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Preface

A relativistic consistent quantum-theoretical description of electronic bound
states in atoms was first introduced in atomic physics as early as the late 1920s
and has been pushed forward since that time. It was believed, however, that
effects stemming from Einstein’s theory of relativity were of little or even no
importance to chemistry. This changed in the 1970s when it was recognized
by Pyykko, Pitzer, Desclaux, Grant and others that several ‘unusual’ features
in heavy-element chemistry and spectroscopy can only be explained in terms
of so-called relativistic effects. Relativistic effects denote the deviation of re-
sults obtained in a theoretical framework which is in accordance with Ein-
stein’s theory of special relativity from nonrelativistic Schrodinger quantum
mechanics. Since then, the development of quantum chemical methods for
the description of relativistic electronic structures has made huge progress —
particularly since the late 1980s.

Current relativistic electronic structure theory is now in a mature and well-
developed state. We are in possession of sufficiently detailed knowledge on
relativistic approximations and relativistic Hamiltonian operators which will
be demonstrated in the course of this book. Once a relativistic Hamiltonian
has been chosen, the electronic wave function can be constructed using meth-
ods well known from nonrelativistic quantum chemistry, and the calculation
of molecular properties can be performed in close analogy to the standard
nonrelativistic framework. In addition, the derivation and efficient implemen-
tation of quantum chemical methods based on (quasi-)relativistic Hamiltoni-
ans have facilitated a very large amount of computational studies in heavy
element chemistry over the last two decades. Relativistic effects are now well
understood, and many problems in contemporary relativistic quantum chem-
istry are technical rather than fundamental in nature.

We aim to present coherently all its essential aspects in textbook form using
a homogeneous notation throughout the book. The greatest challenge of this
endeavor is to give a description of the whole theory ranging from the fun-
damental physical concepts to the final application of the theory to issues of
chemical relevance like molecular structure, energetics, and properties. The
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presentation will be concise and focus on the essential ideas as well as on an-
alytical results rather than on too many of the unavoidable technical details,
which might blur the view on the physics and concepts behind the calcula-
tions. To illustrate these important points in more detail:

(i) It is the nature of approximate relativistic many-electron theories that a
large number of effective Hamiltonians may be deduced (defining thus a
plethora of different relativistic quantum chemical approaches), though
this is neither advantageous nor desirable because of the huge amount
and variety of numerical data whose accuracy may be difficult to assess.
Instead a rather small number of well-justified approximate Hamiltoni-
ans should suffice as we shall see.

(ii) In a similar manner, so-called relativistic effects are discussed in extenso
in chemistry although these effects are, of course, purely artificial in na-
ture since any fundamental physical theory has to be based on the prin-
ciples of special relativity. The errors introduced by a nonrelativistic ap-
proximate description, which do not occur in a relativistic framework
and which cannot in principle be measured in experiments, are called
relativistic effects. However, this definition of relativistic effects may
only be useful to address surprising observations in the chemistry of
homologous compounds when the properties of a heavy-element com-
pound deviate from those of its lighter homologs as in the most promi-
nent cases of the liquid state of mercury at ambient conditions and of the
yellowish color of gold.

Nevertheless, technical details of implementations as well as a moderate
amount of discussion of these relativistic effects will be covered by this book as
these are needed in practice when actual calculations are to be performed and
their results interpreted. In addition, technical and implementational issues
are incorporated to demonstrate how the relativistic many-particle equations
are actually solved and what effort is required for this.

Because of the wide range of topics covered by this book it was appropri-
ate to start with an introductory chapter, in order to prepare the ground for a
convenient perception of structure and material presented in this book. While
writing the book we realized that there was no space to present various as-
pects of our topic in sufficient depth. Still, our main goal was to present in
great detail all essential ideas and how they are connected. Since this has al-
ways been the guideline for our own research, we may have put the focus
too much on what we always have considered to be important throughout the
past decade. At least we tried to derive as much as possible of the material
presented from scratch to make this book as original as possible. In order to
compensate for deficiencies that certainly result from our specific choice of
material and its presentation we provide references to selected papers from



Preface

the original literature. Although we included a considerable number of such
references, it is hardly possible to provide a complete list of references as
this would comprise several thousands of papers. Fortunately, Pekka Pyykko
made a huge effort to set up a complete data base of references, first published
as a series of books [1-3] and since the mid-1990s also available online on the
internet [4]. And, we may draw the reader’s attention to reviews by leading
experts in the field as collected by Schwerdtfeger [5,6] and by Hess [7]. Of
course, this book provides all the basic vocabulary and knowledge required
to dig more deeply into the literature.

Finally, it is a pleasure to mention that our view of relativistic many-electron
theory has been shaped over a period of more than a decade in which we had
the opportunity to sharpen our understanding by comparison with the views
of colleagues who shared their knowledge to various extents with us; these
are (in alphabetical order): PD Dr. D. Andrae, D. Dath, Prof. E. Eliav, PD Dr.
T. Fleig, Prof. L. Gagliardi, Prof. B. A. Hess, Prof. H.-]. Himmel, Prof. ]. Hinze,
Prof. ]J. Hutter, Prof. H. J. A. Jensen, Prof. G. Jeschke, Prof. U. Kaldor, Dr. D.
Kedziera, Prof. B. Kirchner, Dr. T. Koch (it took only 13 years), Dr. A. Landau,
Prof. R. Lindh, Prof. P-A. Malmgqvist, Prof. B. Meier, Prof. F. Merkt, Prof. U.
Miiller-Herold, Prof. F. Neese, Dr. ]. Neugebauer, Prof. P. Pyykko, Prof. M.
Quack, Prof. R. Riek, Prof. B. O. Roos, Prof. K. Ruud, Prof. V. Sandoghdar,
Dr. T. Saue, Prof. W. Scherer, Prof. W. H. E. Schwarz, Prof. P. Schwerdtfeger,
Prof. H. Siedentop, Dr. R. Szmytkowski, Prof. W. van Gunsteren, Prof. C. van
Wiillen, Prof. L. Visscher, and Prof. M. Westerhausen.

We thank G. Eickerling, R. Mastalerz, and S. Schenk for help in preparing
the cover picture and the figures in section 16.6 and especially R. Mastalerz
and S. Luber for help gathering classic books and old papers via the ETH
library. Moreover, MR is indebted to Romy Isenegger for keeping many of the
administrative duties of present-day university life away from him so that he
could spend sufficient time on writing this book. MR would also like to thank
all members of his group (Dr. G. Eickerling, Dr. C. Herrmann, Dr. C. Jacob,
K. Kiewisch, S. Luber, Dr. I. Malkin, K. Marti, R. Mastalerz, Dr. G. Moritz, Dr.
J. Neugebauer, M. Podewitz, Dr. S. Schenk, Dr. M. Stiebritz, L. Yu) for their
dedicated work. AW is deeply indebted to Barbara Pfeiffer for her continuous
support and patience in the course of preparing this manuscript. Last but not
least, it is a pleasure to thank Dr. Elke Maase and Dr. Rainer Miinz of Wiley-
VCH for help with all publishing issues of this book.

Markus Reiher and Alexander Wolf Ziirich, June 2008

XIX



Contents

Preface XVII

1 Introduction 71
1.1  Philosophy of this Book 1
1.2 Short Reader’s Guide 4
1.3 Notational Conventions and Choice of Units 6

Part| — Fundamentals 9

2 Elements of Classical Mechanics and Electrodynamics 17
2.1 Elementary Newtonian Mechanics 11
2.1.1 Newton’s Laws of Motion 11
2.1.2  Galilean Transformations 14
2121  Relativity Principle of Galilei 14
2.1.2.2  General Galilean Transformations and Boosts 15
2.1.2.3  Galilei Covariance of Newton’s Laws 16
2124  Scalars, Vectors, Tensors in 3-Dimensional Space 17
2.1.3  Conservation Laws for One Particle in Three Dimensions 20
2.1.4 Collection of N Particles 21
2.2 Lagrangian Formulation 22
2.2.1  Generalized Coordinates and Constraints 22
2.2.2 Hamiltonian Principle and Euler-Lagrange Equations 23
2221  Discrete System of Point Particles 23
2222  Explicit Example: Planar Pendulum 26
2223 Continuous Systems of Fields 26
2.2.3 Symmetries and Conservation Laws 28
22.3.1  Gauge Transformations of the Lagrangian 28
2232  Energy and Momentum Conservation 28
2233  General Space-Time Symmetries 29
2.3 Hamiltonian Mechanics 30
2.3.1 Hamiltonian Principle and Canonical Equations 30

Relativistic Quantum Chemistry. Markus Reiher and Alexander Wolf
Copyright © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

ISBN: 978-3-527-31292-4



Vi

Contents

24

2.3.1.1  System of Point Particles 30
2.3.1.2  Continuous System of Fields 32
2.3.2  Poisson Brackets and Conservation Laws 32
2.3.3  Canonical Transformations 34
Elementary Electrodynamics 35
241 Maxwell’s Equations 35
242 Energy and Momentum of the Electromagnetic Field 37
2421 Energy and Poynting’s Theorem 37
2422 Momentum and Maxwell’s Stress Tensor 38
2423 Angular Momentum 40
2.4.3  Plane Electromagnetic Waves in Vacuum 40
24.4 DPotentials and Gauge Symmetry 41
2441 Lorentz Gauge 43
2442 Coulomb Gauge 44
2443 Retarded Potentials 44
245 Survey of Electro— and Magnetostatics 45
2451  Electrostatics 45
2452 Magnetostatics 46
2.4.6  One Classical Particle Subject to Electromagnetic Fields
2.4.7 Interaction of Two Moving Charged Particles 49

3 Concepts of Special Relativity 57

3.1

3.2

Einstein’s Relativity Principle and Lorentz Transformations 51

3.1.1 Deficiencies of Newtonian Mechanics 51

3.1.2  Relativity Principle of Einstein 53

3.1.3 Lorentz Transformations 56
3.1.3.1 Definition of General Lorentz Transformations
3.1.3.2  Classification of Lorentz Transformations 57
3.1.3.3 Inverse Lorentz Transformation 58

3.14  Scalars, Vectors, and Tensors in Minkowski Space 60
3.14.1 Contra- and Covariant Components 60
3.1.42  Properties of Scalars, Vectors, and Tensors 61

Kinematical Effects in Special Relativity 65

3.2.1  Explicit Form of Special Lorentz Transformations 65
3.2.1.1 Lorentz Boost in One Direction 65
3.2.1.2  General Lorentz Boost 68

3.22  Length Contraction, Time Dilation, and Proper Time 70
3.22.1 Length Contraction 70
3.2.2.2  Time Dilation 71
3223 DProper Time 72

3.2.3 Addition of Velocities 73
3.2.3.1 Parallel Velocities 73

47



3.4

3.5

Contents

3.23.2  General Velocities 75
Relativistic Dynamics 76
3.3.1 Elementary Relativistic Dynamics 77
3.3.1.1  Trajectories and Relativistic Velocity 77
3.3.1.2  Relativistic Momentum and Energy 77
3.3.1.3  Energy-Momentum Relation 79
3.3.2 Equation of Motion 81
3.32.1 Minkowski Force 81
33.22 Lorentz Force 82
3.3.3 Lagrangian and Hamiltonian Formulation 84
3.3.3.1 Relativistic Free Particle 84
3.3.3.2 Particle in Electromagnetic Fields 86
Covariant Electrodynamics 88
3.4.1 Ingredients 88
34.1.1  Charge-Current Density 88
3.4.1.2  Gauge Field 89
3.4.1.3  Field Strength Tensor 90
3.42 Transformation of Electromagnetic Fields 92
3.4.3 Lagrangian Formulation and Equations of Motion 93
3.4.3.1 Lagrangian for the Electrodynamic Field 93
3.4.3.2 Minimal Coupling 95
3.43.3  Euler-Lagrange Equations 96
Interaction of Two Moving Charged Particles 98
3.5.1 Scalar and Vector Potentials of a Charge at Rest 99
3.5.2  Retardation from Lorentz Transformation 101
3.5.3 General Expression for the Interaction Energy 102
3.54 Interaction Energy at One Instant of Time 103
3.54.1 Taylor Expansion of Potential and Energy 104
3.5.4.2  Variables of Charge Two at Time of Charge One
3.5.4.3  Final Expansion of the Interaction Energy 106
3.5.4.4  Expansion of the Retardation Time 107
3.5.4.5 General Darwin Interaction Energy 107
3.5.5 Symmetrized Darwin Interaction Energy 109

4 Basics of Quantum Mechanics 773

4.1

4.2

The Quantum Mechanical State 114

4.1.1 Bracket Notation 114

4.1.2  Expansion in a Complete Basis Set 115
4.1.3  Born Interpretation 115

414  State Vectors in Hilbert Space 116

The Equation of Motion 118

Vi

105



VIl | Contents

421 Restrictions on the Fundamental Quantum Mechanical
Equation 118
422 Time Evolution and Probabilistic Character 118
423 Stationary States 119
4.3 Observables 120
43.1 Expectation Values 120
43.2 Hermitean Operators 121
43.3 Unitary Transformations 121
434 Heisenberg Equation of Motion 122
43.5 Hamiltonian in Nonrelativistic Quantum Theory 125
43.6 Commutation Relations for Position and Momentum
Operators 127
43.7 The Schrodinger Velocity Operator 128
43.8 Ehrenfest and Hellmann-Feynman Theorems 129
439 Current Density and Continuity Equation 130
44 Angular Momentum and Rotations 132
441  Orbital Angular Momentum 133
442 Coupling of Angular Momenta 138
443 Spin 140
444 Coupling of Orbital and Spin Angular Momenta 143
4.5 Pauli Antisymmetry Principle 148

Partll — Dirac’s Theory of the Electron 151

5 Relativistic Theory of the Electron 153
5.1 Correspondence Principle and Klein-Gordon Equation 153
5.1.1 Classical Energy Expression and First Hints from the
Correspondence Principle 153
51.2  Solutions of the Klein-Gordon Equation 155
5.1.3  The Klein-Gordon Density Distribution 156
5.2 Derivation of the Dirac Equation for a Freely Moving Electron 158
521 Relation to the Klein-Gordon Equation 158
5.2.2  Explicit Expressions for the Dirac Parameters 159
5.2.3 Continuity Equation and Definition of the 4-Current 161
524 Lorentz Covariance of the Field-Free Dirac Equation 162
5241 Covariant Form 162
524.2  Lorentz Transformation of the Dirac Spinor 163
52.4.3 Higher Level of Abstraction and Clifford Algebra 164
5.3  Solution of the Free-Electron Dirac Equation 165
5.3.1 Particle at Rest 165
5.3.2  Freely Moving Particle 167
5.3.3  The Dirac Velocity Operator 171



54

5.5

Contents | IX

Dirac Electron in External Electromagnetic Potentials 173

54.1 Kinematic Momentum 174

5.4.2  Electromagnetic Interaction Energy Operator 175

5.4.3 Nonrelativistic Limit and Pauli Equation 175
Interpretation of Negative-Energy States: Dirac’s Hole Theory 178

6 The Dirac Hydrogen Atom 183

6.1
6.2
6.3
6.4

6.5

6.6
6.7
6.8

6.9

Separation of Electronic Motion in a Nuclear Central Field 183

Schrodinger Hydrogen Atom 186

Total Angular Momentum 189

Separation of Angular Coordinates in the Dirac Hamiltonian 190

6.4.1  Spin-Orbit Coupling 190

6.42  Relativistic Azimuthal Quantum Number Analog 191

6.4.3  Four-Dimensional Generalization 192

6.44  Ansatz for the Spinor 193

Radial Dirac Equation for Hydrogen-Like Atoms 194

6.5.1 Radial Functions and Orthonormality 195

6.5.2  Radial Eigenvalue Equations 196

6.5.3  Solution of the Coupled Dirac Radial Equations 197

6.54 Energy Eigenvalue, Quantization and the Principal Quantum
Number 202

6.5.5 The Four-Component Ground State Wave Function 205

The Nonrelativistic Limit 205

Choice of the Energy Reference and Matching Energy Scales 207

Wave Functions and Energy Eigenvalues in the Coulomb

Potential 209

6.8.1 Features of Dirac Radial Functions 209

6.8.2  Spectrum of Dirac Hydrogen-like Atoms with Coulombic
Potential 210

6.8.3 Radial Density and Expectation Values 212

Finite Nuclear Size Effects 214

6.9.1  Consequences of the Nuclear Charge Distribution 217

6.9.2  Spinors in External Scalar Potentials of Varying Depth 219

6.10 Momentum Space Representation 221

Partlll — Four-Component Many-Electron Theory 225

7 Quantum Electrodynamics 227

7.1

7:2

Elementary Quantities and Notation 227

7.1.1  Lagrangian for Electromagnetic Interactions 227

7.1.2  Lorentz and Gauge Symmetry and Equations of Motion 228
Classical Hamiltonian Description 230



X

Contents

8

7.3
7.4

7.2.1  Exact Hamiltonian 230

7.2.2  The Electron-Electron Interaction 231
Second-Quantized Field-Theoretical Formulation 233
Implications for the Description of Atoms and Molecules 236

First-Quantized Dirac-Based Many-Electron Theory 239

8.1

8.2

8.3
8.4

8.5

8.6

8.7

Two-Electron Systems and the Breit Equation 240
8.1.1 Dirac Equation Generalized for Two Bound-State Electrons = 241
8.1.2  The Gaunt Operator for Unretarded Interactions 243
8.1.3  The Breit Operator for Retarded Interactions 246
8.14  Exact Retarded Electromagnetic Interaction Energy 251
8.1.5  Breit Interaction from Quantum Electrodynamics 256
Quasi-Relativistic Many-Particle Hamiltonians 260
8.2.1  Nonrelativistic Hamiltonian for a Molecular System 260
8.2.2  First-Quantized Relativistic Many-Particle Hamiltonian 262
8.2.3  Pathologies of the First-Quantized Formulation 264
8.2.3.1 Boundedness and Variational Collapse 264
8.2.3.2  Continuum Dissolution 265
8.2.4  Local Model Potentials for One-Particle QED Corrections 266
Born-Oppenheimer Approximation 267
Tensor Structure of the Many-Electron Hamiltonian and Wave
Function 271
Approximations to the Many-Electron Wave Function 274
8.5.1 The Independent-Particle Model 274
8.5.2  Configuration Interaction 275
8.5.3  Detour: Explicitly Correlated Wave Functions 279
8.5.4  Orthonormality Constraints and Total Energy Expressions 281
Second Quantization for the Many-Electron Hamiltonian 284
8.6.1  Creation and Annihilation Operators 285
8.6.2  Reduction of Determinantal Matrix Elements to Matrix Elements
Over Spinors 286
8.6.3 Many-Electron Hamiltonian and Energy 287
8.6.4  Fock Space and Occupation Number Vectors 288
8.6.5  Fermions and Bosons 289
Derivation of Effective One-Particle Equations 290
8.7.1  The Minimax Principle 290
8.7.2  Variation of the Energy Expression 292
8.7.2.1  Variational Conditions 292
8.7.2.2  The CI Eigenvalue Problem 292
8.7.3  Self-Consistent Field Equations 294
8.7.4  Dirac-Hartree-Fock Equations 297
8.7.5  The Relativistic Self-Consistent Field 299



9

8.8

8.9

Contents | Xl

Relativistic Density Functional Theory 301

8.8.1 Electronic Charge and Current Densities for Many Electrons 302
8.8.2  Current-Density Functional Theory 305

8.8.3  The Four-Component Kohn-Sham Model 306

8.84 Noncollinear Approaches and Collinear Approximations 308
Completion: The Coupled-Cluster Expansion 308

Many-Electron Atoms 375

9.1

9.2
9.3

9.4

9.5

9.6

Transformation of the Many-Electron Hamiltonian to Polar
Coordinates 317
911 Comment on Units 318
9.1.2 Coulomb Interaction in Polar Coordinates 318
9.1.3  Breit Interaction in Polar Coordinates 319
9.14 Atomic Many-Electron Hamiltonian 322
Atomic Many-Electron Wave Function and jj-Coupling 323
One- and Two-Electron Integrals in Spherical Symmetry 326
9.3.1 One-Electron Integrals 326
9.3.2  Electron-Electron Coulomb Interaction 327
9.3.3  Electron-Electron Frequency-Independent Breit Interaction 330
9.34 Calculation of Potential Functions 333
9.34.1  First-Order Differential Equations 334
9.34.2  Derivation of the Radial Poisson Equation 334
9.34.3  Breit Potential Functions 335
Total Expectation Values 336
9.4.1 General Expression for the Electronic Energy 336
9.42  Breit Contribution to the Total Energy 337
9.4.3 Dirac-Hartree-Fock Total Energy of Closed-Shell Atoms 339
General Self-Consistent-Field Equations and Atomic Spinors 340
9.5.1 Dirac-Hartree-Fock Equations 342
9.5.2  Comparison of Atomic Hartree-Fock and Dirac-Hartree—Fock
Theories 342
9.5.3 Relativistic and Nonrelativistic Electron Densities 346
Analysis of Radial Functions and Potentials at Short and Long
Distances 348
9.6.1 Short-Range Behavior of Atomic Spinors 349
9.6.1.1 Cusp-Analogous Condition at the Nucleus 350
9.6.1.2  Coulomb Potential Functions 350
9.6.2  Origin Behavior of Interaction Potentials 351
9.6.3  Short-Range Electron-Electron Coulomb Interaction 353
9.6.4 Exchange Interaction at the Origin 353
9.6.5 Total Electron-Electron Interaction at the Nucleus 357
9.6.6  Asymptotic Behavior of the Interaction Potentials 360



Xll| Contents

9.7 Numerical Discretization and Solution Techniques 361
9.7.1  Variable Transformations 362
9.7.2  Explicit Transformation Functions 363
9.721  The Logarithmic Grid 364
9.7.2.2  The Rational Grid 364
9.7.3  Transformed Equations 364
9.7.3.1 SCF Equations 365
9.7.3.2  Regular Solution Functions for Point-Nucleus Case 365
9.7.3.3  Poisson Equations 366
9.7.4  Numerical Solution of Matrix Equations 367
9.7.5 Discretization and Solution of the SCF equations 369
9.7.6  Discretization and Solution of the Poisson Equations 372
9.7.7  Extrapolation Techniques and Other Technical Issues 374
9.8  Results for Total Energies and Radial Functions 376
9.8.1  Electronic Configurations and the Aufbau Principle 378
9.8.2 Radial Functions 378
9.8.3  Effect of the Breit Interaction on Energies and Spinors 380
9.8.4  Effect of the Nuclear Charge Distribution on Total Energies 381

10 General Molecules and Molecular Aggregates 385

10.1 Basis Set Expansion of Molecular Spinors 387
10.1.1 Kinetic Balance 390
10.1.2  Special Choices of Basis Functions 391

10.2  Dirac-Hartree-Fock Electronic Energy in Basis Set
Representation 394

10.3 Molecular One- and Two-Electron Integrals 400

10.4 Dirac-Hartree-Fock-Roothaan Matrix Equations 401
10.4.1 Two Possible Routes for the Derivation 401
10.4.2 Treatment of Negative-Energy States 403
10.4.3 Four-Component DFT 404
10.4.4 Symmetry 404
10.4.5 Kramers’ Time Reversal Symmetry 405
10.4.6 Double Groups 406

10.5 Analytic Gradients 406

10.6 Post-Hartree-Fock Methods 409

PartlV — Two-Component Hamiltonians 413

11 Decoupling the Negative-Energy States 415
11.1 Relation of Large and Small Components in One-Electron
Equations 415
11.1.1 Restriction on the Potential Energy Operator 416



Contents | Xl

11.1.2 The X-Operator Formalism 416
11.1.3 Free-Particle Solutions 419
11.2 Closed-Form Unitary Transformation of the Dirac Hamiltonian 420
11.3 The Free-Particle Foldy—-Wouthuysen Transformation 423
11.4 General Parametrization of Unitary Transformations 427
11.4.1 Closed-Form Parametrizations 428
11.4.2 Exactly Unitary Series Expansions 429
11.4.3 Approximate Unitary and Truncated Optimum
i Transformations 431
11.5 Foldy-Wouthuysen Expansion in Powers of 1/c 434
11.5.1 The Lowest-Order Foldy-Wouthuysen Transformation 434
11.5.2 Second-Order Foldy-Wouthuysen Operator: Pauli
Hamiltonian 438
11.5.3 Higher-Order Foldy—Wouthuysen Transformations and Their
Pathologies 439
11.6 The Infinite-Order Two-Component One-Step Protocol 442
11.7 Toward Well-Defined Analytic Block-Diagonal Hamiltonians 445

12 Douglas—Kroll-Hess Theory 447
12.1 Sequential Unitary Decoupling Transformations 447
12.2  Explicit Form of the DKH Hamiltonians 449
12.2.1 First Unitary Transformation 449
12.2.2  Second Unitary Transformation 450
12.2.3 Third Unitary Transformation 453
12.3 Infinite-Order DKH Hamiltonians and the Arbitrary-Order DKH
Method 454
12.3.1 Convergence of DKH Energies and Variational Stability 455
12.3.2 Infinite-Order Protocol 457
12.3.3 Coefficient Dependence 459
12.3.4 Explicit Expressions of the Positive-Energy Hamiltonians 461
12.3.5 Additional Peculiarities of DKH Theory 463
12.3.5.1 Two-Component Electron Density Distribution 464
12.3.5.2 Off-Diagonal Potential Operators 464
12.3.5.3 Nonrelativistic Limit 465
12.3.5.4 Rigorous Analytic Results 465
12.4 Many-Electron DKH Hamiltonians 465
12.4.1 DKH Transformation of One-Electron Terms 466
12.4.2 DKH Transformation of Two-Electron Terms 467
12.5 Computational Aspects of DKH Calculations 470
12.5.1 Exploiting a Resolution of the Identity 471
12.5.2  Advantages of Scalar-Relativistic DKH Hamiltonians 473
12.5.3 Approximations for Complicated Terms 475



