Daniel Bump

Lie Groups
EX3

ZP® ¥ & s d)
www.wpcbj.com.cn

Springer



Daniel Bump

Lie Groups

@ Springer



EEEMSE (CIP) M

ZER: BOU (%) BWE . it HERESHR
AFEAERAF, 2009.8

ISBN 978-7-5100-0500-8

L.z . B I ZR—BIRE—HHM—3EX

- V.0152.5

T E A E 31 CIP $ET (2009) 56 100907 &

B #: Lie Groups
3 #: Daniel Bump

RE R EH
BERE: &AF

H R & HREBHEARILEAF

B Rl #&: =FEREOFHFERAHF

£ 17 HAEBHEAFEdCEAR (JEESRKE 137 5 100010)
BREIE: 01064021602, 010-64015659

BFEM:  kjb@ wpebj. com. cn

i & A4F

Ep . 19.5

B %&: 2009408
EFE: B 01-2009-1090

3 2. 978-7-5100-0500-8/0 - 716 E f#t: 55.00 3T

R E B HEA R LT AT B3RE Springer IBMETE KRR ENLIT



Daniel Bump

Department of Mathematics
Stanford University

450 Serra Mall, Bidg. 380
Stanford, CA 94305-2125
USA

Editorial Board

S. Axler

Mathematics Department

San Francisco State
University

San Francisco, CA 94132

USA

F.W. Gehring
Mathematics Department
East Hall

University of Michigan
Ann Arbor, MI 48109
USA

Mathematics Subject Classification (2000): 20xx, 22xx

Library of Congress Cataloging-in-Publication Data

Bump, Daniel.

Lie groups / Daniel Bump.

p. cm.—(Graduate texts in mathematics: 225)
Includes bibliographical references and index.
ISBN 0-387-21154-3 (hard cover : alk. paper)

© 2004 Springer Science+Business Media, Inc.

All rights reserved. This work may not be translated or copied in whole or in part without the
written permission of the publisher (Springer Science+Business Media, Inc., 233 Spring Street, New
York, NY 10013, USA), except for brief excerpts in connection with reviews or scholarly analysis.
Use in connection with any form of information storage and retrieval, electronic adaptation, com-
puter software, or by similar or dissimilar methodology now known or hereafter developed is for-

bidden.

The use in this publication of trade names, trademarks, service marks, and similar terms, even if
they are not identified as such, is not to be taken as an expression of opinion as to whether or not

they are subject to proprietary rights.

K.A. Ribet

Mathematics Department

University of California,
Berkeley

Berkeley, CA 94720-3840

USA

This reprint has been authorized by Springer-Verlag (Berlm/Heidelberg/New York) for sale in

the People’s Republic of China only and not for export therefrom

3876543

springer.com



Graduate Texts in Mathematics 22 5

Editorial Board
S. Axler F.W.Gehring KA. Ribet



Graduate Texts in Mathematics

O 00~

10
11

12
13

15
16
17
18
19
20
21
22

23
24

25
26
27
28
29
30
31
32

33

TAKEUTV/ZARING. Introduction to
Axiomatic Set Theory. 2nd ed.

OxtoBY. Measure and Category. 2nd ed.
ScuAerer. Topological Vector Spaces.
2nd ed.

HILTON/STAMMBACH. A Course in
Homological Algebra. 2nd ed.

Mac Lang. Categories for the Working
Mathematician. 2nd ed.

HuGHES/PIPER. Projective Planes.

J.-P. SERRE. A Course in Anithmetic.
TAKEUTI/ZARING. Axiomatic Set Theory.
HUMPHREYS. Introduction to Lie Algebras
and Representation Theory.

CoHEN. A Course in Simple Homotopy
Theory.

Conway. Functions of One Complex
Variable I. 2nd ed.

BeALs. Advanced Mathematical Analysis.
ANDERSON/FULLER. Rings and Categorics
of Modules. 2nd ed.
GOLUBITSKY/GUILLEMIN. Stable Mappings
and Their Singularities.

BERBERIAN. Lectures in Functional
Analysis and Operator Theory.

WiNTER. The Structure of Fields.
ROSENBLATT. Random Processes. 2nd ed.
Harmos. Measure Theory.

HaLmos. A Hilbert Space Problem Book.
2nd ed.

HUSEMOLLER. Fibre Bundles. 3rd ed.
HUMPHREYS. Linear Algebraic Groups.
BARNES/MACK. An Algebraic Introduction
to Mathematical Logic.

GREUB. Linear Algebra. 4th ed.

HoLMES. Geometric Functional Analysis
and Its Applications.
HEWITT/STROMBERG. Real and Abstract
Analysis.

MANES. Algebraic Theories.

KEeLLEY. General Topology.
ZARrISKU/SAMUEL. Commutative Algebra.
VolL

ZARISKVSAMUEL. Commutative Algebra.
Vol.IL

JACOBSON. Lectures in Abstract Algebra I.
Basic Concepts.

JACOBSON. Lectures in Abstract Algebra II.
Linear Algebra.

JacoBsoN. Lectures in Abstract Algebra
[I. Theory of Fields and Galois Theory.
HimrscH. Differential Topology.

34

35

36

37
38

39
40

41

42
43
44
45
46
47
48
49

50
51

52
53
54

55

56

57

58

59
60

61

62

63

SprTzER. Principles of Random Walk.
2nd ed.

ALEXANDER/WERMER. Several Complex
Variables and Banach Algebras. 3rd ed.
KELLEY/NAMIOKA et al. Linear
Topological Spaces.

Monk. Mathematical Logic.
GRAUERT/FRITZSCHE. Several Complex
Variables.

ARVESON. An Invitation to C*-Algebras.
KeEMENY/SNELL/KNAPP. Denumerable
Markov Chains. 2nd ed.

APOSTOL. Modular Functions and
Dirichlet Series in Number Theory.

2nd ed.

J.-P. SERRE. Linear Representations of
Finite Groups.

GILLMAN/JERISON. Rings of Continuous
Functions.

KENDIG. Elementary Algebraic Geometry.
LokvE. Probability Theory L. 4th ed.
LokVE. Probability Theory II. 4th ed.
Moise. Geometric Topology in
Dimensions 2 and 3.

SacHS/Wu. General Relativity for
Mathematicians.

GRUENBERG/WEIR. Linear Geometry.
2nd ed.

EpwaRDS. Fermat's Last Theorem.
KLINGENBERG. A Course in Differential
Geometry.

HARTSHORNE. Algebraic Geometry.
MANmN. A Course in Mathematical Logic.
GRAVER/WATKINS. Combinatorics with
Emphasis on the Theory of Graphs.
BrOWN/PEARCY. Introduction to Operator
Theory I: Elements of Functional
Analysis.

MassEy. Algebraic Topology: An
Introduction.

CroweLL/Fox. Introduction to Knot
Theory.

KosLrz. p-adic Numbers, p-adic
Analysis, and Zeta-Functions. 2nd ed.
Lanag. Cyclotomic Fields.

ARNOLD. Mathematical Methods in
Classical Mechanics. 2nd ed.
WHITEHEAD. Elements of Homotopy
Theory.

KARGAPOLOV/MERLZIAKOV. Fundamentals
of the Theory of Groups.

BoLLoBas. Graph Theory.

(continued after index)



Preface

This book aims to be a course in Lie groups that can be covered in one
year with a group of good graduate students. I have attempted to address
a problem that anyone teaching this subject must have, which is that the
amount of essential material is too much to cover.

Onc approach to this problem is to emphasize the beautiful representation
theory of compact groups, and indeed this book can be used for a course of
this type if after Chapter 25 one skips ahead to Part 1II. But I did not want
to omit important topics such as the Bruhat decomposition and the theory of
symmetric spaces. For thesc subjects, compact groups are not sufficient.

Part I covers standard general properties of representations of compact
groups (including Lie groups and other compact groups, such as finite or p-
adic ones). These include Schur orthogonality, properties of matrix coefficients
and the Peter-Weyl Theorem.

Part II covers the fundamentals of Lie groups, by which I mean those sub-
jects that I think are most urgent for the student to learn. These include the
following topics for compact groups: the fundamental group, the conjugacy
of maximal tori (two proofs), and the Weyl character formula. For noncom-
pact groups, we start with complex analytic groups that are obtained by
complexification of compact Lie groups, obtaining the Iwasawa and Bruhat
decompositions. These are the reductive complex groups. They are of course a
special case, but a good place to start in the noncompact world. More general
noncompact Lie groups with a Cartan decomposition are studied in the last
few chapters of Part II. Chapter 31, on symmetric spaces, alternates examples
with theory, discussing the embedding of a noncompact symmetric space in
its compact dual, the boundary components and Bergman-Shilov boundary
of a symmetric tube domain, and Cartan’s classification. Chapter 32 con-
structs the relative root system, explains Satake diagrams and gives examples
illustrating the various phenomena that can occur, and reproves the Iwasawa
decomposition, formerly obtained for complex analytic groups, in this more
general context. Finally, Chapter 33 surveys the different ways Lie groups can
be embedded in oné another.
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Part III returns to representation theory. The major unifying theme of
Part III is Frobenius-Schur duality. This is the correspondence, originating in
Schur’s 1901 dissertation and emphasized by Weyl, between the irreducible
representations of the symmetric group and the general linear groups. The
correspondence comes from decomposing tensor spaces over both groups si-
multaneously. It gives a dictionary by which problems can be transferred from
one group to the other. For example, Diaconis and Shahshahani studied the
distribution of traces of random unitary matrices by transferring the problem
of their distribution to the symmetric group. The plan of Part III is to first
use the correspondence to simultaneously construct the irreducible represen-
tations of both groups and then give a series of applications to illustrate the
power of this technique. These applications include random matrix theory,
minors of Toeplitz matrices, branching formulae for the symmetric and uni-
tary groups, the Cauchy identity, and decompositions of some symmetric and
exterior algebras. Other thematically related topics topics discussed in Part
III are the cohomology of Grassmannians, and the representation theory of
the finite general linear groups.

This plan of giving thematic unity to the “topics” portion of the book with
Frobenius-Schur the unifying theme has the effect of somewhat overemphasiz-
ing the unitary groups at the expense of other Lie groups, but for this book
the advantages outweigh this disadvantage, in my opinion. The importance of
Frobenius-Schur duality cannot be overstated.

In Chapters 48 and 49, we turn to the analogies between the representation
theories of symmetric groups and the finite general linear groups, and between
the representation theory of the finite general linear groups and the theory of
automorphic forms. The representation theory of GL(n,F,) is developed to
the extent that we can construct the cuspidal characters and explain Harish-
Chandra’s “Philosophy of Cusp Forms” as an analogy between this theory
and the theory of automorphic forms. It is a habit of workers in automorphic
forms (which many of us learned from Piatetski-Shapiro) to use analogies with
the finite field case systematically.

The three parts have been written to be somewhat independent. One may
thus start with Part IT or Part III and it will be quite a while before earlier
material is needed. In particular, either Part II or Part III could be used as
the basis of a shorter course. Regarding the independence of Part III, the
Weyl character formula for the unitary groups is obtained independently of
the derivation in Part II. Eventually, we need the Bruhat decomposition but
not before Chapter 47. At this point, the reader may want to go back to Part
II to fill this gap.

Prerequisites include the Inverse Function Theorem, the standard theorem
on the existence of solutions to first order systems of differential equations
and a belief in the existence of Haar measures, whose properties are reviewed
in Chapter 1. Chapters 17 and 50 assume some algebraic topology, but these
chapters can be skipped. Occasionally algebraic varieties and algebraic groups
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are mentioned, but algebraic geometry is not a prerequisite. For affine alge-
braic varieties, only the definition is really needed.

The notation is mostly standard. In GL(n), I or I, denotes the n x n
identity matrix and if g is any matrix, *g denotes its transpose. Omitted entries
in a matrix are zero. The identity element of a group is usually denoted 1 but
also as I, if the group is GL(n) (or a subgroup), and occasionally as e when
it seemed the other notations could be confusing. The notations C and C are
synonymous, but we mostly use X C Y if X and Y are known to be unequal,
although we make no guarantee that we are completely consistent in this. If
X is a finite set, | X| denotes its cardinality.

One point where we differ with some of the literature is that the root
system lives in R ® X*(7T') rather than in the dual space of the Lie algebra of
the maximal torus T' as in much of the literature. This is of course the right
convention if onc takes the point of view of algebraic groups, and it is also
arguably the right point of view in general since the real significance of the
roots has to do with the fact that they are characters of the torus, not that
they can be interpreted as linear functionals on its Lie algebra.

To keep the book to a reasonable length, many standard topics have been
omitted, and the reader may want to study some other books at the same
time. Cited works are usually recommended ones.

Acknowledgments. The proofs in Chapter 36 on the Jacobi-Trudi iden-
tity were worked out years ago with Karl Rumelbart when he was still an
undergraduate at Stanford. Very obviously, Chapters 40 and 41 owe a great
deal to Persi Diaconis, and Chapter 43 on Cauchy’s identity was suggested by
a conversation with Steve Rallis. I would like to thank my students in Math
263 for staying with me while I lectured on much of this material.

This book was written using TgXmacs, with further editing of the exported
ETEX file. The utilities patch and diff were used to maintain the differences
between the automatically generated and the hand-edited TEX files. The fig-
ures were made with MetaPost. The weight diagrams in Chapter 24 were
created using programs I wrote many years ago in Mathematica based on the
Freudenthal multiplicity formula.

This work was supported in part by NSF grant DMS-9970841.

Daniel Bump
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Haar Measure

If G is a locally compact group, there is, up to a constant multiple, a unique
regular Borel measure j; that is invariant under left translation. Here left
translation invariance means that u(X) = p(gX) for all measurable sets X.
Regularity means that

w(X) =inf {u(U)|U 2 X,U open} = sup{u(K)|K C X, K compact} .

Such a measure is called a left Haar measure. It has the properties that any
compact set has finite measure and any nonempty open set has measure > 0.

We will not prove the existence and uniqueness of the Haar measure. See
for example Halmos [51], Hewitt and Ross [57], Chapter IV, or Loomis [94]
for a proof of this. Left-invariance of the measure amounts to left-invariance
of the corresponding integral,

/ F(19) duc(g) = / £(9) dus (), (L1)
G G

for any Haar integrable function f on G.

There is also a right-invariant measure, y g, unique up to constant multiple,
called a right Haar measure. Left and right Haar measures may or may not
coincide. For example, if

Gz{(‘g T)'z,yelk,y>0},

then it is casy to see that the left- and right-invariant measures are, respec-
tively,
dup =y %dedy, dup=y 'dzdy.

They are not the same. However, there are many cases where they do coincide,
and if the left Haar measure is also right-invariant, we call G unimodular.
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Conjugation is an automorphism of G, and so it takes a left Haar measure
to another left Haar measure, which must be a constant multiple of the first.
Thus, if g € G, there exists a constant §(g) > 0 such that

/f “'hg) dup(h /f )dur(h

If G is a topological group, a quasicharacter is a continuous homomorphism
x:G—C*. If |x(g)| =1 for all g € G, then x is a unitary quasicharacter.

Proposition 1.1. The function § : G — R is a quasicharacter. The mea-
sure 8(h)us,(h) is right-invariant.

The measure §(h)ur,(h) is a right Haar measure, and we may write ug(h) =
8(h)ur(h). The quasicharacter § is called the modular guasicharacter.

Proof. Conjugation by first g; and then go is the same as conjugation by g1 92
in one step. Thus 6(g192) = ¢(g1) d(g2), so d is a quasicharacter. Using (1.1),

5(g) /(, F(h)dpr (k) = /C Fg- 9~ hgydus (k) = /G F(hg) dps(h).

Replace f by f4 in this identity and then divide both sides by &(g) to find
that

s dusi) = [ 1k 5(h) dush).
Thus, the measure §(h) duy(h) is right-invariant, O
Proposition 1.2. If G is compact, then G is unimodular and p(G) < oo.

Proof. Since ¢ is a homomorphism, the image of § is a subgroup of R . Since
G is compact, §(G) is also compact, and the only compact subgroup of R is
just {1}. Thus ¢ is trivial, so a left Haar measure is right-invariant. We have
mentioned as an assumed fact that the Haar volume of any compact subset of
a locally compact group is finite, so if G is finite, its Haar volume is finite. 0O

If G is compact, then it is natural to normalize the Haar measure so that
G has volume 1.
To simplify our notation, we will denote [, f(g) dur(g) by [, c fl9)dg.

Proposition 1.3. If G is unimodular, then the map g — g~ !

s an isometry.
Proof. 1t is casy to see that g —3 g1 turns a left Haar measure into a right
Haar measure. If left and right Haar measures agree, then ¢ — ¢~ ! multiplies
the left Haar measure by a positive constant, which must be 1 since the map
has order 2. O



1 Haar Measure 5

EXERCISES

Exercise 1.1. Let do X denote the Lebesgue measure on Mat, (R). It is of course a
Haar measure for the additive group Mat, (R). Show that |det(X)| "daX is both
a left and a right Haar measure on GL{n,R).

Exercise 1.2. Let P be the subgroup of GL(r + s, R) consisting of matrices of the
form

p= (gl i) s g1 € GL(T‘, R)1 g2 € GL(S‘]R), X e Mat,.XS(IR),

Let dgi and dg; denote Haar mecasures on GL(r,R) and GL(s,R), and let do X
denote an additive Haar measure on Matrxs(R). Show that

dip = |det{g1)| " dgi dgadaX,  drp=|det(g2)|”" dg1 dg2daX,

are (respectively) left and right Haar measures on P, and conclude that the modular
quasicharacter of P is

6(p) = | det(g1)|°] det(ga)| ™"



