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Preface

The subject of this book is related to the previous monograph by the
authors (Ben-Dor et al., 2006a). However, the contents of the book and
the amount of included material are completely different.

In this book we consider normal high-velocity penetration (with zero
angle of attack) of rigid (non-deformable) projectiles into a shield. High-
speed penetration is accompanied mainly by local interaction of a striker
with a shield and corresponds to the range of impact velocities from
several hundreds up to 1,500 m/s. The case of relatively small impact
velocities when a striker interacts with a whole plate and hypervelocity
penetration that can be described by hydrodynamic models, are not
considered in the monograph.

In writing the book the authors pursued two goals: (i) to give a
comprehensive description of the engineering models for calculating
high-speed penetration of rigid projectiles into various media (concrete,
metals, geological shields) and (ii) to demonstrate the capabilities and
efficiency of using approximate models for investigating conventional
and non-standard problems of penetration mechanics.

The first goal is accomplished by surveys which describe empirical
(phenomenological) and analytical models of penetration into concrete,
metals and geological shields. This part of the book (more than a quarter
of the book) is in fact a handbook since it contains a very detailed
summary of the models that allows their use for practical calculations.

The second goal is achieved by presenting the results of the
investigations which the authors conducted during recent years.
Presentation includes comprehensive surveys of the state-of-the art in
relevant research fields. The problems considered can be separated into
two large classes. The first class includes the traditional problems where
a considerable progress has been achieved during the last years: analysis
of the effect of spacing and layering on protective properties of plates
and optimization of the multilayered shields; optimization of the shape of
the projectiles penetrating into various shields; optimization of two-
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component ceramic-metal armor. The second class includes
nontraditional problems and approaches: modeling of penetration and
optimal control of penetrators equipped with jet thruster; investigation of
the efficiency and optimization of segmented impactors; new approaches
for developing penetration models (inverse problems); estimating
ballistic properties of penetrators under the conditions of incomplete
information.

Each chapter is accompanied by a list of the notations used repeatedly
in this chapter; in addition, generally all notations are explained in the
text of the chapter when they are used for the first time. Consequently,
the presentation of the material in the book is convenient and allows
reading different chapters independently. However, even a cursory
examination of Chapters 1 and 2, which present the most widely used
universal approaches, is advised for better understanding of some
sections.

Unless otherwise indicated SI units are used.

To master the material presented in the monograph, it is sufficient for
the reader to be familiar with basic engineering courses in mathematics
and mechanics. Nevertheless, if the reader is not interested in the
mathematical proofs in the chapters dealing with investigation of applied
problems, these proofs can be skipped without impairing an
understanding of the obtained results.

The authors believe that this monograph will become a reliable and
indispensable reference guide for anyone interested in using engineering
models in high-speed penetration mechanics.

The authors are indebted to Mrs.V. Orlov for her help in technical
editing of the manuscript and preparation of the camera-ready version.

G. Ben-Dor
A. Dubinsky
T. Elperin



Contents

1.1 Basics of the Localized Interaction ThEOIY ........cc.ecveveririerieiieiicriiciicrseiessesiseenens 5
1.2 Impactor-Shield Interaction SUIface..........cccovririiiiiininiiiieereeerieeeee e 10
1.2.1 Semi-infinite ShI€ld .........occeeiiiiiiiiiiiii e 10
1.2.2 Shield having a finite thiCKNESS.........cccovvviivinirieriiieriseeiceeeies e 11
1.3 General Relationships for 3-D IMPactors ..........ccocuvivverireienesiinniereieressisesesesesenens 14

1.3.1 Drag force. Equation of MOtion..........ccccevveererirerireirieiieieiss e 14

1.3.2 Residual and ballistic limit velocities. Depth of penetration. ..................... 16

1.3.3 Impactor Having a Shape of Body of Revolution ............c..cccccvevivievinnnen. 17

1.4 Projectiles Having a Shape of Bodies of Revolution. Two-Term Models............. 19
1.4.1 Arbitrary body of reVOIUtION ........ccoiviveriiiiririeieeeeeceeeee e e 19

1.4.2 Sharp conical-shaped IMPaCcor ...........ccovviieriiiriiinieeieeriresseeseee e 21

1.5 Averaged LIMs. General Approach ...........c.ccccuivnnenicinicnneneeeseeseerenienens 25
1.5.1 INTOQUCHION ....viiiitiii ittt st sse s s 25

1.5.2 Shield having a finite thickness..........c.ccccovevvecnruenen 3520

1.5.3 Semi-infinite Shield...........ccovreveiiiiinincirinee e e w28

1.6 Averaged Two-Term MOdEIS .......c..cccvirmiiiniiniiiiiiiciiccne et w29
1.6.1 General two-term model..........cccviiiiiiniiiiiiiieiiicncee e ...29

1.6.2 Shield having a finite thickness...........ccoioveineiiiniiiniiicicicceens .30

1/6.3 Semi=1tfinite sHeld v unmmmwimmmsiomissseevcsmiivssmimnsrmsmissssyis win 2

1.6.4 Ogive-shaped impactors...........ccccvervrireennennene. o

1.6.5 Summary of two-term models..........cccoovvviiiiiineniininic i vees 30
Averaged Three-Term Model..........cccoooiviiiniiiiiiiiiiiiii e .38
1.7 Oversimplified MOELS .........cccoeuiiiiiiriiiiicc e e 40
CHBDUET 2z isisrvvisisnos sasiosss svonsss oo ioss sTaves Srsmeais 03 w3 SEomEms 0 a8 440910067 S0 U8 F TS SR OESR SO TR SO ETes 41
Cavity Expansion APProXimations ...........coccievirivieimiimeiinnnsinsseesesse s siniasssessssesssnsees 41



viii Contents

2.1 INtroQUCtON .. osmmsssmmssmevisissssssmssssssisboummissms s svsmosiasmesasssearesasacssvassnsssosesasaves
2.2 Spherical Cavity Expansion ApproXimation ...........cccovueieueirisiosinsiiieie s
2.3 Cylindrical Cavity Expansion Approximation
2.4 Cavity Expansion Approximations and LIMs

PAEED...eccnmimvornvverssrmmscmaaaavmmssonen sosresssssvassmaseyssassarm i Som e oo oo B TN R TSP SRRSO HOATS
Penetration into Concrete Shields
CRAPIET 3...oerncencseensrossusssosis s disis iasss vesonssssssssosssss ot ssomsssnsviaiessasans s ssads sndamasas sesssosisss 53
EmPirical MOGEIS .......occeruvmvirismisirsinerinrssssssssisssssssssmsssmssssssasisisssaansasesassssassesensisassossunsins 53
3.1 INEEOAUCHION 1t e eeeeitesete e e et s e s essee s st e sae e e sae b sese e b s e eass s aseaeseaeesmaseraaanenes 55
3.2 Unified ApProachi.srsiississsisissmasmssamisssasssssesosisseisss sasesnsvssmssanssassamasanssons 56
3.3 Modified Petry FOrmUIAS...........ccociieeimuemeiiiiinisienasioiesreri vt sasasssssssensssensssennes 60
3.4 Ballistic Research Laboratory (BRL) Formulas ..........cccocovinviiiiinnnnciiniiiecnienns 62
3.5 Whiffen Pormula ... o s cussssssssisaivesiisronsiss i smssissisnssmisonismeasesissoiores 63
3.6 Army Corporations of Engineers (ACE) Formula.........c..cccooooiiiinnicinnnnn 63
3.7 Ammann and Whitney formula...........ccccooiiiiiiniicccee e 64
3.8 Modified National Defense Research Committee (NDRC) Formula ......
3.9 Rk FOTTINNAL.....s »eoneomercsonnesissnsassssssssussssasbisssiihes 156 isamwivess a5 sv30ms74 sisessasegvass
3.10 Healey-Weissman Formula ...........c.cooooiiiiiinninininiinns =
3,11 Bechtel fOrMUIA ...ccvveeeiiiciii et s s
3.12 Stone/and Webster FOrmmula i csssosusissosisiissisisrasionssnmisoss sesiniasissanissdosnsoiss
3.13 CEA-EDF FOIMUIA ......cooeeiveirinreeererensieseeseeessesessmseessnmneessnnesbensinssisnessssansssossnsss
3.14. Degen FORMULA, ;s imsmampimoscsimsmmmmiismcsitommsmmsomsiomsssiss e stans sso damms ansi
3.15 Thang Formulas: s s msimsssssssssissssssssmsssns sissss ossmsiassi s e R s i 5 ssiessaesssasessssssnes
3.16 Haldar-Miller FOIMULA ......ovivviivensireriieresresnenns s ssiisisssressesssssssssassssssssssssnssnaees
3.17 Haldar-Hamieh-Miller Formula
3.18 Hughes’ Formula.............cccooeeiinnn
3.19 Adeli-Amin Formula..........c.c......
3.20 CRIEPI FOrmula.......cc.uiiiiiiiiiiiiiiieecie ettt sass s sns s s s
3.21 Vretblad (British) fOrmula........coooiiiiiiiiiiiiie e e e e e ena e aea
3.22 UKAEA-CEBG-ININC FOTIONIAS saxiviesvvinsssvassensassspssnmasssn fessasissonnsssannsnianseiavsssase 76
3:23 Young FOIMUIA ;..o ccerssussssrsusrssssstisnss ot s ey s s ssisssissesyosss sesesspassasss 80
3.23.1 Original model ... 80
3.23.2 Modifications of the MOdElS.....c..covererririnienire e s 82
3.24 UMIST FOIMUIAS ...eoviiieitieriesiecreeiieeteise et ee e e e sse s e st s aeeneesaesseanseesessene 86
3.24.1 Penetiation TROTEL . usivevassseresssansomsammesmonssssssaeruss ks ssssn iones ss s vnisin 86
3.24.2 Perforation and scabbing model and its analysis.......ccccrvvvervicriiiinninins 86
3.25 Malaysia-UTHM MOGEIS .......ccooiiiiiiiiiiiiiiiiinieee et e evene 90
3.26 TM 5-855-1 FOIMUIAS ....oeviiiiiiiiiiiie et e e e e ena e e e enaas 92
3.27 Folsom Model for Penetration into a Shield with a Predrilled Hole.........c.ccoceuns 93

3.28 Some Other Models and Related Problems ...........ccccccvvvieeiniereniieesninns ceninvessenns 93



Contents ix

3.29 Comparison Between the Models and Their Experimental Validation
3.29.1 BIIEf TEVIEW......ouceieiiicieicie et stea b en s s nes
3.29.2 Evaluation of the performance of models. Finite width shield.....
3.29.3 Evaluation of the performance of models. Semi-infinite shield

CRAPLET 4.ttt e bbbt h e b et a st s ene s enn

ANAIYHCA] MOAeIS:cusisineomsimmmmssmnismramsmssamimmnmsomiseis s e,

4.1 Semi-Infinite ShIElAS.....cccccuiviiiiiiiiniiiiii e

4.1.1:Systematization 6f MOAelS ... siovimssmusram s

4.1.2 Two=stage MOdelS . cocsississsismissonssisisssssisive sasessssasssssaisonsesmonssngassasonse

4.1.3 One-Stage MOAELS .......ccvuereruruereiriereeenrieeeere et re et eveseeeeaeeeas

4.2 Shield Having a Finite ThiCKNESS ........ccourieiiiririeriiciccieieiesesesteseseea s
4,21 Brief TeVIEW souuusicmsssmsasmisassisissaismssisssaiismiseisimitiam

4.2.2 Models for estimation of perforation thickness

Pt 3.ttt ettt et e et et e et et e e anenean
Penetration into Metallic Shields
CRAPLET 5.ttt ettt et e e et a e er e seeas e s e e aeeaesasaebeebeesesneenreee b esnsenees
Empirical MOEIS. .....cc.coieiiiriiiiieiiieiisccierieisiesa st sae s st sss s aeaseaessaeessenasensesaneseenes
5.1 Early Relations for DOP
5.1.1 MOTIN qQUALION......c.ciiiiuiiiiiiiiet ettt reres s s er e nnens
5.1.2 Dideon €qUALION .......cveueiiiviiiie et creieiessesreas s e sa s e sn s s me st eneas
5:1.3 PeliS equation v ssssseesssivimvasosssisssmssesy i s mamiasiis e ssshisssmmmars
5.2 De Marre Formula and its Modifications .........coevvemeeimmenesieinininesiesennssnenns 152
5.3 Charters and Locke EQUAtiON ..........cooouiiuiriiiiiiiiiiinec e s 153
5.4 THOR EqUationSi.. uessussssssscossisossyisssssssssssssasisssissisissssmsesisssipssdsissesis srasstasss 154
5.5 SRIBqUAatiOn: s wisswssssvesssismssersassninssiesssssaras s siiamis i s ssavsims v samisb s ssvbots 155
5.6 Fuchs Model and its MOdifiCation...........cccecvierieeriesieesienrsenseecsaeeseenecreesereennes 156
5.7 BRL FOITIULA ..ottt st e sae e st snaeens e 157
5:8! Grabarek FOrmula: v s s saoisssasa s miamisisiss o 157
5.9 Healey and Weissman Model..........cccccriiiiiiiiiinnineeicsesiesecsie e 158
5.10 Lambert and Jonas ApproXimation..........ccoccvriiiinicrininnesinsnseeseeisieennes 159
5.1 1 Kar FOTMUIAS -c..cucmmamssmssimasaisimm ssm s v somisassn ioiissssaaess soiomss samses sawabis sasssbssiveses 160
5.12 SWRI BOUAIOM yuvsissossssesmsssscsnsussnonssmessrsnsesonsess vasvs v sesas siss s5ssanisssesss55620 4g3as i 161
S22 VIO T «cuunsuvimssssnssmnsssnss oissunissssvnsensessssssssssis fsassisissssissasisssssisssswss sovses 161
S 122 Mol 2 cisiccnzamsimmanissasiasssianmaisissssiss amsssisassassrassasionssss Fisvaminsisasine 162
5.13 Othe ef @l. FOIMULA........cccoieiieieeiieniiieteei e eicseieeite it steeaeseanesneaensesmsesnnens 163
5.14 NeilSOn FOIMUIA.......cciiviiieeiireiieeieis ettt re s e eas s sas e ssaesanesnse s 163
515 TOWEH O :iivisssosnivsevariviommsssvmsess voswevsrs s er s T T Ve TR AR5 164
5.16 Wen and Jones FOrmUIas;:s:sssvessiwamssisiiusssasissnesss msasisnssshiosse s essssn sssssees 164
5.17 Modified SRI and Neilson FOrmulas............cocueemriererirecniieeeninieeineeesseeeee e 165

5.18 Jones and Kim fOrmulas ........cccooeiiiviiiiiieiiiie et e e 165



X Contents

5.19 Aly:and Li FOrmulas . qusissssavmnssnsiissesrasssssissiissemssaiorsaresrassussasssimisos 165
5.20 Some Other Models and Related Problems ..........c.ccccoooviiiiiininiiininiicninenn, 166
CRAPLET 6.ttt bt e s e s a s b s sa e sa s s s et st ene e 167
Analytical MOdels: :usrmssimssmissonsimsssmeyirassissmios ariesisisssmsivmnirossssorsas 167
6.1 TETOAUCTION . .o oo srmsmmssamenmasSone SooEsAmE 2SR RSB s AR S FAS SRS TTA RSSO S5 AR SRR 169
6.2 Early Static Cavity Expansion Models.........c.ocooiiiiiiiiiinncc 171
6.3 Momentum and Energy Balance Approach...........cccccoooecniininnciicisiiec 173
6.4 Non Cavity Expansion Models.........ccccoimurimmiiiiininiiisess e 181
6.5 Quasi-Dynamic Cavity Expansion Models .........cccoooviimninieninciceece 185
6.6 Dynamic Cavity Expansion Models..........ccccoecvnuincrnmmnecrineicnenienescnensens
6.7 Oversimplified MOAElS i iimnsasmeimassnimsiomsssivosissssssssmsanssmnsssnsisisasssassssasass
6.7.1 Shields having a finite thickness
6.7.2 Semi-infinite shields.....................
6.8 Plugging and Multi-Stage Models............
6.8.1 Basic simplified model.........ccocooiiiiiiiiiiii
6.8.2 SlezKin MOdel........cveeiiviiiieiiicicicic s
6.9 Some other Models and Related Problems ..........ccccouviriiniininiinniiniiciniieens 204

B o] o e T T e PO
Empirical Models
7.1 Early Relations for DOP...........ccccciiiiimiiiisis s 210
7.1.1 Robins (1742) and Euler (1745) equation ..........cccccceniininiiniiicninnciinniinn 210
7.1.2 Ponselet equation (1829):iciiiimimismssssmssswmsesisasicsmmsissivasssasiosssonis 210
7.1.3 Resel equation (1895) .....cocvviiiiriiiiiiiiccicece e 210
7.2 Petri FOrmula (1910) ....oiiieiiioieeieseieeeeeee et ettt st eans 211

7.3 Some formulas suggested in the 1960s....
7.3.1 Hermann et. al. equation (1963)...

7.3.2 Rohani equation (1965).............. 212
7.4 Young Equations ...........cccceeeiiciniiniienns 212
7.4.1 Penetration equations for rock...... 212
7.4.2 Penetration equations for soil ..........c.cccceeuee. 213
7.4.3 Penetration equations for ice and frozen soil..... 214
7.5 Berezan’ FOrMUIA.........coouviiiiiiiiciiiciec et 214
7.6 Modified Berezan” Formula .........cc.ccoiiiiiiiiiiiiiiieiiiecece e 215
7] ZaAbUASKY FOTTTIAL .:0u0ny cosyssnsnssasnssnsnsdsvosn sasisnsnss ossiasshi oS5 s sivssia pusesivessmsasssssss 216
78 Kar POTIIMIA 55:somzasinissesismmsossss osassessses os samsasisesves o v simvesovi e raeviiono s st svavasaans 217
7.9 Adeli-Amin-Sierakowski Model ........ccoociiiiiiiiiiiciiiecicecc e 218
7.10 WES models for penetration into roCk ..........ccoooiciiiiiciiiieseeeciesiseneere s 218

7.10.1 Bernard model (1977) c..vecmieeieeie ettt n 219



Contents xi

7.10.2 Bernard model (1978) ......cooueicieiiiieiiiiiiiniieieer e 220

7.10.3 Bernard and Creighton model (1979)......cccoeeviiiinenneenirinieiiciereens 220

7.11 WES Model for Penetration into SOil......ssmassssisimesssscssssmmsssrssssvsssasnsssasaiss 221
7.12 Allen-Mayfield-Morrison Model for Sand ............ccooeieeviriinececenecieenee s 221
7.13 DAFL Model fOr SOIl.....c.ccioiiiiiiciieiiiieieeeieieie et s 222
7.14 Three-Term MOAEIS........ccuiiiiiiiiiiiiieeee e e e e ebaseaesnnees 223
715 ConWer-FOL mOael:«isicsumisisissssmniswomissiassmsmnavssiasessemmimissssiaisssisiiims s 223
7.16 Some Other Models and Related Problems ............cccocoviiveicniiinecniccee e, 224
CRAPLET ...ttt bttt bbbt enea 225
ADBIYHCAl MOUELS . .icsiseensisenssesessssesssississonsssamvenysisiamsisussoryioiasssse s sionesnis swssssivsbos sosess 225
8.1 Moscow State University MOdelSs..........cc.ciieoieieiiciiie e 226
8.1.1 Dynamic CCE model for sharp slender impactors ............ccccevevereeucenenne 226

8.1.2 Models for non slender IMPACLOLS.....ssissussinasmsssssssmissanimssmpssisyoiss 228

8.2 Ross and Hanagud Model fOr ICe ........oouiiuiimuiiciiiciie e 231
8.3 Sandia Research Laboratories Models...........cccooueiiiiiiiniiiinieiiiciieciceesie e 232
8.3.1 Forrestal-Norwood-Longcope dynamic model.............cooouveevinieceninnrcnnen. 232

8.3.2 Forrestal static models.. i msimmarnsisismimissicoisaisosansaie 233

8.3.3 Forrestal and Luk quasi-dynamic models............cccocooiiininiiciecicnceene 234

8.3.4 Frew-Forrestal-Hanchak Model for a Limestone Shield..............c.cccc...... 238

8.4 Some Other Models and Related Problems...........ccccvceiieiiiieriiieisisisinenscesaeanes 238
BT S: oo 1 T iy e oo S SRS ST s mans s s TR ST oA RS VT ROET T S50 TS 241
Some Special Inverse Problems............cocoiiiiiiiiiimiiicic e 241
ChAPIET Diisisasuiswsnissisiosvsvssossssssssirens oiesessssisss s amessios 5 6ods 5o dEmesss s §65 b3 HAVEERFssoRvssnsusansss 243
Theoretical Basis of the Method .............ocoiiiiiiiiiiieecee e 243
9.1 Formulation of the Problem.........ccciviiiiiiiciiiiiiiiicices st 244
9.2 Equation with Separable Variables.............cccccueiiimniiiiiininnnincnciicn s, 245
9.2.1 General SOMHON iaiosesissssissssimssssmsmssssmsssinissimssasemiossssisissisississis 245

9.2.2 Some sub-classes of MOdEl ...........cocvvveierimirnnncee e 248

9.3 Linear EQUALION .....cviiiiieiiiiiiieiet sttt st i sas s 251
9.4 Bernoulli EQUALION .....v.vieviiieieccici it st 252
ChapIer 10::..uisimuissiorisissssassssasiaismomsass 5o 5ot swusesissis o ExsHmEsasnssysfes sssassussssnsssasias 255
Application to Penetration MEChanics ..........cccccuiiiimmicierisssninsnniesenninessnssensnes 255
TO.1 INErOQUCTION ...ttt s sa et aaesae s s besans s sanesrmnesassaanenns 256
10.2 High Speed Penetration; . muusmsesusisisesssonssssisvsnismsssmmssipssassmsriss 257
10.2.1 Inverse problem for NDRC formula for concrete...........cccoeciicirciciiannnes 257

10.2.2 Inverse problem for YOoung equations ..........cccccevemveeneineiinsniensinnsisenens 260

10.3 Low Speed Penetration into Granular Media ..........ccocoevviniiiiiiniinniniiiiienn 261
PATE B vinavsnsvvmsnsssuvss vavassssassssnsss e ssssvsyansn s uassmssus seiTe s s SEAST SEFSTHSPREASFPeasSFuTYT A s Ran o s 267



Xii Contents

ChEFEE L1 v sunminsssummmosomssssensvngrsnnesens suanesamsmon assnmoTRET SR T BT R oA G G 77 269
Simplified Versionof the MEthod, .cusesimssimnsonmimisosiasuassslivosimsssrovssiusmicisoy 269
11.1 Formulation of the Problemi..caunssimismvasssisiasisissisissivsassiiisiiisssiammsin 270
11.2 Solution of the ProbIem.........coeiieeriiieiiiiee et s cman e 272
UG 25 €111 o) LTSS 274
CRaptor T2.csiossssssistarsirsmommiaes s orese s s 193 a4 732585180 S o 543 A RS SRR e S USROS
Complete Version of the Method
12.1 Formulation of the Problem..........cccoiiiiiiiiiiiiiie e 279
12:2 Solation:of the: PTaOBIEIt..:s.umiwsmsssssvesssimssismsssnssivisiamivsmssssassssiveissosisis defssssane
12.2.1 General case. ............
12.2.2 Class of solutions
12.3 EXATIPIE v0onv0mss05mm50050500850 0005545 wi a6 (S0 H S 00 RN VAE A5 0E ANV IRy R T

13,1 INErOAUCHION 1.ttt e bbbt e esbeea e nens 295
13.2 Optimization Using of Indirect Criteria.........ccoceiiiniiiiniciinniieiiiesinssisinesee s 296
13.3 Optimization Using Direct Criteria ..........cccviiiiiiiiiiniiinininicineiimssieiesin 297
13.4 Some Methodological Remarks...........ccccociiiiiiiiiiriniecnciecnics e 302
13.4.1 Analogy between different optimization problems ...........c.cccceeivvenienn. 302
13.4.2 About optimization of 3-D impactors............cccceccvvcinicniiiinnieiiisnns 303
13.4.3 Phenomenon of cavitating penetration .............c.cccccoueeieeieinicniuciieieeeeane 303
13.4.4 ATEA TULES ...
13.4.5 Concluding remarks
CRAPIET 145152 55055 sveimsvsvssinss svasnsmi sesiasesssna essssmsss o ims e u oA 050 VR 484050044 56840 SHR S WY s SOR B S5m0 54 307
Penetration with Non-Constant FriCtION........c.ccociiiiiiiniiiiiisiiisieie e 307
14.1 Modeling of Ballistic CharacteristiCs ............cocuriureiiioirririis i ce s 309
T4 1.1 INErOAUCHION ...ttt 309
14.1.2 LIMs with velocity and pressure dependent friction coefficient ............ 311
14.1.3 Piecewise linear approximation of generatrix ........c..cccceecurveevieernveenrenns 312
14.1.4 Semi-analytical SOIUIONS ......ccccuiriiriiiiriirieericiceieei e 314
14.1.5 Numerical simulations and diSCUSSION ........ccccovueriruiriiiieiiieiceeeeeeene 318
14.2 Shape Optimization of Penetrating IMpactors ...........coccveereriiveniesninieniereseesianes 326
14.2.1 Formulation of the problem and method of solution..............c.covereee. 326
14.2.2 Mmodel with friction coefficient dependent on sliding velocity ............ 328
14.2.3 Numerical results and conclusions ..........ccccooeiiiriiieiiee e 330

CRAPERT 15)sucusumeesnsssssnsessimsssiormaseds st oo s aiismaasssst o458 sy as TS T N SO OA PR A SRS 337



Contents Xiii

Semi-Infinite Conctete ShiClds ... mmmanmismssnmsmsssrmsmsisssassaasmsvos st 337
15.1 Penetration MOdEl ...........ccoouiriviiiiiiirieiieeeceee et 338
15.2 Shape Optimization of IMPACLOT.........c..ccereririiinieriecre et e s easnes 341

CRAPTEE 16.c00rsvosvssnsmimsinimmmnssmunsssmyoss oo issimssassisesy s ESssssmopi s v oo s Vs Ve TR TS bas iy S msmaars 347

Metal Shields Having a Finite ThiCKNess.........cccoviiririeeereenerereeeeeseeseseese e 347
16.1 Formulation of the Problem and Mathematical Model..............c..ccecueirruirinnnnne 348
16.2 Method Of SO0 u::.:s:.xsussumiss csssnsmmsesssmooisss st meissssssise ot smamiaassi s disns
16.3 Numerical Results. Discussion and Conclusions

CRAPLET 17ttt sttt ettt et s s b es s s eneenann

Fiber-Reinforced Plastic LaMiNAtes. .. a. ssmsissssmmmsisissasmsmsssmsmimeesimisamsiassii
17.1 INtrOQUCHION ...ttt sttt e e neens
17.2 Mathematical MOdeL.............cccivuiiiiiiiiiieieie e
17.3 Shape Optimization of Impactors

17.3.1 Classical solution on the basis of averaged model ..............c...coevuenn.e... 366
17.3.2 Interval optimal solution for truncated CONes........c..evvvreveievevreriireeisinens 367
174/ Concluding REMATKS ... v serssssisescmssssissansusssssmmsesisssnssssmssasississssamsvssssseshonissansiss 371

PATt 8 ...ttt e et et esene b enens b aens 373

Effectiveness of Segmented IMPACIOLS .........ccviviviieriiinieiiieeeiieiesee oo 373

CHAPLED 18 .. ississsmsmsmsmssissumssupssisssivn oesonesim iasiesasisies s isussssis s vaams s3SH R saavoa s sossa e INes 375

High-Speed Impact. Simplified Discrete Model ........ocvoviiiiinineniinnineinsieisssisises e 375
18.1 Formulation of the Problem..........ccceieririeiiiiiie e 376
18.2 Study of the Problem Using Two-Term Impactor-Shield Interaction Model .... 378

18.2.1 Mathematical model.....cvswmmimimsimmmsinsimmis SRR 378
18.2.2 Analytical study of case of tWo SEZMENLS .........cccoveereererenerereiiere e 379
18.2.3 Results of numerical calculations...........c.cooiriiriniiiiiiciie e 381
18.3 Study of Problem on the Basis of Young Model.........cccoccoeeiniiiiininiiiininnenn. 384
18.4 General Penetration Model...........ccooiiiiiiiiiice s 385
18.4.1 Formulation of problem ...........ccciouiiiiiiiiiiiie e 385
18.4.2 Analysis Of Problem ..cc..csiimsmswsssessrissssimismenssmsmossisssnsssasss 386
18.4.3 Velocity-dependent TeSIStANCE. .c.wiesusicussicsssissssimsssssssssvssssssassisasassassyossss 389

Chapler T mmissivcivimasmms 5 G v s Es s S A I e v e s AP Ts 391

High-Speed Impact. Generalized Discrete and Continuous Models ........c.c.ccccueeureennnee. 391
19.1 Investigation of Problem Using Generalized Discrete Model ..........c.ccccovueunneee 393

19.1.1 Formulation of Problem ... sissssnsssosmsnessvisssresssssesmirsvsresensesensissiens 393
19:1.2 Analysis of problem s 397
19.2 Investigation of Problem Using Continuous Model ............cccccoeuiniiniiiiinninnnes 401
19.2.1 Formulation of problem ..o, 401

19.2.2 Connection between discrete and continuous problems..............cccc....... 404



X1V Contents

19:2.3:Solution of continuous Problem ;. ..susssssisssssssosssmsissansosssssans 406
19.3 Concluding Remarks ..........ccceooiii oo 411
Chapter 20.::cuusssassesssusmsssivassmsovmsisrssireissse ssosssssssessssssississesiasssss sisssnisssensnsionssassionsossnss

Hypervelocity IMPaCt «iissaisssassssimsossassssvmsrisisisrorss ) oysasorss sesaiseisssinssssansisasssssassasasosss

20.1 Formulation of Problem
20.2 Comparison of DOP of Monolithic Impactor and Segmented Impactors........... 415
20.3 Optimum Segmentation.........cccierenesimiesiiesinions

20.4 Effect of Number of Segments on DOP
20.5 Verification of Approach...........ccccciiiiiiiiiiiiii i

CHAPIER 2..ussvsismssvamunviniasasiinsisiassvissis fsssissansstonsiontssasssaesmiss tevsssstssomsssnmsnindi s 423
Application of Two-Term Model of Penetration...........ccccoouvevrivvnievinimiesionnisiinininannns 423

21.1 Formulation of Problem ............cccoviiiiiiiiiniiiiicciis e 425
21:2 Analytical SAIAY-Of PLOBISH . cusvsmsismsssmssisssimmpmsmvosmsssiss spsssspsisessissasyss 428
21:2.1 General properties of eXtremal: ..o uiassiasssesssssrsssssesisissiorasiovsssosass 428
21.2.2 Formulation of problem for two-term model...........cc.ccoeiiiiiniiiciininnnne 428

21.2.3 Optimum SUD-AICS ..oeuiriiieieiiiieee et e e ee e eneieas
21.2.4 Analytical solution for particular case.............cccovviiniinciiiniiiniiies
21.2.5 Some simple:burning Programs .. ..ussisssisissiaismsisisssnssissinsassssissnsssssinss
21.2.6 Results of numerical calculations............ccooeieeiiionieiiiiicicicce
21.3 Numerical Study of Problem.........ccccevvenunne. .
21.3.1 Application of dynamic programming ..........ccecmveieriniesinnninnieineseins
21.3.2 Results of numerical OptimiZation...........coocereioiiieerierine e
21.4 Concluding Remark...........cccooiiiiiiiiiiieii e s

CHAPIBT 22, .. comssiminsvesmsvisns snsyan s s ssssmssssisosassessnmssaash s s e asSE o e ST TR AT 45
Application of the Modified Young Model

22.1 Formulation of Problem ...........ccouiiiiiiiiiiiii e
22.1.1 Equation for resiStance fOrCe.........oouviiiiiririimiiiiesieiess oo 453
22.1.2 Mathematical model and formulation of problem.............cccooovrieennne. 455

22.2 Analytical Investigation of Limiting Case.........c..cccveicviiimieiireniensienessensenssenas 458
22.2.1 Penetration into non-frozen shield.............ccccoeoeiiiiiiniiiiiiieecccne 458
22.2.2 Penetration into frozen shield............ccocoooiiiiiiiniiineie e 466

22.3 Numerical Investigation of the Problem Using Dynamic Programming ........... 468
22.3.1 Formulation of problem in dimensionless variables
22.3.2 Case of general model for resistance force............ccevrune...
22.3.3 Case of modified Young model

22.4 Results of Numerical OptimiZation ..............ccoeeiniirieeeiereeeieeesesee s




Contents XV

Effect of Order of Plates, Layering and Spacing on Protective Properties of Ductile

SBUCIAS:: virusviussvinsssmossasvisinnsssiosessansivestsossssaissssssnsssssve ssmmesmosnsssssasesoass snsassassviss sncssivussosnids 475
CRAPLBE 23....... coovsmsnsisesisiss aosnisismseasssasin Fannansasmonsasamsmesessesa sndabsasbobdibsabudasionissnsrernnsivns 477
SUIVEY .ttt ettt ettt ettt e s a e e s eea e e aeebe s heasaeessesbebaeatseasseanennsaaennen 477
ChapLEr 24 cuosovssisissisicsisssmsiisassisssossosiaisssssssfsssssivisismss e e ossa1sssivsaisnsatmsnssmasansarassarsass 497
Effect of Spacing for Non-Conical Impactors. Numerical Simulation...........c....ccucu..... 497
24.1 Formulation of PrObIEm ........cccoeevivinieiiiiiieiieieiieieeeciciee et 499
24.2 Result of Numerical Calculations and DiSCUSSion.............ccvvveevrieesiesnsnseionnenns 505
24.3 Experimental Validation.............cccoiieiiiiiiiiniiieeinseis s s 511
CRADIET 25 s cusmssussssuummss rosssnscoemansss sy 565 e SFs 1B SRS H eSSBS SRS ARV e Ao a9 517
Effect of Order of Plates for Non-Conical Impactors. Numerical Simulation................ 517
25.1 Mathematical Model and Formulation of Problem
252/ 0p1ve-Shaped GEREIRTAR .. viviwsnsvisrsseresimiss imicssisiossaisinsssistsiesissassbnsssscivasstrass
25.3 Piecewise-Linear Approximation of GeneratriX............ccocovvicivivininenieveininnenes
25.4 Result of Numerical Calculations and DiSCUSSION..........ccovcieiivniereirecerennns
CRAPLET 26......e ettt ettt bt 531
Effect of Layering. Theoretical ANalySis .couusssvosssmssmasmasnsssomssssmmmsmsisemin 531
26.1 Mathematical Models of the Layered Shield............c.ccoooeiiiiiiiiiiniiiiiiee 532
26.2 Comparison of Monolithic and Layered Shields ................ccccocoiiiiinnne. 533

26.3 Worst Layering for a Given Number of Layers..........ccoovvmiieninsnsiein, 534
26.4 Effect of Number of Layers
26.5 Validation of Assumptions
26.6 Comparison with Experiments and Numerical Calculatlons and Discussion .... 537

26.7 Concluding ReMANKE ;. suussssssssssasssuesopsssassossusssnnsisedsasesssssssssassd 8o sassiism seasmss 542
AL DT om sersamsrnss e 2T T T T SRS v i anfi o ST T e T ST 7 543
Optimization of Multi-Layer Shields .............cccooiiiiiiiiii i 543

27.1 Formulation of Problem and Mathematical Model...........c..ccccccoueeienuincnnennes 544

27.2 Analysis of Problem

27.2.1 General case.............
27.2.2 Tworlayer ShEId. . i ssisiconssamsrsasspnsesssmusissnsesaiubson ssuvivssassonsssassassy 549
27.2.3 Three-layer Shield . swmasumssimmmmsarammaissmsaenss s snvgossenvivuss 549
PATL 11 is e nnasnrnnsnssosmonnsmsnsnssssssmssssnsss smsansssosunissns S5505 S0 ToR 3R E5FTF IS5 545 FE3 R 4AHTY SRS VRES SYaRTHIROTITS 577
Some Optimization Problems for Non-Homogenious Non-Ductile Shields................... 577
CHADET 28 :cusimsssnissisns siicorson sisaminmsassassitnmisssisennssmsimmabeonsvetamss sbeion onadaimsuson srsccsnamsonases 579
Optimization of Reinforced Concrete Panels with Steel Liner..........ccocoooiiininiiinnns 579
28.1 Ballistic Properties of Multi-Layer Concrete Shields............ccocoviveniieiicniiinnnnen. 580

28.2 Optimization of Reinforced Concrete Panels with Rear Face Steel Liner......... 581



Xvi Contents

28:2.1 IntroQUCtion  isiirssmsimmsissmassmamisisimisiisissisnssirnvai i s s oes oy 581
28.2.2 Mathematical model and formulation of problem...........ccc.ccoeciccenennne 582
28.2.3 Investigation Of Problem ..........c.ccciviiiiiiiiiiiiiiiici s 584
1 F ) L 589
Optimization of Two-Component Armor against Single and Repeated Impacts............ 589
291 TREFOAUCHION 1.ttt sae e sttt b st ae et b s et e e e e e s e saeens
29.2 Mathematical Model
29.3 Reduction of Experimental Data for Aluminum/Alumina Armor

29.4 Optimal Armor against Single Impact..........cccccoviiicniiiiniiiniiiis,
29.4.1 Formulation of problem and results of calculations .........c.covvvcrvinininiins 599
29.4.2 Characteristic property of optimal SOIUtioNS ..........cccceciivieiiieiicieccees 601
29.5 Optimization of Armor Taking into Account Repeated Impacts ..........ccccocuenee. 603
APPENAIR A scioianmsrinsrssmnsssasissisiosissmssssssss eiorssessisssssness sassisas st ass sy sassssssoassisessivassivassy 609
Properties of Convex/Concave Increasing Positive Functions...............ccccoccceveicnicinnne. 609
BIDHOZIAPRY ...ttt ettt e eb et s e m et aen et s 613

AUROT'S INAEX ...ttt e e e e e e e e e e s e e e e ees esans s e e aeeesnnanaeaeeaens 667



