposition for Markov chains of GI/M/1
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type and also for Markov chains of M/G/1 type, and Zhao (2000) obtained the
UL-type RG-factorization for Markov chains of GI/M/1 type. From these works,
it may be clear that finding such matrix decomposition for general Markov chains
is a promissing direction for numerical solution of block-structred stochastic models.
Along similar lines, we have systematically developed the UL- and LU-types of
RG-factorizations for any irreducible Markov chains in the past ten years, e.g.,
see Li and Cao (2004), Li and Zhao (2002, 2004) and Li and Liu (2004). This
book summarizes many important results and basic relations for block-structured
Markov chains by means of the RG-factorizations. The RG-factorizations are derived
for any irreducible Markov chains in terms of the Wiener-Hopf equations, while
some useful iterative relations among the R-, U- and G-measures are organized in
the Wiener-Hopf equations. Specifically, the iterative relations are sufficiently
helpful for dealing with performance computation and system decision. On the
other hand, this book also provides new probabilistic interpretations for those results
obtained by Neuts’ method. We may say that the RG-factorizations begin a new
era in the study of block-structured stochastic models with an algebraic and
probabilistic combination.

The main contribution of this book is to construct a unified computational
framework to study stochastic models both from stationary solution and from
transient solution. When a practical system is described as a block-structured
Markov chain, performance computation and system decision can always be
organized as a system of linear equations: x4 =0 or x4=» where b= 0. This
book provides two different computational methods to deal with the system of linear
equations. At the same time, it is seen from the computational process that the
middle diagonal matrix of the RG-factorizations plays an important role based on
the state classification of Markov chains.

Method I In this method the matrix 4 can be shown to have a UL-type
RG-factorization

A=(I-R,) -diag (8,,8,8,,..)-(I-G,),

where the size of the matrix @, is always small and finite in level 0. This book
summarizes two important conclusions:

(1) If the block-structured Markov chain is positive recurrent, then the matrix
6, 1s singular and all the other matrices @, for k>1 are invertible. In this case,
the UL-type RG-factorization can be used to solve the system of linear equations:
xA=0 given in Section 2.4, and then such a solution can be used to obtain
stationary performance analysis.

(2) If the block-structured Markov chain is transient, then the matrix O, is
invertible for £=0. In this case, the UL-type RG-factorization is used to solve the
system of linear equations: x4 =b with

x=b(I-G,)"-diag (&;',6",0;",..)-(I-R,)",
which leads to transient performance analysis.



Method I In this method the matrix 4 can be shown to have an LU-type
RG-factorization

A=(1_EL)'diag(A0’A19A2’---)'(]_éu)’

where the matrix A, is invertible for £=0. Therefore, the LU-type RG-factorization
can be used to deal with the system of linear equations: x4 =5 with

x=b(I-G,)" -diag (4", 4, 4",..)- (I -R,)",

which further leads to transient performance analysis of a stochastic model.

This book has grown out of my research and lecture notes on the matrix-analytic
methods since 1997. Although I have made an effort to introduce explanations and
definitions for mathematical tools, crucial concepts and basic conclusions in this
book, it is still necessary for readers to have a better mathematical background,
including probability, statistics, Markov chains, Markov renewal processes, Markov
decision processes, queueing theory, game theory, matrix analysis and numerical
computation. Readers are assumed to be familiar with the basic materials or parts
of them.

The organization of this book is strictly logical and more complete from
performance computation to system decision. This book contains eleven chapters
whose structured relationship is shown in Fig. 0.1. Chapters 1 and 7 introduce
motivating examples from different research areas, such as queueing theory,
computer networks and manufacturing systems. The examples are first described
as the block-structured Markov chains, then they will help readers to understand
the basic structure of practical stochastic models. Chapters 2, 3, 5, 6 and 9 sys-
tematically develop the construction of the RG-factorizations for Markov chains,
Markov renewal processes and f-discounted transition matrices. Chapters 4, 8,
10 and 11 apply the RG-factorizations to deal with some current interesting topics
including tailed analysis, Markov chains on a continuous state space, transient
solution, Markov reward processes, sensitivity analysis and game theory, respectively.
Finally, we also provide two useful appendices which may be basically heipful for
readers to understand the contents of this book. Every chapter consists of a brief
summary, a main body and a discussion with “Notes in the Literature”. At the
same time, every chapter also contains a number of problems whose purpose is to
help readers understand the corresponding concepts, results and conclusions.

It is hoped that this book will be useful for the first-year graduate students or
advanced undergraduates, as well as researchers and engineers who are interested
in, for example, applied probability, queueing theory, reliability, risk management,
msurance and finance, communication networks, manufacturing systems, trans-
portation systems, supply chain management, service operations management,
performance evaluation, system decision, and game theory with applications. We
suggest a full semester course with two or three hours per week. Shorter courses
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can be also based on part of the chapters, for instance, engineering students or
researchers may only study Chapters 1,2, 6, 8, 10 and 11.
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Figure 0.1 Organization of this book
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