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Introduction

Many centuries ago, an intelligent individual could master a large
proportion of the prevailing knowledge of the time and there were
no accepted boundaries in science, as we know them today. Thus,
Isaac Newton was not only a mathematician and physicist but also
spent much of his later life in the practice of alchemy, a kind of chem-
istry not held in high regard, even in those days. Robert Hooke, a
contemporary of Newton, had even wider interests, covering gravita-
tion, astronomy, biology, palacontology and the design of timepieces.

With the explosive expansion of scientific knowledge, particularly
in the last few decades, it has become increasingly difficult to keep
up-to-date even in one area of science — be it physics, chemistry,
biology or any other well-defined subject area. Indeed, it is a well-
rounded physicist who can understand even 50% of the titles in the
publication Physics Abstracts, let alone the contents of the papers to
which they refer.

It has been traditional to structure university science lecture
courses in terms of mainstream topics (e.g. physical optics, struc-
ture and bonding, atomic physics, spectroscopy etc.) and to many
students the links between different strands of their course never
become clear. Not only do they not see the essential unity of science,
but also some even lack a sense of unity in their own specialist area
of study.

It is clearly impossible to return to the era of the universal sci-
entist, but what is possible is to explore some topics which act like
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weft in binding together different strands within a single subject area
or even, to some extent, different subject areas. Various branches of
mathematics serve this purpose: as an example, matrices can be used
to analyse complex lens systems; to represent the Lorentz transforma-
tion in relativity theory; to express electron spin in quantum mechan-
ics; and to study both vibrating systems and biological populations.

At the level of the trained scientist, the appreciation of these
cross-links can give insights that lead to the better practice of sci-
ence. X-ray crystallography is an example of a topic that binds
together vast tracts of science such as mathematics, physics, chem-
istry, biology, geology and mineralogy and there may be others.
The American pure mathematician Herbert Hauptman (1917-2011),
who became a theoretical crystallographer, eventually won a Nobel
Prize in Chemistry!

Another of these linking topics is resonance, which occurs in var-
ious guises: in everyday life; in artistic contexts such as music; and
in many forms in the physical sciences. The purpose of this textbook
is to explore a variety of scientific areas in which resonance occurs,
ranging from concerns about the safety of bridges to the confirmation
of a prediction of Einstein’s Theory of General Relativity.

Interspersed within the chapters are exercises, which are usually
simple numerical applications of the immediately preceding mate-
rial and are designed to instil a feeling for the magnitudes of the
quantities of interest. At the end of chapters there are problems,
which are more demanding than the exercises and whose purpose
is to test the student’s understanding of the material within each
chapter. A solutions section provides a check on the student’s suc-
cess (or otherwise) in completing these tests, but where the student
has difficulties, they also provide a guide that reinforces the teaching

role of the chapter.

Before the advent of the computer age there were two branches
of every science: experimental and theoretical. To these we must
now add computational; there are many areas of science where
both experimental and theoretical solutions to problems are impos-
sible and the only solution is through computation. An outstand-
ing example is the solution of many-body problems in astronomy;
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there are some theoretical solutions for special three-body prob-
lems (see Section 4.4.4) but, in general, the motion of more than
two bodies under their mutual gravitational forces requires a com-
putational approach. Appendices II and III give programs to solve
astronomical many-body problems, which are required for the com-
plete solution of some of these problems.! They are in very basic
FORTRANT7 code, but for those unfamiliar with FORTRAN the
program will guide them in inserting the correct data, if they have
access to a compiler.

A useful ability for most modern scientists is to be able quickly
to write short programs to carry out straightforward calculations
that would be tedious any other way. There are problems in this text
where the value of a function of a single variable is required for a large
number of values of the variable and simple programs consisting of
few lines of code enable this to be done quickly. By outputting data
to a file, a graphical solution can then be found with the use of a
graphics package.

! Copies of these programs are available for free download from:
http://www.worldscientific.com /worldscibooks/10.1142/p963#t=suppl
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Chapter 1

Simple Harmonic Motion,
Damping and Resonance

1.1 Simple Harmonic Motion

In 1582 the Italian mathematician and astronomer Galileo Galilei
(1564-1642) observed the swinging motion of a chandelier in Pisa
Cathedral. He noticed that the period of its swing, which it is said
that he timed using his pulse, did not change as the amplitude of the
swing died down. In 1602 he carried out a series of experiments on
the properties of a pendulum and later, towards the end of his life,
he conceived the idea of using a pendulum to regulate a mechanical
clock. Such clocks were made after he died and were the most precise
timepieces available until comparatively recently.

1.1.1 A mass on a vertical spring

The type of motion performed by the pendulum is known as simple
harmonic motion. However, although Galileo observed no variation
of period with the amplitude of the swing there is a dependence that
would only be measurable for moderately large swings with instru-
ments better than a pulse. For that reason we shall consider another
system that gives simple harmonic motion: a mass, m, attached to
the end of a light vertical spring, as shown in Figure 1.1.

The downward force on the spring due to the mass is its weight,
mg, (where g is the acceleration due to gravity) and this stretches the

1
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Figure 1.1 A mass on a spring.

spring until the upward force due to the spring balances the weight
and the mass is then stationary at a point of equilibrium. A normal
spring, not under excessive strain, satisfies Hooke’s law that the force
required either to extend or compress it will be proportional to the
extension or compression. This means that if we displace the mass in
Figure 1.1 by a distance x, which can be either positive or negative,
the net force on it will be

F = —kx, (1.1)

in which &, the stiffness of the spring, is the force per unit displace-
ment and the negative sign indicates that the force is in the opposite
direction to the displacement. This force will give an acceleration of
the mass so we can write

d?x
Mm—s = —KIT
dt?
or
d*s K 9
—_—— = —— = =Wk, 1.2
dt? m (1)

in which we have introduced w = \/k/m.

The general solution to the differential equation (1.2) is

r = ay cos(wt) + as sin(wt), (1.3a)



