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FOREWORD

In the summer of 1937, when I was a young college student, I was
studying calculus by going through my father's book Differential and
Integral Calculus with him. I believe that is when he first conceived of
writing an elementary book on the ideas and methods of mathematics
and of the possibility that I might help with such a project.

The book, What is Mathematics?, evolved in the following years. I
recall participating in intensive editing sessions, assisting Herbert Rob-
bins and my father, especially in the summers of 1940 and 1941.

When the book was published, a few copies had a special title page:
Mathematics for Lori, for my youngest sister (then thirteen years old).
A few years later, when I was about to be married, my father challenged
my wife-to-be to read What Is Mathematics. She did not get far, but she
was accepted into the family nonetheless.

For years the attic of the Courant house in New Rochelle was filled
with the wire frames used in the soap film demonstrations described in
Chapter VII, §11. These were a source of endless fascination for the
grandchildren. Although my father never repeated these demonstrations
for them, several of his grandchildren have since gone into mathematics
and related pursuits.

No really new edition was ever prepared since the original publica-
tion. The revised editions referred to in the preface were essentially
unchanged from the original except for a few corrections of minor er-
rors and misprints; all subsequent printings have been identical to the
third revised edition. In his last years, my father sometimes talked of
the possibility of a major modernization, but he no longer had the energy
for such a task.

Therefore I was delighted when Professor Ian Stewart proposed the
present revision. He has added commentaries and extensions to several
of the chapters in the light of recent progress. We learn that Fermat’s
Last Theorem and the four-color problem have been solved, and that
infinitesimal and infinite quantities, formerly frowned upon as flawed
concepts, have regained respectability in the context of “nonstandard
analysis.” (Once, during my undergraduate years, I used the word “in-
finity,” and my mathematics professor said, “I won't have bad language
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in my class!”) The bibliography has been extended to the present. We
hope that this new edition of What Is Mathematics? will again stimulate
interest among readers across a broad range of backgrounds.

Ernest D. Courant
Bayport, N. Y.

September 19956



PREFACE TO THE SECOND EDITION

What Is Mathematics? is one of the great classics, a sparkling collec-
tion of mathematical gems, one of whose aims was to counter the idea
that “mathematics is nothing but a system of conclusions drawn from
definitions and postulates that must be consistent but otherwise may be
created by the free will of the mathematician.” In short, it wanted to put
the meaning back into mathematics. But it was meaning of a very dif-
ferent kind from physical reality, for the meaning of mathematical ob-
jects states “only the relationships between mathematically ‘undefined
objects’ and the rules governing operations with them.” It doesn’t matter
what mathematical things are: it's what they do that counts. Thus math-
ematics hovers uneasily between the real and the not-real; its meaning
does not reside in formal abstractions, but neither is it tangible. This
may cause problems for philosophers who like tidy categories, but it is
the great strength of mathematics—what I have elsewhere called its
‘“unreal reality.” Mathematics links the abstract world of mental con-
cepts to the real world of physical things without being located com-
pletely in either.

I first encountered What Is Mathematics? in 1963. I was about to take
up a place at Cambridge University, and the book was recommended
reading for prospective mathematics students. Even today, anyone who
wants an advance look at university mathematics could profitably skim
through its pages. However, you do not have to be a budding mathe-
matician to get a great deal of pleasure and insight out of Courant and
Robbins’s masterpiece. You do need a modest attention span, an interest
in mathematics for its own sake, and enough background not to feel out
of your depth. High-school algebra, basic calculus, and trigonometric
functions are enough, although a bit of Euclidean geometry helps.

One might expect a book whose most recent edition was prepared
nearly fifty years ago to seem old-fashioned, its terminology dated, its
viewpoint out of line with current fashions. In fact, What Is Mathemat-
ics? has worn amazingly well. Its emphasis on problem-solving is up to
date, and its choice of material has lasted so well that not a single word
or symbol had to be deleted from this new edition.

In case you imagine this is because nothing ever changes in mathe-
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matics, I direct your attention to the new chapter, “Recent Develop-
ments,” which will show you just how rapid the changes have been. No,
the book has worn well because although mathematics is still growing,
it is the sort of subject in which old discoveries seldom become obso-
lete. You cannot “unprove” a theorem. True, you might occasionally find
that a long-accepted proof is wrong—it has happened. But then it was
never proved in the first place. However, new viewpoints can often ren-
der old proofs obsolete, or old facts no longer interesting. What I's Math-
ematics? has worn well because Richard Courant and Herbert Robbins
displayed impeccable taste in their choice of material.

Formal mathematics is like spelling and grammar—a matter of the
correct application of local rules. Meaningful mathematics is like jour-
nalism—it tells an interesting story. Unlike some journalism, the story
has to be true. The best mathematics is like literature—it brings a story
to life before your eyes and involves you in it, intellectually and emo-
tionally. Mathematically speaking, What Is Mathematics? is a very lit-
erate work. The main purpose of the new chapter is to bring Courant
and Robbins’s stories up to date—for example, to describe proofs of
the Four Color Theorem and Fermat's Last Theorem. These were major
open problems when Courant and Robbins wrote their masterpiece, but
they have since been solved. I do have one genuine mathematical quib-
ble (see §9 of “Recent Developments™). I think that the particular issue
involved is very much a case where the viewpoint has changed. Courant
and Robbins’s argument is correct, within their stated assumptions, but
those assumptions no longer seem as reasonable as they did.

I have made no attempt to introduce new topics that have recently
come to prominence, such as chaos, broken symmetry, or the many
other intriguing mathematical inventions and discoveries of the late
twentieth century. You can find those in many sources, in particular my
book From Here to Infinity, which can be seen as a kind of companion-
piece to this new edition of What Is Mathematics?. My rule has been to
add only material that brings the original up to date—although I have
bent it on a few occasions and have been tempted to break it on others.

What Is Mathematics?

Unique.

Ian Stewart
Coventry
June 1995



PREFACE TO THE REVISED EDITIONS

During the last years the force of events has led to an increased de-
mand for mathematical information and training. Now more than ever
there exists the danger of frustration and disillusionment unless stu-
dents and teachers try to look beyond mathematical formalism and ma-
nipulation and to grasp the real essence of mathematics. This book was
written for such students and teachers, and the response to the first
edition encourages the authors in the hope that it will be helpful.

Criticism by many readers has led to numerous corrections and im-
provements. For generous help with the preparation of the third revised
edition cordial thanks are due to Mrs. Natascha Artin.

R. Courant
New Rochelle, N. Y.
March 18, 1943
October 10, 1945
October 28, 1947



PREFACE TO THE FIRST EDITION

For more than two thousand years some familiarity with mathematics
has been regarded as an indispensable part of the intellectual equipment
of every cultured person. Today the traditional place of mathematics in
education is in grave danger. Unfortunately, professional representa-
tives of mathematics share in the responsibility. The teaching of math-
ematics has sometimes degenerated into empty drill in problem solving,
which may develop formal ability but does not lead to real understand-
ing or to greater intellectual independence. Mathematical research has
shown a tendency toward overspecialization and overemphasis on ab-
straction. Applications and connections with other fields have been ne-
glected. However, such conditions do not in the least justify a policy of
retrenchment. On the contrary, the opposite reaction must and does
arise from those who are aware of the value of intellectual discipline.
Teachers, students, and the educated public demand constructive re-
form, not resignation along the line of least resistance. The goal is gen-
uine comprehension of mathematics as an organic whole and as a basis
for scientific thinking and acting. ‘

Some splendid books on biography and history and some provocative
popular writings have stimulated the latent general interest. But knowl-
edge cannot be attained by indirect means alone. Understanding of
mathematics cannot be transmitted by painless entertainment any more
than education in music can be brought by the most brilliant journalism
to those who never have listened intensively. Actual contact with the
content of living mathematics is necessary. Nevertheless technicalities
and detours should be avoided, and the presentation of mathematics
should be just as free from emphasis on routine as from forbidding
dogmatism which refuses to disclose motive or goal and which is an
unfair obstacle to honest effort. It is possible to proceed on a straight
road from the very elements to vantage points from which the substance
and driving forces of modern mathematics can be surveyed.

The present book is an attempt in this direction. Inasmuch as it pre-
supposes only knowledge that a good high school course could impart,
it may be regarded as popular. But it is not a concession to the danger-
ous tendency toward dodging all exertion. It requires a certain degree
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of intellectual maturity and a willingness to do some thinking on one’s
own. The book is written for beginners and scholars, for students and
teachers, for philosophers and engineers, for class rooms and libraries.
Perhaps this is too ambitious an intention. Under the pressure of other
work some compromise had to be made in publishing the book after
many years of preparation, yet before it was really finished. Criticism
and suggestions will be welcomed.

At any rate, it is hoped that the book may serve a useful purpose as
a contribution to American higher education by one who is profoundly
grateful for the opportunity offered him in this country. While respon-
sibility for the plan and philosophy of this publication rests with the
undersigned, any credit for merits it may have must be shared with
Herbert Robbins. Ever since he became associated with the task, he has
unselfishly made it his own cause, and his collaboration has played a
decisive part in completing the work in its present form.

Grateful acknowledgement is due to the help of many friends. Dis-
cussions with Niels Bohr, Kurt Friedrichs, and Otto Neugebauer have
influenced the philosophical and historical attitude; Edna Kramer has
given much constructive criticism from the standpoint of the teacher;
David Gilbarg prepared the first lecture notes from which the book orig-
inated; Ernest Courant, Norman Davids, Charles de Prima, Alfred Horn,
Herbert Mintzer, Wolfgang Wasow, and others helped in the endless task
of writing and rewriting the manuscript, and contributed much in im-
proving details; Donald Flanders made many valuable suggestions and
scrutinized the manuscript for the printer; John Knudsen, Hertha von
Gumppenberg, Irving Ritter, and Otto Neugebauer prepared the draw-
ings; H. Whitney contributed to the collection of exercises in the appen-
dix. The General Education Board of the Rockefeller Foundation
generously supported the development of courses and notes which then
became the basis of the book. Thanks are also due to the Waverly Press,
and in particular Mr. Grover C. Orth, for their extremely competent
work; and to the Oxford University Press, in particular Mr. Philip Vaud-
rin and Mr. W. Oman, for their encouraging initiative and codperation.

R. Courant
New Rochelle, N. Y.
August 22, 1941



HOW TO USE THE BOOK

The book is written in a systematic order, but it is by no means nec-
essary for the reader to plow through it page by page and chapter by
chapter. For example, the historical and philosophical introduction
might best be postponed until the rest of the book has been read. The
different chapters are largely independent of one another. Often the
beginning of a section will be easy to understand. The path then leads
gradually upward, becoming steeper toward the end of a chapter and in
the supplements. Thus the reader who wants general information rather
than specific knowledge may be content with a selection of material
that can be made by avoiding the more detailed discussions.

The student with slight mathematical background will have to make
a choice. Asterisks or small print indicate parts that may be omitted at
a first reading without seriously impairing the understanding of subse-
quent parts. Moreover, no harm will be done if the study of the book is
confined to those sections or chapters in which the reader is most in-
terested. Most of the exercises are not of a routine nature; the more
difficult ones are marked with an asterisk. The reader should not be
alarmed if he cannot solve many of these.

High school teachers may find helpful material for clubs or selected
groups of students in the chapters on geometrical constructions and on
maxima and minima.

It is hoped that the book will serve both college students from fresh-
man to graduate level and professional men who are genuinely inter-
ested in science. Moreover, it may serve as a basis for college courses
of an unconventional type on the fundamental concepts of mathematics.
Chapters III, IV, and V could be used for a course in geometry, while
Chapters VI and VIII together form a self-contained presentation of the
calculus with emphasis on understanding rather than routine. They
could be used as an introductory text by a teacher who is willing to
make active contributions in supplementing the material according to
specific needs and especially in providing further numerical examples.
Numerous exercises scattered throughout the text and an additional
collection at the end should facilitate the use of the book in the class
room.

It is even hoped that the scholar will ind something of interest in
details and in certain elementary discussions that contain the germ of a
broader development.



WHAT IS MATHEMATICS?

Mathematics as an expression of the human mind reflects the active
will, the contemplative reason, and the desire for aesthetic perfection.
Its basic elements are logic and intuition, analysis and construction,
generality and individuality. Though different traditions may emphasize
different aspects, it is only the interplay of these antithetic forces and
the struggle for their synthesis that constitute the life, usefulness, and
supreme value of mathematical science.

Without doubt, all mathematical development has its psychological
roots in more or less practical requirements. But once started under the
pressure of necessary applications, it inevitably gains momentum in it-
self and transcends the confines of immediate utility. This trend from
applied to theoretical science appears in ancient history as well as in
many contributions to modern mathematics by engineers and physicists.

Recorded mathematics begins in the Orient, where, about 2000 B.C.,
the Babylonians collected a great wealth of material that we would clas-
sify today under elementary algebra. Yet as a science in the modem
sense mathematics only emerges later, on Greek soil, in the fifth and
fourth centuries B.C. The ever-increasing contact between the Orient
and the Greeks, beginning at the time of the Persian empire and reaching
a climax in the period following Alexander’s expeditions, made the
Greeks familiar with the achievements of Babylonian mathematics and
astronomy. Mathematics was soon subjected to the philosophical dis-
cussion that flourished in the Greek city states. Thus Greek thinkers
became conscious of the great difficulties inherent in the mathematical
concepts of continuity, motion, and infinity, and in the problem of mea-
suring arbitrary quantities by given units. In an admirable effort the
challenge was met, and the result, Eudoxus’ theory of the geometrical
continuum, is an achievement that was only paralleled more than two
thousand years later by the modern theory of irrational numbers. The
deductive-postulational trend in mathematics originated at the time of
Eudoxus and was crystallized in Euclid’s Elements.

However, while the theoretical and postulational tendency of Greek
mathematics remains one of its important characteristics and has ex-
ercised an enormous influence, it cannot be emphasized too strongly



