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Preface to the Series

in Information and Computational Science

Since the 1970s, Science Press has published more than thirty volumes in its series
Monographs in Computational Methods. This series was established and led by the late
academician, Feng Kang, the founding director of the Computing Center of the Chinese
Academy of Sciences. The monograph series has provided timely information of the
frontier directions and latest research results in computational mathematics. It has had
great impact on young scientists and the entire research community, and has played a
very important role in the development of computational mathematics in China.

To cope with these new scientific developments, the Ministry of Education of the
People’s Republic of China in 1998 combined several subjects, such as computational
mathematics, numerical algorithms, information science, and operations research and
optimal control, into a new discipline called Information and Computational Science.
As a result, Science Press also reorganized the editorial board of the monograph series
and changed its name to Series in Information and Computational Science. The first
editorial board meeting was held in Beijing in September 2004, and it discussed the
new objectives, and the directions and contents of the new monograph series.

The aim of the new series is to present the state of the art in Information and
Computational Science to senior undergraduate and graduate students, as well as to
scientists working in these fields. Hence, the series will provide concrete and
systematic expositions of the advances in information and computational science,
encompassing also related interdisciplinary developments.

I would like to thank the previous editorial board members and assistants, and all
the mathematicians who have contributed significantly to the monograph series on
Computational Methods. As a result of their contributions the monograph series
achieved an outstanding reputation in the community. I sincerely wish that we will
extend this support to the new Series in Information and Computational Science, so that
the new series can equally enhance the scientific development in information and
computational science in this century.

Shi Zhongci
2005.7



Preface

This book is a new edition of the previous one Finite Element Language. A new
part ‘applications’ has been added in the current version, as shown explicitly in the
title. Finite Element Language (FEL) is a state of art modeling language used to
solve partial differential equations (PDEs) by using finite element method (FEM) or
finite volume method (FVM). This language is used to generate computer programs
of FEM/FVM, by simply creating system-defined expressions for PDEs and its cor-
responding algorithms. The computer program of FEM/FVM ( e.g., C or Fortran
code) can be automatically generated by using the generator of this language.

When programming using FEL, the amount of code generated is reduced by more
than 90 percent compared with that generated by other advanced language gener-
ators, thus it tremendously improves the efficiency of programming. Moreover, the
system-defined expressions for PDFs and its algorithms are extremely easy for user
to read, modify, update, re-use and maintain. FEL helps engineers and researchers
to mainly focus on understanding their physics problems and creating the appro-
priate mathematical models by making them free from the tedious, time-consuming
and error-prone coding work.

This book is organized as follows: Part I includes 5 chapters and appendix A
- F. Chapter 1 discusses the description language for creating the expressions of
PDFs. These expressions are used by the system to generate the element subroutines
in FEM/FVM; Chapter 2 presents the fundamental method to create the FEM
algorithms for solving problems in single-physics field; Contents presented in Chapter
3 are similar to that in Chapter 2 but involed with coupled problems in multi-
physics fields; Chapter 4 introduces the strategy for building FEL which is based
on the component-based-programming method. Details about five most commonly
used component programs are also given; The FEM data structure is presented
and discussed in Chapter 5. Appendix A to C provide some fundamental concepts
and knowledge for finite element shap function and element types as well as the
coordinate transformations and numerical integration. Appendix D and E contain
the collection of keywords and some specific statements defined in FEL.

Part IT includes six chapters, introducing the applications of FEL in solid mechan-
ics, Navier-Stokes equation, Darcy flow, clectromagnetic field, structural mechanics
and thermal field problems, respectively. It is worth mentioning that the analytical
examples in the book are only used to illustrate the specific applications of FEL,
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some of the application results have not been strictly benchmarked so it is user’s
responsibility to perform the verification. The pre- and post-processing work is done
based on FEPG.GID platform.

The history of FEL and the developed software FEPG can be tracked back to
the 1980s. FEPG has been involved from the early version of only working on single
CPU to the latest version which works on HPC and internet and provides user with
very friendly GUI, thanks to the rapid development of modern simulation and high
performance computing technologies.

The early users of FEPG have become its ‘fans’ and strong supporters or even
participants. However, limited by the current situation of CAE industry in China,
the promotion of FEL and FEPG face big challenges. We would like to take the
opportunity when this book being published, to invite people in scientific computing
community in China to join us in promoting FEPG and developing our own high
performance finite element software.
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Introduction

In the 1950’s, scientists in structural mechanics in the united states invented finite
element method. The main principles of this method are originally based on vari-
ational method and piecewise low-order interpolation polynomial. However these
two basic principles no longer meet user’s needs due to the vast finite element ap-
plications in physics and engineering over the past decades. They have been then
developed based on partial differential equation weak form and arbitrary approxi-
mation function space.

In physics and engineering, boundary value problem of partial differential equa-
tions (PDEs) in general can be expressed as follows.

In the solving domain 2, the partial differential is satisfied by

Al(u)
Aw) =4 4) b =0 (@) (1)

on the boundary 92, the boundary value condition is satisfied
B(u)={ B(v) } =0 (o0) (2)

Where A and B are differential operators, v is unknown function.

In general, these partial differential equations have no analytical solution and
usually are solved by using numerical methods. Finite element method is one of
these numerical methods that plays a major role in solving various PDEs effectively
by providing the weak form solution.

The PDE (1) is multiplied by the test function du and then integrated on (2, this
gives

/AT(u)JudQ :/ Ai(u)dudQ =0 (3)
Q Q
Where du is the arbitrary function.
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Assuming A (u) is a smooth function and the integral equation (3) is satisfied
for any du, then PDE (1) is satisfied at any point of Q. This is because if at some
points or some subdomains of Q A (u) doesn’t satisfy (1), namely A (u) # 0, an
appropriate function du can be found to make the integral form of equation (3)
doesn’t to equal zero. It is obvious that when A (u) is a smooth function, equations
(1) and (3) are equivalent. But in some cases, for example, the problem of 3-D
harmonic electromagnetic field, these two are not equivalent. In many cases, by
performing integration by parts to equation (3) and using boundary value condition
(2), another form can be obtained:

/ DT (u)C(6u)dQ + / FT(u)E(6u)dS = 0 (4)
Q 1219}

Where C, D, E, F are differential operators. Note that the derivative order of
unknown functions may be lower than the differential operator in equation (1),
therefore only the continuity of lower order of function w is required. Equation (4)
is called the weak form of differential equation (1) with the boundary condition (2).
Weak form (4) may also be obtained using Petrov-Galerkin method.

Finite element approximate solution u is written as

u= zn:Niu,- (5)
=1

The variational variable (namely dummy variable) is written as

=1

Where u; is the unknown variable to be solved, du; is the dummy variable corre-
sponding to u;, Nj; is the basis function and the finite element space is composed of
the basis functions N; (i = 1,2, -+, n).

By Pluging (5) and (6) into (3), finite dimensional algebra equations can be
obtained from the arbitrary selection of dummy variable du;, therefore the problem
of solving PDEs is converted to the problem of solving finite dimensional algebra
equations.

As seen from (5) and (6), the approximating solution space and test function
space have the same basic functions. In this book, methods with different basis
functions for these two spaces generally are not considered.



Chapter 1

Description Language of Differential
Equation Expression

The description of differential equation, a basic content of Finite Element Language
(FEL), is presented in this chapter. File that uses pdf as its extension name, referred
to as PDE file, is adopted by FEL to describe the differential equation expression
based on weak form. The automatic generating system of FEL generates element
subroutines to calculate element stiffness matrix, element damping matrix, element
load vector, etc, by using this file.

GES file, the most fundamental file, provides all formulas of FEM such as shape
function, numerical integration, etc. It is used to generate element subroutine. PDE
file allows use to obtian shape function and the formula of numerical integration
from formula library, thus makes the creation easy and simple.

The files of CDE, VDE and FDE are designed to save time for creating PDE ex-
pressions. The main content of CDE file is for complex variable differential equation
expression. And the main content of VDE file is for tensor expression of differential
equation. FDE file can access operator formula library for operator expression.

The main content of FBC file is for differential equation expression of bound-
ary condition (the second-type and third-type boundary conditions).The automatic
generating system of element subroutine generates subroutines to calculate element
stiffness matrix, damping matrix, load vector, etc for boundary conditions based on
this file. The following sections are dedicated to the creation of these files.

1.1 Writing PDE Files

The main content of PDE file is to prepare differential equation expression. System
will automatically generate element subroutines for calculating element stiffness ma-
trix, element mass matrix, element damping matrix, etc. according to this file. The
structure of PDF file is demonstrated as follows.

(1) User needs to create 6 segments at most whose keywords of information seg-
ments are DEFI, FUNC, STIF, MASS, DAMP and LOAD respectively. According
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to different cases, user can write each segment of information as above-mentioned
sequence.

This language defines that each segment of information (hereinafter referred to
as information segment) should begin with its keyword and end with a blank line.
After all information segments, the terminator END should be used for
ending.

(2) This language allows user to insert Fortran source program. The Fortran code
statements led by characters $C6, $C0 and $CV can be inserted at some specific
information segments. In addition, this language allows user to add Fortran source
program beginning with keyword FORT at the end of PDF files. The methods
of inserting and adding Fortran source codes will be specifically addressed in the
following sections.

(3) This language defines character “\” (backslash) as continuation line. The
characters after continuation line “\” are skipped and the next line is taken as the
continuation line for the current line. Hence, backslash “\” also can be used as
comment line. User can add comment line beginning with character “\” at any
position in PDE file.

The following sections will describe how to create each information segment.
All sections are accompanied by some examples. We will take Poisson equation
for example to illustrate how to create PDE file for a practical problem in
section 1.1.8.

1.1.1 DEFI Information Segment

DEFI information segment of PDE file needs 10 lines of information at most, and
its general format is as follows:

DISP=name of unknown function, name of unknown function, ---, name of
unkown function
COOR=name of coordinate variable, name of coordinate variable, ---,

name of coordinate variable

COEF=name of nonlinear-coefficient function, name of nonlinear-
coefficient function, ---, name of nonlinear-coefficient function

FUNC=name of custom function, name of custom function, :---, name of
custom function

MATE=name of material parameter, name of material parameter, ---,
name of material parameter

SHAP=character of element geometry type, number of element nodes

GAUS=character of element geometry type or number of Gauss integrat-
ion point

MASS=character of element geometry type, mass density

DAMP=character of element geometry type, damping coefficient



Chapter 1  Description Language of Differential Equation Expression 5

LOAD=expression, expression, ---, expression

By leaving a blank space (or equal sign) on the right side of DISP, user can
write any number of the unknown function names of differential equation which
need to be solved. Each unknown function name corresponds to one unknown func-
tion. All unknown function names should be separated by a blank space, comma, or
semicolon.

By leaving a blank space (or equal sign) on the right side of COOR, coordinate
variable names can be provided without quantitative limitation. Each coordinate
variable name corresponds to one coordinate variable. All coordinate variable names
should be separated by a blank space, comma or semicolon.

By leaving a blank space (or equal sign) on the right side of COEF, coeffi-
cient variable names can be provided without quantitative limitation. All coefficient
variable names should be separated by a blank space, comma or semicolon. Each
coeflicient variable name corresponds to one coefficient of differential equation. This
line must be ignored if there is no coefficient variable. For example, user needs to
create this line for nonlinear problem or coupled problem.

By leaving a blank space (or equal sign) on the right side of FUNC, user-defined
function names can be written without quantitative limitation. Each function name
corresponds to one user-defined function. All function names should be separated by
a blank space, comma or semicolon. This language also provides the feature of sub-
stitution function. This line is used to define function name and it must be followed
by the corresponding FUNC information segment. After defining function expres-
sion, all same expression of each information segment is replaced by user-defined
function name. This makes information creation easy and also provides convenience
for reading and modifying. Note that the information at FUNC line should be con-
sistent with the FUNC information segment followed. Even though their keywords
are the same, information of FUNC line is just one line required in DEFI information
segment. Its main contents are provided in the FUNC information segment. If the
virtual work equation is not complicate, the whole FUNC information segment may
be ignored.

Leaving a blank space (or equal sign) on the right side of MATE, the material
parameters are given without quantitative limitation. All material parameters are
seperated by a blank space or semicolon but not comma. The default values corre-
sponding to material parameters are separated by a space or semicolon, which are
written in the brace after (works as well without brace). Note that the default values
cannot be separated by comma as well. The default values of material parameters
which are not required by the program will be regarded as 0.0. These material pa-
rameters can be used in other information segments. After adding MATE, user can



