CHAPMAN & HALL/CRC APPLIED MATHEMATICS
AND NONLINEAR SCIENCE SERIES

GROUP INVERSES OF
M-MATRICES AND
THEIR APPLICATIONS

Stephen J. Kirkland
Michael Neumann




CHAPMAN & HALL/CRC APPLIED MATHEMATICS;
AND NONLINEAR SCIENCE SERIES

GROUP INVERSES OF
M-MATRICES AND
THEIR APPLICATIONS

- -

iR T
T 5

Steph eﬁ@wKr—ﬂ'laan%i

Michael Neumann

CRC'Pross
Taylor & Francis Group

Boca Raton London New York

CRC Press is an imprint of the
Taylor & Francis Group, an informa business

A CHAPMAN & HALL BOOK



CRC Press

Taylor & Francis Group

6000 Broken Sound Parkway N'W, Suite 300
Boca Raton, FL 33487-2742

© 2013 by Taylor & Francis Group, LLC
CRC Press is an imprint of Taylor & Francis Group, an Informa business

No claim to original U.S. Government works

Printed in the United States of America on acid-free paper
Version Date: 20121026

International Standard Book Number: 978-1-4398-8858-2 (Hardback)

This book contains information obtained from authentic and highly regarded sources. Reasonable
efforts have been made to publish reliable data and information, but the author and publisher cannot
assume responsibility for the validity of all materials or the consequences of their use. The authors and
publishers have attempted to trace the copyright holders of all material reproduced in this publication
and apologize to copyright holders if permission to publish in this form has not been obtained. If any
copyright material has not been acknowledged please write and let us know so we may rectify in any
future reprint.

Except as permitted under U.S. Copyright Law, no part of this book may be reprinted, reproduced,
transmitted, or utilized in any form by any electronic, mechanical, or other means, now known or
hereafter invented, including photocopying, microfilming, and recording, or in any information stor-
age or retrieval system, without written permission from the publishers.

For permission to photocopy or use material electronically from this work, please access www.copy-
right.com (http://www.copyright.com/) or contact the Copyright Clearance Center, Inc. (CCC), 222
Rosewood Drive, Danvers, MA 01923, 978-750-8400. CCC is a not-for-profit organization that pro-
vides licenses and registration for a variety of users. For organizations that have been granted a pho-
tocopy license by the CCC, a separate system of payment has been arranged.

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are
used only for identification and explanation without intent to infringe.

Visit the Taylor & Francis Web site at
http://www.taylorandfrancis.com

and the CRC Press Web site at
http://www.crcpress.com



GROUP INVERSES OF
M-MATRICES AND
THEIR APPLICATIONS



CHAPMAN & HALL/CRC APPLIED MATHEMATICS
AND NONLINEAR SCIENCE SERIES

Series Editor H. T. Banks

Published Titles

Advanced Differential Quadrature Methods, Zhi Zong and Yingyan Zhang
Computing with hp-ADAPTIVE FINITE ELEMENTS, Volume 1, One and Two Dimensional
Elliptic and Maxwell Problems, Leszek Demkowicz
Computing with hp-ADAPTIVE FINITE ELEMENTS, Volume 2, Frontiers: Three
Dimensional Elliptic and Maxwell Problems with Applications, Leszek Demkowicz,
Jason Kurtz, David Pardo, Maciej Paszyfski, Waldemar Rachowicz, and Adam Zdunek
CRC Standard Curves and Surfaces with Mathematica®: Second Edition,
David H. von Seggern
Discovering Evolution Equations with Applications: Volume 1-Deterministic Equations,
Mark A. McKibben
Discovering Evolution Equations with Applications: Volume 2-Stochastic Equations,
Mark A. McKibben
Exact Solutions and Invariant Subspaces of Nonlinear Partial Differential Equations in
Mechanics and Physics, Victor A. Galaktionov and Sergey R. Svirshchevskii
Fourier Series in Several Variables with Applications to Partial Differential Equations,
Victor L. Shapiro
Geometric Sturmian Theory of Nonlinear Parabolic Equations and Applications,
Victor A. Galaktionov
Green’s Functions and Linear Differential Equations: Theory, Applications,
and Computation, Prem K. Kythe
Group Inverses of M-Matrices and Their Applications, Stephen J. Kirkland
and Michael Neumann
Introduction to Fuzzy Systems, Guanrong Chen and Trung Tat Pham
Introduction to non-Kerr Law Optical Solitons, Anjan Biswas and Swapan Konar
Introduction to Partial Differential Equations with MATLAB®, Matthew P. Coleman
Introduction to Quantum Control and Dynamics, Domenico D’ Alessandro
Mathematical Methods in Physics and Engineering with Mathematica, Ferdinand F. Cap
Mathematical Theory of Quantum Computation, Goong Chen and Zijian Diao
Mathematics of Quantum Computation and Quantum Technology, Goong Chen,
Louis Kauffman, and Samuel J. Lomonaco
Mixed Boundary Value Problems, Dean G. Duffy
Modeling and Control in Vibrational and Structural Dynamics, Peng-Fei Yao
Multi-Resolution Methods for Modeling and Control of Dynamical Systems,
Puneet Singla and John L. Junkins
Nonlinear Optimal Control Theory, Leonard D. Berkovitz and Negash G. Medhin
Optimal Estimation of Dynamic Systems, Second Edition, John L. Crassidis and John L. Junkins
Quantum Computing Devices: Principles, Designs, and Analysis, Goong Chen,
David A. Church, Berthold-Georg Englert, Carsten Henkel, Bernd Rohwedder,
Marlan O. Scully, and M. Suhail Zubairy
A Shock-Fitting Primer, Manuel D. Salas
Stochastic Partial Differential Equations, Pao-Liu Chow



To Seema
-S.J.K.

To Helen
-~M.N.






Preface

Nonnegative matrices and M-matrices have become a staple in contem-
porary linear algebra, and they arise frequently in its applications. Such
matrices are encountered not only in matrix analysis, but also in stochas-
tic processes, graph theory, electrical networks, and demographic models.
We, the authors have worked for many years investigating these topics,
and have found group inverses for singular M-matrices to be a recurring
and useful tool.

The aim of this monograph is to bring together a diverse collection
of results on the group inverses of M-matrices, highlighting their impor-
tance and utility in this body of research. By presenting these results in
a single volume, we hope to emphasise the connections between prob-
lems arising in Markov chains, Perron eigenvalue analysis, spectral graph
theory, and the like, and to show how insight into each of these areas
can be gained through the use of group inverses.

While we have tried to make this book as self-contained as possi-
ble, we assume that the reader is familiar with the basics on the theory
of nonnegative matrices, directed and undirected graphs, and Markov
chains. There are many excellent texts covering these subjects, and we
will refer the reader to these as needed.

The structure of the book is as follows. As a way of motivating the
questions considered in the remainder of the book, in Chapter 1 we pose
some sample problems associated with Leslie matrices (which arise in a
demographic model) and stochastic matrices (which are central in the
theory of Markov chains). In Chapter 2, we develop the basic algebraic
and spectral properties of the group inverse of a general matrix, with
a specific focus on the case that the matrix in question is a singular
and irreducible M-matrix. In Chapter 3, we consider the Perron value
and vector of a nonnegative matrix as a function of the entries in that
matrix, and derive formulas for their derivatives in terms of the group
inverse of an associated M-matrix. These formulas are then applied in
Chapter 4 to several classes of matrices, including the Leslie matrices
mentioned above. The elasticity of the Perron value, which measures the
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contribution of an individual entry to the Perron value, is also consid-
ered, and the group inverse approach is used to analyse the derivatives
of the elasticity with respect to the entries in the matrix.

In Chapters 5 and 6, we turn our attention to Markov chains. In
Chapter 5, the group inverse of an appropriate M-matrix is used not
only in the perturbation analysis of the stationary distribution vector,
but also in deriving bounds on the asymptotic rate of convergence of the
underlying Markov chain. In Chapter 6, we will show how the group in-
verse can be used to compute and analyse the mean first passage matrix
for a Markov chain. An analogous approach is also used to discuss the
Kemeny constant for a Markov chain.

Chapter 7 has a combinatorial flavour, and is devoted to the Lapla-
cian matrix for an undirected graph. Here we use the group inverse of
the Laplacian matrix in order to discuss the Weiner and Kirchhoff in-
dices, as well as the algebraic connectivity of the graph. Applications to
electrical networks are also considered.

Chapter 8 concludes the book with a discussion on computing the
group inverse, and on the stability of doing so. Several approaches are
considered and compared.

In writing this book, we were informed and inspired by the work
of many. In particular, we benefited from the books of Adi Ben-Israel
and Thomas Greville, Abraham Berman and Robert Plemmons, Stephen
Campbell and Carl Meyer, and Hal Caswell. We should also single out
the 1975 paper of Meyer, which serves as the starting point for many
of the developments reported in this book. Over the years, we have had
the pleasure of working with many talented co-authors, and a number
of collaborative results appear in this book. As a show of our gratitude,
let us list those collaborators here: Mahmud Akelbek, Minerva Catral,
Yonghong Chen, Emeric Deutsch, Ludwig Elsner, Ilse Ipsen, Charles
Johnson, Srinivasa Mohan, Jason Molitierno, Nic Ormes, K.G. Rama-
murthy, Bryan Shader, Nun—-Sing Sze, and Jianhong Xu.

S.J.K. and M.N., March, 2011.

The text above was written while Michael Neumann (Miki, to his
friends) was visiting me in March of 2011. He and I had been working
on the monograph long-distance for about seven months, and during his
visit with me, we solidified the contents of the book, developed prelimi-
nary drafts of the first few chapters, and mapped out a plan for writing
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the remaining chapters. In April of 2011, Miki died, of natural causes,
but very suddenly. The news of his passing came as a shock to me. We
had been collaborators for some twenty years—more than that, we were
good friends.

I resolved to complete the monograph on my own, attempting to stay
true to both the content and the spirit of the project that Miki and I
had envisioned together. What follows is the result, though it must be
said that that the book would have been stronger had Miki been able to
continue his work on it. The experience of completing this monograph
on my own has been bittersweet for me: it has made me acutely aware of
Miki’s absence, but has also served as an extended farewell to my close
friend.

While I was writing this book, my research was supported in part
by the Science Foundation Ireland, under Grant No. SFI/07/SK/I1216b.
Thanks are also due to Iarnréd Eireann, as much of the book was written
while I was availing myself of its service.

S.J.K., May, 2012.
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