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Preface

Variational methods and their generalizations have proved to be a useful
tool in proving the existence of solutions to a variety of boundary value
problems for ordinary, impulsive, and partial differential equations as well
as for difference equations. In this monograph, we look at how variational
methods can be used in all these settings. In our first chapter, we gather
the basic notions and fundamental theorems that will be applied in the re-
mainder of this monograph. While many of these items are easily available
in the literature, we gather them here both for the convenience of the reader
and for the purpose of making this volume somewhat self contained. Subse-
quent chapters deal with Sturm-Liouville problems, multi-point boundary
value problems, problems with impulses, partial differential equations, and
difference equations. The chapters are presented in such a way that, ex-
cept for references to the basic results in Chapter 1, each is essentially a
stand-alone entity that can be read with little reference to other chapters.
Similarly, many of the sections in each chapter can be treated in that same
independent way.

Chapter 2 starts by presenting the basic setting for Sturm-Liouville
boundary value problems. In the second section, sufficient conditions a for
the existence of a nontrivial solution to nonlinear Sturm-Liouville systems
are presented. Section 3 is concerned with the existence of multiple so-
lutions, while Section 4 presents sufficient conditions for the existence of
infinitely many solutions.

In Chapter 3, multipoint problems are discussed. After a brief intro-
duction, the next three sections parallel those in Chapter 2 by examining
sufficient conditions for the existence of a nontrivial solution, the existence
of multiple solutions, and the existence of infinitely many solutions, respec-
tively. Section 5 deals with two parameter systems and the final section in
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viii Multiple Solutions of Boundary Value Problems: A Variational Approach

the chapter contains results on the existence of solutions proved by using
the dual action principle.

Chapter 4 is concerned with impulsive boundary values problems, and
in addition to discussing the existence of one and infinitely many solutions,
the last section in the chapter is devoted to anti-periodic problems.

Partial differential equations is the focus of Chapter 5. Topics include
Kirchhoff problems with two parameters, biharmonic systems, elliptic prob-
lems with nonstandard growth conditions, and elliptic systems of Kirchhoff
type.

Chapter 6 is devoted to difference equations. Periodic problems with
one parameter are discussed in Section 2, periodic problems with two
parameters in Section 3, multipoint problems with several parameters in
Section 4, and homoclinic solutions in Section 5. The final section in the
chapter is concerned with anti-periodic solutions of higher order difference
equations.

Some brief notes are given in Chapter 7. More than 300 references to
the current literature are included.

The authors especially want to thank their colleagues Johnny Hender-
son of Baylor University, Shapour Heidarkhani of Razi University (Iran),
Min Wang formerly of The University of Tennessee at Chattanooga and
now with Equifax Inc., and Bo Yang of Kennesaw State University, whose
collaboration on the application of variational methods to boundary value
problems have inspired this monograph.

The authors also wish to thank Lai Fun Kwong, Vishnu Mohan, and
the staff at World Scientific for all their help in bringing this project to
fruition.

John R. Graef
Lingju Kong
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Chapter 1

Mathematical Preliminaries

1.1 Mathematical Preliminaries

In this chapter, we gather together some of the primary mathematical tools
that will be used throughout this monograph in proving the existence of
solutions to boundary value problems of different types. For the reader’s
convenience, in the second section in this chapter we present definitions of
some of the concepts used in these theorems.

We are interested in results that guarantee the existence of at least one
solution, the existence of multiple solutions, and the existence of infinitely
many solutions to various types of boundary value problems. Theorems
1.1.1-1.1.16 below will be extensively used in this process. The first two
are consequences of an existence result for a local minimum of a functional
([39, Theorem 3.1]) that was inspired by Ricceri’s variational principle (see
[244]).

To begin, we let X be a nonempty set and let ®, ¥ : X — R be
functionals. Define

SUDPyed—1 (ry,rs) U(u) — ¥(v)

n(ry,re) = inf 1.1.1
’(Tl 2) V€D~ (r1,r2) ry — @('U) ( )
and
¥(v) —su ooy Y(u
p(ri,re) = sup ©) Puca—t(—oory) ¥ (1) (1.1.2)
UGQ“(T],Tz) ¢(v) —-n

for all r1,7r9 € R with 71 < 79, and

‘I’(v) — SUPyued-1(—o0,r) ‘I’(u)
p2(r) = sup
vEP—1(r,00) (I>('U) -r

for all r € R. In what follows, X* will always denote the dual space of X.
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Theorem 1.1.1. ([39, Theorem 5.1]) Let X be a reflexive real Banach
space, ® : X — R be a sequentially weakly lower semicontinuous, co-
ercive, and continuously Gateauz differentiable functional whose Gateaux
derivative admits a continuous inverse on X*, and let ¥ : X — R be a
continuously Gateaux differentiable functional whose Gateaux derivative is
compact. Let Iy = ®— AV and assume that there are r1,r9 € R withry < rs
such that

n(ri,re) < p(ri,re).
Then, for each X\ € (1/p(r1,72),1/n(r1,72)), there exists ug.x € ®~1(ry1,72)
such that I(uo,x) < Ix(u) for all u € ®~(ry,72) and I§(ug,x) = 0.

Another result in this same spirit is the following.

Theorem 1.1.2. ([39, Theorem 5.3]) Let X be a real Banach space, ® :
X — R be a continuously Gateauz differentiable functional whose Gateauz
derivative admits a continuous inverse on X*, and let ¥ : X — R be a
continuously Gateaux differentiable functional whose Gateaux derivative is
compact. Choose T so that infx ® < r < supy ®, pa(r) > 0, and for

each \ > ﬁ, the functional Iy := ® — AV is coercive. Then, for each

DS (ﬁ,oo), there exists ugx € ®~1(r,00) such that Ix(ug ) < Ix(u) for

all w € ®~1(r,00) and I} (up,n) = 0.

These results and their many variations have often been used to obtain
multiplicity results for nonlinear problems of a variational nature. See, for
example, [23,24,39,40,244] and the references therein.

To prove the existence of multiple solutions to Sturm-Liouville problems,
we will make use of the two following three critical point theorems. The
first one was obtained in [22] and is a more precise version of Theorem
3.2 in [24]. It requires the coercivity of the functional I, = ® — AW. The
second result appeared in [40] and needs a certain sign condition on the
functionals.

Theorem 1.1.3. ([40, Theorem 3.2], [42, Theorem 2.2]) Let X be a reflex-
we real Banach space, ® : X — R be a coercive and continuously Gateaux
differentiable functional whose derivative admits a continuous inverse on
X*, and ¥ : X — R be a continuously Gateauz differentiable functional
whose deriative is compact with

inf & = ®(0) = ¥(0) =0. (1.1.3)

Assume that there is a positive constant r and an element © € X, with
2r < ®(v), such that:
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SUP“eqwl(_,x‘r)‘I’(u) 2 .
(0.1) r < 3%(v)’

(ag) for all X € (32@) - , the functional ® — AU s
W(u)

2 U (v)? SUP, cq—1(—oo,r)
coercive.

Then, for each \ € (22 r , the functional ® — AV has
2 (u)

V()" Supcq—1(_oo,m ¥
at least three distinct critical points.

Theorem 1.1.4. ([40, Theorem 3.3], [42, Theorem 2.3]) Let X be a reflex-
we real Banach space, ® : X — R be a convez, coercive and continuously
Gateaur differentiable functional whose derivative admits a continuous in-
verse on X*, and ¥ : X — R be a continuously Gateauz differentiable
functional whose derivative is compact with:

(i) infx ® = ®(0) = ¥(0) = 0;
(ii) for each A > 0 and for every pair of local minima uy, uy of the
functional ® — AV such that ¥(u1) > 0 and ¥(uz) > 0, we have

inf W(sup + (1 — s)uz) > 0.
s€(0,1]

Assume that there are two positive constants v, o and T € X, with 2r; <
®(v) < 22, such that:

2 )

SUP, cp—1(—no,ry) V(W) 2 V(D) .,
(g St = o B

SUP, cp—1(—oo,ry) P(%) 1 V(v
(b) —stmiman % o 120,

Then, for each

AE 3—4)(5) min 2 %
= — 1 5 )
29(v) SUP a1 (—o0,ry) Z(U) SUPyea—1(—oo,ry) ¥ (1)

the functional ® — AU has at least three distinct critical points that lie in
&~ 1(—o0,ry).

Since we are also interested in obtaining sufficient conditions for the
existence of infinitely many solutions to Sturm-Liouville problems, we will
need the following critical points theorem; see [54, Theorem 2.1] and [244,
Theorem 2.5].

Theorem 1.1.5. Let X be a reflexive real Banach space and let ®, ¥ :
X — R be two Gateauz differentiable functionals such that ® is sequentially
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weakly lower semicontinuous, strongly continuous and coercive, and ¥ is
sequentially weakly upper semicontinuous. For every r > infx ®, let

SUPy a1 (—o0,r) Y(V) — ¥(u)

= inf 1.14
(,0(7') uE@‘l‘I%—oo,r) r— <I>(u) ’ ( )
and
:= lim inf , 0:= liminf ;
7 := lim inf o(r) Hgnnf;n@)y(r)
Then:

(a) For every r > infx ® and every A € (0,1/¢(r)), the restriction
of the functional Iy := ® — AV to ® 1(—o0,7) admits a global
minimum, which is a critical point (local minimum) of Iy in X.

(b) If v < oo, then for each A € (0,1/7), the following alternative
holds: either

(by) Ix possesses a global minimum, or
(bg) there is a sequence {u,} of critical points (local minima) of
I such that

lim ®(u,) = co.

n—oo

(¢) Ifé < oo, then for each X € (0,1/8), the following alternative holds:
either

(c1) there is a global minimum of ® which is a local minimum of
Iy, or

(co) there is a sequence {un} of pairwise distinct critical points
(local minima) of I that converges weakly to a global mini-
mum of .

The following three critical points theorem due to Ricceri [248] is use-
ful for showing the existence of three solutions to systems of multi-point
boundary value problems.

Theorem 1.1.6. ([248, Theorem 1]) Let X be a real reflexive Banach space,
I C R an interval, ® : X — R a sequentially weakly lower semicontinu-
ous C' functional that is bounded on each bounded subset of X and whose
derivative admits a continuous inverse on X*, and let J : X — R be a C!
functional with a compact derivative. Assume that

lim (®(z)+ AJ(z)) =00 (1.1.5)

[|z||—o00
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for all X € I, and that there exists p € R such that
sup inf (®(z) + A(J(z) + p)) < inf sup(®(z) + A(J(z) + p)). (1.1.6)
A€l TEX T€EX \cT

Then, there exist a non-empty open interval A C I and a positive real num-
ber q with the following property: for every A € A and every C' functional
U : X — R with compact derivative, there exists 6 > 0 such that, for each
i € [0,6], the equation

' (z) + A\ (z) + p¥'(z) =0
has at least three solutions in X whose norms are less than q.

In order to apply Theorem 1.1.6 above, the following result, which is a
restatement of Proposition 1.3 in [39] (J is replaced by —J), is useful in
showing that inequality (1.1.6) holds.

Theorem 1.1.7. ([39, Proposition 1.3]) Let X be a non-empty set and ®
and J be two real valued functionals defined on X. Assume that ®(u) > 0
for every u € X and there exists ug € X such that ®(ug) = J(up) = 0.
Furthermore, assume that there ezist w € X and r > 0 such that ®(w) > r
and

o i)
oup (SIW) <r gy

Then, for every h > 1 and for every p € R satisfying

T:ijw - Sup@(u)<r(_J(u)) —J(w)
sup (—J(u)) + i <p<r
®(u)<r h d(w) ’

we have

b Jnf (®(u) +A(J(u) +p)) < inf AZI{J(I)I?U](‘I’(H) + A(J(u) + p)),

where

hr
—J(u1)

v = .
") SuPd)(u)<r(_J(u))

We next define what is meant by the Palais—Smale condition.

Definition 1.1.1. Let X be a real Banach space. The functional J €
C'(X,R) is said to satisfy the Palais-Smale (PS) condition if every
sequence {u,} C X, such that J(uy) is bounded and J'(u,) — 0 as n — oo,
has a convergent subsequence. Here, the sequence {u,} is called a (PS)
sequence.
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The following result is the well-known Mountain Pass Theorem of
Ambrosetti and Rabinowitz [241] (also see [185, Theorem 7.1]). Here, B, (u)
is the open ball centered at u € X with radius r > 0, B,.(u) is its closure,
and 0By (u) is its boundary.

Theorem 1.1.8. Let (X, || - ||) be a real Banach space and I € C'(X,R).
Assume that I satisfies the (PS) condition and there exist ug,u; € X and
p > 0 such that:

(Al) U1 gEP(UO),'
(A2) max{I(uo), I(u1)} < infyeop, (uo) I(u).

Then, I possesses a critical value which can be characterized as

= inf max I(y(s)) > _inf I(u),
o= b 0D 2, T

where
I'={yeC([0,1],X) : 7(0) = uo, ¥(1) = u1}.

In the following definition, we present an important notion known as
the Ambrosetti-Rabinowitz condition.

Definition 1.1.2. A function f : Z x R — R is said to satisfy an
Ambrosetti-Rabinowitz type condition if

(AR) there exists p > p and R > 0 such that
0 < pF(k,t) <tf(k,t) for (k,t) € Z xR with |t|> R, (1.1.7)

where F(k,t) = /t f(k,s)ds.
0

Condition (AR) is often used to show that any (PS) sequence of the
corresponding energy functional is bounded. This plays an important role
in the application of critical point theory.

The following three theorems will be useful in proving existence results
for boundary value problems for difference equations. Theorem 1.1.9 below
can be found in [227,289], Theorem 1.1.10 in [66], and Theorem 1.1.11 in
(89,241].

Theorem 1.1.9. Let X be a real reflexive Banach space, and let J be a
weakly upper (lower, respectively) semicontinuous functional such that

lim J(u) = —o0 ( lim  J(u) = oo, 'respectz'vely) .

[u][—o0 [[u][—oc



