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INTRODUCTION

Ler us commence (in a somewhat unorthodox fashion
perhaps) with fwo quotations:

*“The pace of British instrument development is such that
on each of the sections in this work a text-book could be
written, and in many cases this has been done. It is
manifestly impossible to include the equivalent of twenty
five text-books in one volume, and, as the editing proceeded,
it became apparent that the task was becoming one of
deciding more what was to be left out rather than what was
to be included”. (Introduction to third edition.) “On all
fronts progress has seemed to take on a change in pace which
threatens to become overpowering and which has already
proved to have overtaken many and left even the best of
us breathiess™. (J. E. Samson, President of the Institute of
Measurement and Control in his new year message for
1970, Measurement and Control Vol. 3, No. 1. Jan. 1970, p5.)
The situation is admirably expressed by these two para-
graphs. The “overpowering pace” has resulted in a flood
of information in articles in the technical press, in papers
read at mectings of learned institutes and institutions and
in symposia and conference procecdings. On the theoret-
ical side of automatic control alone, the number of text-
books published over the last 10 years has reached a hun-
dred or two. In the first quotation above, a reference is
made to the fact that a text-book, in many cases, had been
written on the subject of each section. There is a further
development in this direction. Text-books have not only
been compiled on the main subject of a section, but also
on the individual techniques handled in that section. One
can quote a typical situation here. Section 21, in the present
edition, deals with Non-destructive Testing. There are a
large number of volumes devoted to this field as a whole, but
at the same time a large number describe individual
methods such as radiological and ultrasonic testing. The
outpouring of data is significant from another aspect. An
information service established solely for measurement and
control instrumentation and components reached well
over 3,000 items in its first year of operation.

. The problem is obvious. How does one attempt to
record in one volume of 500-600 pages the whole activities
of the measurement and control field? The answer must
lie in concise accounts of the principles of the older but
well-established techniques and of the newer ones which
have certainly come to stay, with some typical applica-
tions in design and uses in the field. Even so, one is on the
inevitable razor’s edge with a decidedly uncertain balance.
One thing, however, is certain, fringe subjects in the light
of modern trends must disappear. Accordingly the follow-
ing sections have been eliminated from this edition.

Sections Eliminated
Engineering Precision Instruments and Gauges
Electrical Measuring Instruments
Aeronautical Instruments
Miscellaneous Electronic Instruments
Surveying Instruments
Microscopy
Meteorological Instruments

New sections that have been added.

New Sections
Fluid Logic
Techniques for Measuring Surface Temperature
Chromatography
Moisture Content of Liquids and Solids
S.I. Units
Machine Tool Control

Most of the remaining sections have been extensively
revised and recast.

Long and detailed discussions were held with variou
authorities in the computer control field. Without excep:
tion they advised that the subject of direct digital contro
could not be satisfactorily covered in the space of a sectior
of the Instrument Manual, however large. This advice wa
emphasized by the publication Progress in Direct Digita
Control by the Instrument Society of America which in
cludes articles and papers by a number of workers in D.D.C
and deals with most aspects of the field. To have emulatec
this in the Instrument Manual would have required abou
300 pages! Rather than have a presentation inadequatc
in its treatment it was reluctantly decided to omit D.D.C
from the present edition, with the thought that the subjec
might appear in a companion volume devoted solely tc
control.

S.1. Units

These also have presented a problem. Although theii
adoption by the instrument industry of this country i
established, no directive (at the time of going to press) ha:
been issued on the subject of preferred ranges. Our presen:
scales do not lead always to useful equivalents in S.I. Units
This is particularly evident in temperature measurement i:
one tries to produce Kelvins from even scales in degrees
Celsius (o to 100° C for example). Again, this publication is
used in countries which have not yet adopted the S.I.
system and are likely for a few years, at least, to retain the
present system of units. We are in a transient period and
for this edition it seemed preferable to include a small
section on S.I. units with equivalents and some discussion
on problems associated with their use. In addition, where-
ever possible in the text of the various sections equivalent
ranges in S.I. units have been included. Where these
are not included, it means that the corresponding S.I. unit
range has yet to be decided.
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"1. AUTOMATIC CONTROL
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1. Introduction

THE practice of automatic control is long standing, one
of the’ earliest examples being the Watt governor in 1788.
Theory, lagging behind practice, was put on a firmer basis
only a century ago by Maxwell with his paper on dynamic
stability, but it was not until 1932 that the major break-
through came. In that year, Nyquist introduced his paper

on frequency response analysis of feedback amplifiers,
followed in 1934 by Hazen’s paper applying Nyquist's
work to servomechanisms. World War II created the
opportunity for fast progression and Bode, Weiner and
others rapidly introduced new and practical techniques.

Rather unfortunately, the control of processes and the
control of mechanisms became separate problems, due
entirely to the difference in time constants involved. Servo-
mechanisms and feedback amplifiers were amenable to
solution by frequency response methods while process
controls were not since the frequencies involved (cycles/
minute) could not be generated by commercial equipment.
This same discrepancy of time constants led the process
control into the pneumatic field while servomechanisms
could use the much easier electronic techniques.

Thus, an undesirable gulf appeared between the tech-
niques, practices and terminology of process and mechanical
control systems. Modern electronics have brought a
change in the state, however, in the following ways :

(i) Integrated electronics allow the use of cheap ampli-
fiers to achieve long time constants, making avail-
able the non-interacting controller which proved
generally unattainable with pneumatics.*  This
was achieved at an increase in cost so the process
controller is indeed fortunate in being able to
choose between electronic (more accurate) or
pneumatic (reliable, cheap) controllers to suit his
purpose.

Very low frequency oscillators using digital generat-
ing techniques are commercially available at low
cost.

The digital computer has made possible much
larger scale, more complex forms of control, moving
all the time nearer to optimum control.

Thus, the two fields of process control and mechanical
control are again better approached from a common front.
This means, in many cases, adoption of new terminology
and so this chapter begins with some definitions, with the
old terminology shown in brackets.

An Automatic Control System is a control system which tends
to maintain a preseribed relationship of one system variable
to another by comparing functions of these variables and
using the differencg as a means of control. (Fig. 1).

The Controlled Variable (controlled condition or output), C,
is that quantity or condition of the system which is directly
measured and contgolled.

The Reference Input (set value or index value), R, is a
signal established as a standard to dictate the desired or
set value of C. _

The Primary Feedback Signal, B; is the measured value of C
which is compared with R to obtain the actuating signal.

(ii)

(i)

* One Exccption was the Williamson controller of Negretti &
Zambra Ltd.
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Fig. 1. Schematic block diagram of a basic closed loop

automatic control system

The Actuating Signal (error signal, deviation), E, is R
minus B. Deviation is also designated by 6.

The Manipulated Variable (correcting conditions), M, is the
quantity or condition, derived from E, which the controller
applies to the controlled system.

The Feedback Controller (controller) is a device which
accepts the reference, R, and the detected value of C and
produces a signal, M, dependent upon some functions of
E=R-B.

The Summing Point is a symbol used to indicate that part
of the controller which sums signals such as R and B. The
polarity of the summation is indicated by plus or minus
signs and arrows are used to show inputs and outputs.

The Feedback Elements (measuring unit, pick-off, trans-
ducer or monitor), H, comprise the portion of the feedback
control system which establishes the relation between B
and C. This is often split in process controls into a detecting
element and a “measuring element, since it is physically con-
venient to have the detecting element in the controller.

Compensating Network (controlling unit, control elements),
G, is that part of the controller which establishes the
relationship between M and E, e.g. proportional plus
derivative action.

Controlled System (plant), G, is the body, process or plant,
a particular quantity or condition of which is to be con-
trolled.

Correcting Unit is that part of the plant which adjusts the
physical quantity of the plant to affect adjustment of C.

A Disturbance, U, is a signal other than R which tends to
affect C.

‘2. The System

Many systems are encountered, of varying degrees of
complexity, in which one or more parameters require
careful control. Typical examples are the control of
temperature, pressure, or flow in the process field ; position,
velocity or torque in the mechanical field ; and voltage
amplification ratio in the electrical field. The examples in
the preceding Jist are very diverse in physical nature but
are similar in more superficial ways, i.e. they are all prone
to vary due to external or internal ‘“‘disturbances’ and it is
likely that their value will have to be changed to meet
some new requirement.

The parameter of the system which it is required to
control, e.g. the temperature, velocity, etc., is called THE
CONTROLLED VARIABLE, C.

The basic elements of the system are called the PLANT,
e.g. the heater and liquid bath, motor and gearing, etc.,
so that C is the controlled variable of the plant. The term
‘“output’ has been commonly used for C, but this is
misleading, since for a simple hot water supply the output
is the water drawn off, the controlled variable is the
temperature of the water.

If it is to be possible to alter, and eventually to control,
the controlled variable, then the plant must be capable of
variation and some form of CORRECTING UNIT is
required to manipulate the plant, e.g. in a flow control
system, a throttle valve is the correcting unit, the setting of
which (possibly indirectly controlled by an electric motor
or a pneumatic motor) governs the flow.

It is important that the power required to adjust the
correcting unit is small so that a low power input signal can
control a large power in the plant itself.

The signal fed to the correcting unit is processed by a
CONTROLLER ‘which is “told”’ the required value of the
controlled variable (DESIRED VALUE) and converts
this into an appropriate form to suit the correcting unit.
The controller could be no more complex than a calibrated
dial on a valve but for automatic systems will be required
to perform more complex duties and is either a pneumatic
or an electronic device.

3. The Feedback Principle

Broadly speaking, all systems having a variable quantity
which is to be controlled can be put into one of two cate-
gories : (a) unmonitored and (b) monitored as shown in
Fig. 2.

Controlled
Reference @ i Correcting variable
_._R ontroller unit Plant ¢ -
(@)

Fomcmm—mmmmm———-

' Controller '

] 1

| I

Rt £ Amplifier M Correcting C

T ‘etc T unit Plant

e A |

1 [

A ,

! Difference !

' »

' unit I

i 1

1 ! Moni tor

| |

L & e w & e d

(b)

Fig. 2 (a) Unmonitored (oepen loop) system. (b) Monitored
(closed loop)

87

(a) Unmonitored or Open Loop System

The REFERENCE, R, is fed direct to the controller at
a value calculated to give the correct value of C. One
could consider the previous example of flow control, where
the controlled variable, C, is the flow and the control is a
fixed valve opening governed by the reference pressure, R,
fed to the operating cylinder. Instead, to bring out the
general nature of the control problem, consider a water
heating system (C=temperature) where a fixed voltage is
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applied to an immersion heater, the temperature rising to
such a value tHat the natural heat losses (radiation, con-
duction, etc.) equal the heat input. Such a system is
inaccurate, since any change in the stafus quo will affect
the temperature, e.g. change in ambient temperature and
drawing off water froni the tank.

(b) Monitored or Closed Loop System

In a closed loop system the signal fed to the correcting
unit, termed the ACTUATING SIGNAL, E, is the dif-
ference between the reference and the monitored or measured
value of the controlled variable, the differencing process
being performed by the controller.* This means that

when C is at the value set by R, the signal from the monitor,

B, equals R and E=R —B is zero. No further action takes
place. Whenever B is different from R, indicating that C is
Incorrect, a finite actuating signal is developed of such a
polarity as to produce action from the controller and plant

tending to move G towards its set value. This is termed .

NEGATIVE FEEDBACK, positive feedback would mean
that with B#R, the finite value of E causes action so as to
make C further in error, thus losing all control ; such
devices are used only for oscillators and are therefore of no
consequence here.

but it will certaind, rcde  he effeer The system
is said o have REGT T ATION againnst disturb-
ances., )
(i1) Comrodlabiiesy. Tl corieoiie, Lnit b o tice may
control the flow: of large. wamounts of power into the
plant, but it is operated by a low power signal, E.

Thus, since E controls, and not provides the work
cffort, it is easy to change R, at low pawer levels, to”
control indircctly the controlled variable at high
power levels. This is particularly significant 1in
large complex processes., leading to easier inter-
connection of parts of the system.

4.Some Applications of Closed Loop Control

Clontrol systems applications are split into categories as
shown in Fig. 3.

The process industries encompass most categories. § The
overall control of a process, say a distillation column by
varying the inlet flow, temperature and reflux, may well
employ subsidiary controlled systems for, say, the tempera-
ture control. Again the control of large scale processes will
involve remote control of valves with increasing use of
motorized valves with position control.

Controlled- systems

Automatic

Manual

L |

1

Electrical _ Kinetic Process
(Servo-mechonism)
Voltage and Feedback Position Velocity Force Temperature  Pressure Flow Densiry Analytic
current amplifiers . (chemical '
requlators constitution)

Fig. 3. Classes of control systems

Closed loop, negative feedback systems can also be very
descriptively defined as “error actuated”.

The closed loop system has two distinctly desirable

features :

(i) Regulation. Consider C to be at a correct value

corresponding to a particular value of R, so that

E is zero. Some uncontrolled “disturbance’’ on or

in the system now causes C to change, for example

a change in viscosity of fluid being pumped in a

system controlling the flow rate. Immediately the

controller produces an actuating signal causing a

correcting action from the plant pushing C back

to its set value. In practice it will not completely

correct for the disturbance as will be shown later

* The more sophisticated controller is required to feed the corecting
unit with E plus some functions of E, e.g. the derivaiive and integral
of E, in order to improve the dynamic performance.

5. Automatic and Manual Control

A closed loop system in which the control, monitoring
and differencing are performed by mechanical, electric or
pneumatic devices is said to be AUTOMATICALLY
CONTROLLED. If the correcting action is performed by
a man, the system is said to be MANUALLY CON-
TROLLED.

History lends a perfect illustrative example in the speed
control.of steam engines. Prior to 1788 steam engine speed
control was either an open loop system, set at roughly the
correct speed and left ; or else it was manually controlled
by a man reading a speed indicating meter and increasing
or decreasing the steam flow accordingly to correct for fall
or rise in speed. Here the speed indicator was the monitor,
the desired speed the reference, the man’s eyes and brain
the controller and the man’s hands and the steam supply
control valve the correcting unit; the engine itself, of
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course, being the plant. Then came James Watt and the
engine governor, which is an automatic system. The engine
speed is measured by the “lift” of a rotating ball working
against a spring, the initial tension (“set point’’) of which
is the reference, determined by the desired speed. As the
rotating balls rise or fall they close or open the steam
control valve via a mechanical linkage in such a sense as.
to compensate for the speed change. This is shown in

Fig. 4.

!

_ Non-rotating
collar adjustable
in height to set

desired speed.

/Rowﬁnq balls

Steam supply —l

o

- —————Spring

Butterfly
valve —

t

. ;\Slidinq collar

Steam engine

Fig. 4. Steam engine governor

Two other examples of automatic control systems are
temperature control and water level control in cisterns.

The temperature control system is normally fitted with
a heating element which is switched on when the tempera-
ture is below the set value and switched off when the set
value is reached. Water level control is achieved by
measuring the water height with a floating ball which
controls the flow of inlet water to an extent dependent
upon the fall in level ; for a small fall in level the ball
valve will only be ““cracked’ open giving a small inflow ;
for a larger fall in level the valve will open further causing
a faster inflow to give greater correcting action.

6. Modes of Automatic Control

The preceding three examples demonstrate the variety
in the mode of operation of automatic control systems.

The first choice is between CONTINUOUS or DIS-
CONTINUOUS control. The simplest example of con-
tinuous control is PROPORTIONAL control where the
controller action is proportional to the actuating signal ;
the speed control and level control are examples of this,
The temperature control is, however, discontinuous, being
simply TWO STEP or ON-OFF control.

A second categorization is necessary to define whether
or not the system is capable of absorbing as well as supplying
power. Both the temperature and level controls are in-
capable of reverse action, e.g. if some other source (say,
adiabatic heating in a. process) causes the temperature to
rise, then the heater will be switched off by the thermostat
but there will be no correcting actibn. To correct for the
rise in temperature a power absorption unit must be
switched on (a refrigerator). The resultant system would
still be discontinuous but would be a TWO-STEP ACTION
WITH DEAD ZONE, ie. low temperature—heater
switched on ; high temperature—refrigeration on ; close

AUTOMATIC CONTROL

to set value—both off. Such an arrangement would be
too expensive and unnecessary for most systems, e.g. room
heating in England, where natural heat losses would keep
the temperature too low. :

The water level control is also capable of supplying
but not absorbing power, i.e. if some external source
overfills the tank, the ball valve is shut and there is mo
corrective action to bring the level down.

The speed control goes some way towards full control
since any attempt of the load to overrun, requiring the
engine to brake, will shut the steam supply off, thus apply-
ing the friction, etc., load of the engine to the output.
This, however, may not be sufficient, as in a lift control
where lowering the lift tends to drive the engine and may
require additional braking effort. More comprehensive
systems. provide full driving/braking effort, either drawing
power from, or regenerating back to, the supply.

A final defining mode of control is whether or not the
reference can be changed. Systems like the water level
control are sometimes called REGULATORS because
only one desired level can be controlled (regulated) ; the
other two systems will accept a change in desired value.

In general, continuous control is more accurate and
more expensive than discontinuous control.

7. Recording or Blind Control

It is common on process controls to attach a recorder,
usually a pen recorder, to the monitored output so that the
degree of control can be observed. Plants not fitted with
recorders are said to be BLIND controlled.

8. Mathematical Models of System

Other sections of the Manual are devoted to describing
in detail the controllers, processes'and monitoring/recording
instruments commonly eficountered. The topic of servo-
mechanisms is covered in various texts (for example,
references 1 and 4). The more theoretical outlook following
is based on the acceptance by the reader that, say, flow can
be controlled by feeding an electrical or pneumatic signal
to a valve. Whether the valve is pneumatically or elec-
trically operated is of no consequence in this analysis,
provided the defining flow/pressure or flow/current equa-
tions can be formulated, so that the .valve can be repre-
sented by a “‘black box’’ with an input (current or pressure)
and a related output (flow). Similarly the temperature of a
fluid can be related to the voltage across the heater and so
on. It must be made clear that such mathematical models
are invariably approximate and not exact replicas of the
system. 'Always in making mathematical models of systems,
some approximations have to be made, e.g. viscosity of a
fluid stays-constant ; stirring of a fluid results in homo-
geneous distribution ; pressure drop across an orifice is
exactly proportional to the square root of the flow and so
on. More complex. models can often be deriv-d to improve
accuracy, but the line must be drawr :omewhere.
LINEARITY is a term coined to indicate that one function
can be related to another by equations, the coefficients of
which are constants, e.g. V=IR represents a linear system
since the coefficient, R, relating the variables I and V is
a constant. Such equations as P=k 4/() represents a non-
linear system. There are other forms of nonlinearities such
as saturating systems ; systems with dead.zones, hysteresis
and back-lash ; and two-step systems.
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The definition of linearity. can be extended to systems
involving energy storage (capacitance, inertia, ete.) ; in
the next section it is shown that such systems can be
represented by differential equations, all coefficients of
which are constants for a linear system.

9. Dynamic Characteristics

It is most important to realise that it is not sufficient
just to describe the steady state performance of a system.
It is probable that undesirable ‘‘transient” effects can
occur during the time taken for the system to settle to a
new value after a disturbance or a change in the reference.
It is a feature of closed loop systems that transients can
possibly increase in amplitude and not settle to a new
steady value at all; this condition is known as IN-
STABILITY (Hunting). Because of the possibility of such
undesirable transients it is nécessary to analyse systems as
accurately as possible before constructing the system in
order to indicate any design modifications needed.

The behaviour of a system can be represented by a
mathematical equation, usually a differential one. Having
established this equation (or set of equations) it is possible
to analyse the system by solving the equation. This leads
to an indication of design techniques by suggesting modi-
fications - to the equations which must in turn. be in-
corporated as hardware into the system; usually modifying
the controller characteristics to be other than simply
proportional to the actuating signal. The principle of some
modifications, e.g. derivative and integral control, described
later, can be worked out intuitively, but a proper, quantita-
tive assessment is best achieved from mathematical analysis.

All processes involve some form of time delay in the

transmission of information which will appreciably affect’

the performance of a closed loop system. These time
delays are incorporated in the differential equations repre-
senting the system. It is most instructive to investigate
the simpler systems first and to calculate their charat-
teristics. '

9.1 First Order Lag

A first order lag is also called an exponential or transfer
lag. A system involving one energy storing element results
in a first order equation (the order of the equation or system
is the highest derivative involved).

Ex, 1
A flywheel of inertia J lb-ft.-sec* and viscous friction
coefficient F lb-ft./rad./sec. is initially at rest. A torque
Tx Ib-ft. is suddenly applied at t=o0; find the resulting
speed variation with time.
Applied torquc:acccleration—t viscous torque
d(l) ]
S Tk=]J]—+4+Fo (1)
dt
where w=speed in rad./sec. so that the acceleration is the
first derivative of w. The applied torque could be any
function of time for this equation to apply; here it is
given as.a constant for t >0, which is a particular case.
do

; 1
Re-arranging (1), — - =—dt
Tx —Fo J

1 I
integrating ,——I—?loge (Txk —Fo)=-t+C
J

Putting o = o whent = o
I
C= — logc Tl(
F
Tk —Fo F
loge = —-1
Tx J
T — Fito = Tu€ 5
or § © _—_'I%- ) - c-tf) (2)
J
where T= — secs is called the TIME CONSTANT.
: F
Ift=T
Tk Tx
o =— (1 —e1) = 0-63— rads/sec. (3)

Now Tx/F is the maximum speed, which is a steady -
value, achieved when there is no further acceleration and
the applied torque is all absorbed in viscous friction. The
time taken to reach wmax is theoretically infinite so that the
time constant is a good way of distinguishing between one
system and another. It is the time taken to reach 63%, of a

,step change. It is shown in Fig. 5.

Speed -
d
W rad/sec X o mos
63 Ix
O-63 3
'
1
I
!
'
I
'
1
i
L
o T : t secs
Fig. 5. Speed response of a flywheel to a step torque
. applied at t=o0

Many other physically different systems result in similar

differential equations to the above, e.g. for the resistance-

capacitance (R-C) network of Fig. 6 the equation is

R

Fig. 6. A simple RC network.
I .
ve=iR + - jidt (4)
C
dv,
and ~[idt—-—vo ori=C
C* dt
« dv, _
covi = CR — 4 v, (5)
dt

given that v,=o0 when t=o.
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Fig. 9. An example of finite time delay

de
Kvr =K,0 +K;—
dt
If we could write s6 for d6/dt where s was an operation
which transformed the differentiation function into a simple
multiplication then the differential equation would become
an algebraic equation much easier to manipulate. To be
fair, we must stress that we have changed the original
equation somewhat and to do this we indicate that the
variable 6 is now some algebraic function of s instead of a
real time variable related by differentials by writing 6(s)
instead of 6 ; similarly we write Vz(s) instead of vr. In
fact all variables which are functions of time (this is all we
can consider physically) are denoted by small letters and
the equivalent “‘transformed” functions by capital letters
and the bracketed s.
Thus we write equation (14) as

(14)

K, Vr(s) = K, 6(s) + K, 6(s) (15)
d-o
In general we write s™ 6(s) in place of
dt»
Equation (15) can be easily simplified
K, Vz(s) = (II({, + sK;) O(s) (16)
.. 0(s) = - Vz(s)
K, + sK,
K, I
= Vafs) (17)
K; 1+sT .
K,
where T = -
K,

Thus this system can be said to achieve a temperature
of K,/K, °G/volt with a time constant T. Conversely,
given the steady state relation, and time constant, an
equation similar to (17) can be written down.

This is a brief introduction to the Laplace Transform
method of solving differential equations. It is a compre-
hensive technique but here used only as a form of short
hand. Other texts use the symbol D instead of s, but fail
to stress that equation variables are not the same as before
the substitution. . )

For a given value of vr (as a function of time—say,
vr=V, a constant applied at t=o as in the previous
example) there is an equivalent value of Vg(s) which
substituting in equation (17) would give an equivalent
value of (s). This function must also have an equivalent

- value of 6 which is the desired answer. ‘

9.5 Transfer Functions and Block Diagrams

By using the transform method just outlined the system
differential equation can be expressed as an equivalent
algebraic equation. The most significant feature of this
is that the output variable (6(s) in the previous example)
can be expressed as a function of the input variable (Vz(s)).
Note from equation (14) that it is impossible to express an
equation 6=? unless a particular value is assigned to vz
and the equation solved. A change in vr will require a
comvlete new solution.

However, from equation (17),

I

1
ofs) = — — (18)
K, 1+sT
Making use of this simple algebraic equation we define
a TRANSFER FUNCTION as
Transform of the output

d VR(S)

T.F. =

- (19)
Transform of the input
For the above system
8(3) Kl I
TF.is — = — -
Vz(s) K, 14sT .

‘A BLOCK DIAGRAM is a diagram showing the
schematic layout of the system, but also relating the
variable at each point of the system by allocating a transfer
function to each block as in Fig. 10.

(20)

VR(s) Kl 8(s)
' k2 ' I+ sT
Fig. 10. Simple block diagram illustrating transfer function

This technique can be used to analyse closed loops as
well. The circular. symbol is used for a SUMMING
POINT. The arrows indicate direction of signal flow and
the polarity by plus or minus signs. This is a convenient
symbol, not necessarily a physical part of the system. (Fig. 11)

The transfer function G(s) is used to denote the feed-
forward part of the loop and H(s) the feed-back part. The
open loop transfer function is G(s) H(s). The closed loop
transfer function is C(s)/R(s) which is calculated thus :

C(s) = G(s) E(s)
E(s) = R(s) —B(s) = R(s) — H(s) . C(s)
.. G(s) = G(s) [R(s) — H(s) C(s)]
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C(s) G(s)
- = (21)
R(s) 1 + G(s) H(s)
This is a most important equation. From it we can see
that if G(s) H(s)>1 (this is essential for an effective closed
loop system so that there is no point in considering other-

wise)
C(s) G(s)
R()  G(s) H()
I
= ' (22)
H(s)
R(s) E(s) C(s)
G(s) g
H(s)
Fig. r1. Basic block diagram for a closed loop sy

This summarizes the previous “physical” explanation of
closed loop control in that the controlled variable and
reference are dominantly related only by H(s), thus being
relatively unaffected by changes and lags in the plant, G(s).

9.6 Second Order Systems

Practical systems- will always involve more than one
element of lag. The simplest example is the cascading of
first order lags while more complex examples occur in
closed loops.

In the previous temperature control system it was
assumed that heat output from the heating coil was directly
proportional to Vg.

However, the coil will have inductance so that a time
constant is involved in relating the power output to Vr.
Thus two time constants will be involved in relating 6
to vr. In a practical system other time constants will also
be present in the monitors, etc.

Some typical values of time constants are :

(i) Process Lags
Very variable—can range from 30 minutes for
chemical reactions to minutes for heating and flow
controls to seconds for mechanical inertia-friction
constants and milliseconds for electrical heating
coils. Tt is of interest to note that electronic ampli-
fiers involve important time constants measurable
in microseconds ! (Some of these may well be
finite time lags.)
Monitor Lags
Typical values are quoted as :
Mercury in steel thermometer in gas at 50 ft./sec.—
70 secs.
Sheathed resistance thermometer in water at 5 ft./
S€C.—20 Secs. .
Float operated manometer 3—-30 secs.
Force balance systems 0-05 sec.
Transmission Lags
(transmission of signals to a distant point)
Negligible for electrical systems and pneumatic
systems up to 200 ft.

(i)

()

(iv) Controller Lags
Usually negligible.

(v) Correcting Unit Lags
Lags are introduced of 1-10 secs. due to the inertia
of moving parts (if present) and of similar order in
pneumatic units due to pipe resistance/cylinder
capacity time constants.

Consider a system such as the temperature control
already discussed but with allowance for the power ampli-
fier time constant T,. Call the plant time constant K ;/K,=
T, (see Section 9.2) so that the system can be represented
by the block diagram of Fig. 12.

The second block comes from the equation

Heat input, U = heat lost 4 heat stored
=K,0+K;60
*. transformin,
Us) =K, 6(5)& §(.s O(s) = K, (1 +sT,) 6(s)
5) .

I

= (23)
UG) K, (1+sT))
From Fig. 12 we can write
K, I
6(s) = . -+ Vr(s)
I +ST, Ka(l +ST1)
1 I
= Vz(s) (24)
K, . (1 45T, (1 +sT,)
1 I
c6s) = - - —— - Vaz(s) (25)
K, (r+s (Tl + T:) + s*T, T~
K

: Iil Vi(s) = 6(s) + (T: + T4) s 8(s) + T,T,s 6(s) (26)

The differential equation egmivalent to this is
1

- Va=0+ (T, + T,) 6 + T,T, 0 (27)
K,
which is a second order equation.
Va (s) gy Power ! e(c)
14T, Ky (1 +5T))
Fig. 12. Block diagram of an open loop temperature control

system

The equation (27) arose when two separate first order
lags were ‘cascaded. Second order terms, however, exist
when two time constants are interdependent, i.e. the
cascading of a second block affects the first in which case a
simple block diagram such as Fig. 12 cannot be drawn.

From Fig. 13(a) the steady state output is v,=v; and
the time constant is C,R,=T,

Vi(s) I
= — (28)
Vi(s) 1 4+ sT,
For Fig. 13(b) the addition of C, and R, affect the relation
between v and vi. C, and R, are a network with input
voltage v and output v, similar to equation (28), so that

V(s) I
— = (T, = C,R,)
V(s) 14T,
(s) 1
However, is not simply due to the “loading” -
V:(S) :

1 + sT,
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()

Buffer

AAAA

:

(b)

()

Fig. 13. First and second order networks

effect of R, and C,. By applying more complex circuit
laws (not important in this text) we can show that

V(s) 1 +sT,
Vi(s) 145 (T:+ T, + R,Cy) + * T, T,
Vil(s) Vo(s) V(s)
Vi) V) Vi)
1 1 +sT,

1 +sT, 1 +s(T,+ T, + R,C,) + s*T,T,
1
= (29)
1 +s(T, + T, + R,C,) + s*T,T,

For Fig. 13(c) a buffer stage is included. A buffer can
be considered to transfer the voltage but will have no
input current, thereby no¢ loading the first network. Thus

Vio(s) I I
S . - (30)
Vi(s) 1 4 sT, 1+4sT,

The effect of the interaction of terms is to introduce the
R,C, term into equation (29).

Now consider the effect of two time constants inside a
closed loop. Take the closed loop temperature control of
section 9.2 only include the amplifier time constant T,.
The block diagram is shown in Fig. 14.

Va(s) 4 E(5) & , ols)

- 1+ sT

Ky (1 +5T;)

.

Ky

Fig.14. Block diagram of a closed loop temperature control
system
K, . 1
G(s) = — -
K, (1 +sT,) (1 +sT,)
and H(s)= K, (we have assumed no time constant for
simplicity). The open loop gain is K,/K,. K; so that
if this is much bigger than unity

Here

6(s) - 1 I
. Vr(s) B H_(S—; B E’r
More accurately
8(s) G(s)

Vzr(s) 14 G(s) H(s)
K, 1

0(s) K,. (1 + sT,) (1 + sT,)
Va(s) 14K, Kr 1
K, (14 sT) (1 +sT,)
K,

T K, (1 + 5Ty (1 + sTy) + K, K,
I

K,+K;Kr ' (T1+Ts)K| ’
=

e e———s sl
K, +KiK: K,+K.K; ) )
| (31
We can try to split the denominator of this function into
two equivalent time constants as in equation (24) by
factorizing the equation.
The two roots m, and m, are given by

T, T, K,

—b + vb*—gac (T, + T, K,
m=——J—' wherec=1; b=—ow———
2a & Kn + KIKT
; (32)
! 2 TIT!KI
: anda = ——M——
. K. + KK,
0(s) K, I
This gives = = : -
Vr(s)  K,+K;K; ( 8 ) ( s )
. I — - I — =
_ . s m, m,
(83)

However, if we inspect these roots we see that if 4ac >b?
the roots are complex so that two equivalent time constants
cannot be conceived. It is only in this example that b*
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can be less than 4ac due to the closed loop nature of the
system.

The second order system must thus be investigated
further. To do this we will consider a general equation :

ac+bct+c=r (34)

Put r=K, a step input applied at t=o0. The solutlon for
< is in two parts a transient form (complementary function)
and a steady state term (particular integral).

The complementary function is found by first calculating
the roots of an auxiliary equation

am?24+bm+41=0
m = —b + vb? —4a

(35)

2a
The complementary function has three possible values:
(i) Overdamped (b? > 4a)
The roots are real,

b I
m, = —— 4 -— vb? —4a
2a 2a
‘ b I
and m, = —— —— vb? —4a
2a 2a

and the complementary function (C.F.) is

Ac™* 4 Be* (36)
(ii) Critically damped b?=4a
m,=m,= ——
2a
and the complementary function (C:.F.) is
b
(A 4+ Bt)e ——t (37)
_ 2a
(iii) Underdamped (oscillatory) b*< 4a
The roots are a complex conjugate pair,
b I
m=——+j—+v4a —b?*=0+jo
2a 2a
b I
m, = —— —j—+v4a —b*=0 —jo
2a 2a
b 1
Where 6 = ——and @ = — v/4a —Db?
2a 2a
and the complementary function (C.F.) is
e”* (A Sin ot + B Cos wt) (38)

The particular integral (P.I.) is simply c=K since

in the steady state all derivatives are zero.

The complete solution is c=C.F.+-P.I.

The coefficients A and B are arbitrary constants

dependent upon the initial conditions, i.e. the
" values of ¢ and ¢ at t=o0.

Consider now the special case of an undamped system
with b=o0. The complementary function is now A Sin ot}
B cos ot since o is zero. This term is an oscillatory constant
amplitude function in response to a step change in input
as shown in Fig. 15.

The undamped frequency of oscillation, called the
NATURAL FREQUENCY,

1 I
2a Va

Undamped Overdamped Underdamped

c(n

) i W\ | e
BV

P of 3 d order systems to a stép

input signal

r(n) =K

Fig. 15. R

I

*. we can replace a in equation (34) by
wn?
However, the coefficient of ¢, i.e. b, determines the actual
degree of damping. For critical damping b,*=4a or
b.=2+v/a.
Now define the damping ratio (Zeta) as
actual damping coefficient

£E =
coefficient for critical damping
b b b wn
b. 24/a 2
28
“b=—
Wn
Thus the general second order equation can be written
I 28
P . ~—'é+—c+c—r (39)
" ®n? ®Wn

The_ transfer function corresponding to this is obtained

from
I 2§
( s 4 —s+ 1) C(s) = R(s)

®n? Wn
C(s) 1
: (40)
R(s) 13 I
1+ —s+
. Wn on?
Equations (29), (30) and (31) are such systems.
Note that the exponential DECAY RATE =
b .
we=es Bion (41)
2a

It is termed a decay rate since for the second order system
a and b must be positive so that ¢ must be negative, i.e.
the decay rate= —o

The TRANSIENT FREQUENCY OF OSCILLATION

is given by
1 @n? 4 48
= — y/ga—b* = J — = wn/1—E?
2a 2 ®n?  ©n?

(42)
This is applicable, of course, only for £ < 1, otherwise the
two roots are real, i.e. the second order term can be
factorised as in equations (29) and (30) for which inspec-
tion should show that £ must be bigger than 1.

9.7 Higher Order Systems

Systems of higher order than second can be represented
by the general transfer function with a m* order numerator
and n" order denominatos with n > m for practical systems.



