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Prologue

At the outset it should be stated that this is not a book on phylogenetics in
which millions of years of evolution and relationships among existing species
are often under consideration. However, in chapters 6,7 and 8 stochastic
models of nucleotide substitutions, which may be applied in research on
phylogenetics, are reviewed and some useful extensions are suggested that
accommodate nucleotide substitutions at a large number of sites of a DN A
molecule rather than a single site or codons with three sites that are char-
acteristic of most of the models introduced to the literature 3 to 4 decades
ago. In contrast to research in phylogenetics, the main thrust of this book is
to provide methods for simulating the stochastic evolution of single species
during short periods of evolutionary time consisting of 10,000 to 200,000
years, but in some models time is expressed on a scale of generations.

A common theme of the computer simulation experiments reported in
this book is the evolution of a population stemming from a small founder
population. Of particular interest in these simulation experiments is the
informative statistical summarization of a sample of Monte Carlo waiting
times until a new beneficial mutation arises and become predominant in a
population. Another distinguishing feature of this book is that all Monte
Carlo simulation models are rooted in stochastic processes, and, in each
case, an attempt has been made to present the mathematics in sufficient
detail so that if an investigator were interested, he would, in principle, be
possible to write software in a programming language of his choosing and
duplicate any computer experiment reported in this book. The program-
ming language used throughout this book was APL 2000, which is an inter-
national language that is popular among a minority of people who like the
succinctness with which complex code may be written. Unfortunately, this
programming language is not as popular as C*t* and other languages. As
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viii Stochastic Processes in Genetics and Evolution

mathematics is a universal international language however, it is hoped that
by inspecting the mathematics underlying a model, an investigator will be
able to write software to implement any model discussed in a programming
language of his choosing.

The following paragraphs of this prologue are devoted to suggestions
that will be helpful to readers who wish to read this book thoroughly or
merely skim through it or even skip some chapters to obtain an overall
impression of the contents of the book. It is hoped that the modular nature
of this book by topics will expedite this exploratory process.

Chapter 1 is devoted to an axiomatic treatment of probability, which
will be useful in setting the stage for the chapters that follow. A central
theme of this chapter is the concept of a finite probability space, which
encompasses a sample space of outcomes of a conceptual experiment, a
collection of events or subsets of the sample space and the definition a
probability function defined on the class of events with certain properties.
Random variables are then defined within the context of a probability space
and the binomial, multinomial and Poisson distributions are derived and
are applied extensively throughout the book. For those readers who are not
comfortable with the axiomatic approach to probability, it will be sufficient
to grasp the ideas underlying the binomial, multinomial and Poisson distri-
bution. In this connection, a study of the many examples from Mendelian
genetics involving applications of these distributions will be very helpful.

Chapter 2 is devoted the parameterization of the gametic distribution
with respect to a large number of linked Mendelian loci or markers such as
single nucleotide polymorphisms, SN Ps, on molecules of DN A. After some
suggestions for assembling data bases to study genetic recombination at the
molecular level, a method is developed for parameterizing the gametic dis-
tribution in terms of recombination probabilities for some arbitrary number
N > 2 of linked loci. In the closing section of this chapter, suggestions are
made as to how the ideas developed in the foregoing sections can be applied
to pedigrees in which linked markers are under consideration.

Chapter 3 is devoted large random mating diploid populations with
1o mutation or selection and the principal objective of the chapter is to
develop a mathematical structure that can accommodate a large number
of linked loci with a finite but arbitrary number of alleles at each locus
so that convergence to a linkage equilibrium in such a population may be
studied. This chapter begins with a classical account of convergence to
linkage equilibrium for the case of two loci with two alleles at each locus,
which may be found in many text books of population genetics. This result
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is then extended to the case of a finite but arbitrary number of alleles at
each locus and then finally to the general case of multiple loci mentioned
above. Much of the content of chapter 3 is based on results by H. Geirenger,
which were published in 1944. Among other things, this theory is based
on a elegant application of set theory, and if this is discomforting to a
reader, he can rest with the knowledge that this theory will not be used
in subsequent chapters of the book. However, when genetic recombination
is again encountered in chapter 14, the case of two linked loci discussed in
chapters 2 and 3 will be applied to the case of two linked markers at the
molecular level.

Chapter 4 is devoted to a presentation the Wright-Fisher process within
the context of finite absorbing Markov chains in which applications of ma-
trix theory are useful in reducing the structure of this process to simple
terms that are familiar to anyone with a working knowledge of the theory
of finite matrices. In particular, formulas of a set of conditional absorption
probabilities are derived such that if the process starts in given transient
state, the conditional probability that it is absorbed or the process in termi-
nated in some particular absorbing state are expressed as elements of ma-
trices. Furthermore, giving that the process terminates in some absorbing
state, formulas for the conditional expectations and variances of the waiting
times to absorption are derived. A general formula for the quasi-stationary
distribution of a finite absorbing Markov chain are also derived, which will
be useful in connections with branching processes introduced in subsequent
chapters. Any mention of diffusion approximations to Wright-Fisher pro-
cess have deliberately been avoided, because, for the most part, this book
is devoted to computer intensive methods. In this chapter, Wright-Fisher
processes with respect to a single autosomal locus with two alleles are the
principal foci of attention and both the neutral case and the cases of mu-
tation and selection as characterized within the Wright-Fisher paradigm in
terms of probabilities. A class of Wright-Fisher processes with a state space
such that all states communicate with each other was also included in this
chapter.

Chapter 5 is devoted for the most part to Wright-Fisher process with
multiple alleles at a single autosomal locus. As through trial and error it
was found that matrix formulas derived in chapter 4 tend to become numer-
ically unstable when the size of a Markov transition matrix exceeds about
1000 x 1000, it became necessary to use Monte Carlo simulation methods
for dealing with process based on multiple alleles which usually entails the
use of very large transition matrices. Fortunately, by using Monte Carlo
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simulation methods, problems with numerical instabilities can be avoided
and the evolution of populations consisting one million or more individuals
may be studied for thousands of generations on desk top computers, where
the execution times for each experiment with 100 or more replications may
be accomplished within ten to twenty minutes. The application of Monte
Carlo simulation methods in this chapter also necessitated a treatment of
some theories underlying the computer generation of random numbers as
well as the description of statistical methods for the informative summa-
rization of Monte Carlo simulation data, which were subsequently used in
some of following chapters of this book.

Chapters 6, 7 and 8 are devoted to the mutational process of nucleotide
substitutions. In chapter 6, an overview of the fundamentals underlying
Markov jump processes in continuous time with finite state spaces is given,
and there is also a brief discussion of a probability space on which this class
of stochastic processes lives. It is also shown that the exponential matrix
function, provides a solution to the Kolmogorov differential equations for
the case of finite state spaces in a general case. Following this overview,
specific examples of nucleotide substitution models based on this class of
processes are reviewed. For the more simple models, a symbolic computa-
tion engine was used to derive explicit formulas for the exponential matrix,
which provides explicit functions for the matrix of current state probabil-
ities of the process. For more complex examples, numerical forms of the
exponential matrix were computed, given assumed numerical values of the
parameters. In this chapter there are also discussions that illuminate the
process of nucleotide substitutions if it does indeed follow the laws of evo-
lution implicit in the theory of Markov jump processes in continuous time.
For example, given values of the rate parameters of the process, one could
estimate the expectation of the time a particular nucleotide spends at one
site of a DN A molecule until a transition to another nucleotide at this site
occurs.

When one considers the problem of extending a nucleotide substitution
model from one site of a DN A molecule to many sites, a simple and straight
forward approach to the problem would be that of assuming nucleotide tran-
sitions among sites occur independently with the same rate matrix for each
site. But, it has been proposed in the literature, that substitutions may
occur at different rate among the sites of a molecule and that sites may not
evolve independently in a probabilistic sense. When there are different rate
parameters for each site, the problem of dealing with many parameters also
arises. Consequently, it becomes necessary to devise a structure that cir-
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cumvents problems of dealing with many parameters and at the same time
to formulate a model such that evolution of substitutions among sites are
dependent in some sense. Such a formulation was considered in chapter 7.
Briefly, in this approach it was assumed that the rate matrices at many
sites were realizations of a stationary stochastic process, depending on only
a few parameters and constructed on the basis of a consistent family of
finite dimensional distribution functions, where consistency is defined in
papers and books dealing with the foundations of probability. Given a re-
alization of this process, it was assumed that substitutions at different sites
were governed by conditionally independent. Markov jump processes with
four states. When averaged over realizations of the rate process to obtain
unconditional distributions of the processes of among the sites, however,
independence among the sites no longer holds. It also suggested in this
chapter that the rate process could be constructed form simple Gaussian
processes based on first or second order autoregressive processes. The range
of the sample functions of these processes is the real line (—oo, 00) , but this
set can always be mapped into the set of positive real numbers in (0, 00) ,
which is the rate space for Markov jump processes in continuous time.
Chapter 8 is devoted to a software implementation of the stochastic
structure developed in chapter 7 along with computer simulation experi-
ments on nucleotide substitutions in the ) loop of the human mitochon-
drial genome, which consists of 1,120 base sites. The classification of Haplo
groups in existing human population of the world is based on about 22
SNPs that occur mostly in the D loop. Given an initial DN A sequence
consisting of 1,120 bases, a computer simulation experiment was run until
22 mutation were accumulated and each of these experiments were repli-
cated 50 times. The evolutionary time taken to complete each replication
varied, because the rates governing the Markov jump processes with ran-
dom. When classifying Haplo groups, two complicating issues are often
mentioned. One is the problem of back mutation and the other is the prob-
lem of parallel mutations. By focusing attention within each replication, it
was possible to write software to estimate the frequency of back mutation,
in which the initial nucleotide at a given site mutates to some other base
and then back mutates to the initial base at that site. It was also possible
to estimate the frequency of parallel mutations among the 50 replication
that could be interpreted as separate evolving human populations. A mu-
tation is said to be parallel if same mutation at a particular site occurs in
more than one replication. Back mutations complicate the classification of
Haplo groups, because individuals who ought to belong to a group because
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of shared ancestry are excluded due to the absence of a mutation. Parallel
mutations complicate the problem of identifying a descendant of a founder
of population based on whether he or she has a particular mutation, which
could have been present in the actual founder of the group or is, on the other
hand, the descendant of an individual who migrated into the group with a
parallel mutation. Although attention was focused only on the D loop of
the human mitochondrial genome, it is now known that the structure im-
plemented in chapter could easily be extended to the entire mitochondrial
genome that consists of about 16,000 bases or even large regions of DN A
with larger number of bases.

Up until chapter 9, no stochastic structure had been entertained within
which a range of demographic factors could be taken into account in simu-
lating the evolution of human and other populations. As a first step towards
correcting this omission, an outline of the one-type Galton-Watson branch-
ing process was given in chapter 9, which evolves on a time scale of discrete
time generations. One of the serious limitations of this process, as well
a the class of branching processes in general, which has been recognized
for a long time, is that there are only two possibilities; namely, either the
population becomes extinct or it increases without bound. To correct this
limitation, the idea of a self regulating branching process was introduced.
In this formulation, it is supposed that the probability that an individ-
ual in one generation survives to produce offspring in the next generation
is a function of total population size with a parameter that indicates the
population size that must be reached before extensive mortality occurs. Tt
should be stated that this formulation is not simply a rework of the famous
deterministic logistic model of population growth that has attracted much
attention, because for some points in its parameter space, iterates of its
defining equation become chaotic.

One of the innovational aspects of this chapter is that by using a one-
type self regulating branching processes to simulate genealogies, it is possi-
ble to estimate the distribution of the number of generations back in time
to the most recent common ancestor of any two randomly selected individ-
uals in some current generation. This approach is an alternative way of
looking at the problem of coalescence, which is mentioned in this chapter.
A second innovation of self regulating branching processes was that it was
possible to embed a deteministic model in a stochastic process, and it was
shown by examples that, at some points in its parameter space, iterates
of its defining equation become chaotic. Moreover, in computer simulation
experiments, it was possible to compare the performance of statistically
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summarized sample of Monte Carlo realizations of the stochastic process
with the chaotic embedded deterministic model, see chapter 9 for details.

In order for Darwinian selection to occur, a population must contain
two or more types. Consequently, in chapter 10 is devoted experiments in
the quantification of mutation and selection within a framework of self reg-
ulating multitype branching processes, which evolve on a discrete time scale
expressed in terms of generations. In these experiments, two components
of natural selection were taken into account in the formulation. One was
a measure of reproductive success as expressed in terms of the expected
number of total offspring contributed by each individual of a given type
to the next generation of an evolving population. The other component
was the ability of individuals of each type to survive to produce offspring
of the next generation. This ability was characterized in terms of parame-
ters, depending on type, which provided a threshold value such that when
total population size exceeded this threshold, the probability that an indi-
vidual survived to reproduce was reduced. Only three types or genotypes
were considered in the experiments reported in this chapter, and, muta-
tions among the types were described in terms probabilities of one type
mutating to another type per generation. In these experiments, selection
was quantified by assigning numerical values to expectations of total num-
ber of offspring contributed the next generation to member of each type
as well as the threshold parameters in the survival function. Mutations
were quantified by assigning numerical values to the probabilities govern-
ing mutations among the types in each generation. It was also possible
for this class of branching processes, to embed deterministic vector-valued
non-linear difference equations in the process, so that trajectories of the
evolution of the population could be compared with trajectories based on
statistically summarized Monte Carlo simulation data.

One of the most innovative experiments reported in this chapter was
that if one type had a threshold parameter that was greater than that of
other types and the measures of reproductive success of the types were
equal, then it was shown that the type with the greatest threshold pa-
rameter eventually rose to predominance in the population within a few
thousand generations even though this type had arisen by mutation during
the evolution of a small founder population in which the beneficial mu-
tation was not present. Interestingly, in this experiment it was possible
to study the rise of this mutation in a stochastically evolving population
as well as a population evolving according to the embedded deteministic
model. As illustrated in the Monte Carlo simulation data, there were high
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levels of stochasticity in the beginning generations during the emergence
of the mutation that was not, as expected, present in the trajectories com-
puted using the embedded deterministic model. If an investigator confines
his attention to the deterministic model in the studying the evolution of a
multitype population, the presence of high level of stochasticity that exists
during the emergence of a mutation would be missed.

Diploid populations of humans as well as those of other species are
comprised of two sexes, females and males, who form sexual partnerships
which usually contribute offspring to the next generation. When formu-
lating stochastic models describing the evolution of such populations, it
is necessary to include a module that can accommodate mating systems
and the possibility that sexual selection may occur during mating process.
Chapter 11 is devoted to the formulation and the computer implementation
of stochastic models accommodating two sexes in populations that evolve
in discrete time generations. In this class of models, the components of nat-
ural selection include the type of mating system, random or non-random,
preferences of both females and males with respect to the phenotype in se-
lecting their prospective sexual partners, measures of reproductive success
by couple types as classified by genotype or phenotype and a probability
that each individual female or male survives to contribute offspring to the
next generation. Like all other stochastic population processes considered
in this book, the stochastic process formulated in this chapter is also self-
regulating. For the most part, the underlying genetics used in this chapter
was confined to one autosomal locus with two alleles at each locus so that
for both sexes only three genotypes were under consideration. Probabilities
that each allele may mutate to the other per generation were also included
in this formulation.

Perhaps one of most interesting computer experiments reported in this
chapter was a case in which the only component of natural selection in force
was a type of sexual selection in which females preferred only males of a
certain genotype with a high probability. In an experiment in which only
this type of selection was in force, it was shown that this sexual component
of natural selection was sufficient for a mutant allele that produced the
preferred genotype to drive this genotype to predominance in both sexes
in a population that evolved from a small founder population in which the
sexually preferred genotype was not present but had arisen from a mutation
during the evolution of the two-sex population.

An obvious observation that may be made on any human population
and many animal populations is that at any time the population consists of
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overlapping generations corresponding to age cohorts in both females and
males. It is thought by many that this overlapping of generation provided
milieu for the passing on of culture from older to younger individuals and
the evolution of high human cognitive abilities when compared to other ani-
mals. Chapter 12 is devoted to the development of a self-regulating two-sex
stochastic population process that accommodates the evolution of an age
structured population along with the genetics underlying such populations.
From the vantage point of branching process, the formulation in chapter
12 is an algorithmic extension of what is known as the general branching
process. Among the components of selection included in this age structured
formulation are the parametrized risk functions of death by each age group
in both the female and male populations. As of the complexity of this
formulation, attention was confined to the embedded deterministic model
for all computer experiments reported in this chapter, but as time passes
attention will be devoted to problems centered around the development
of algorithms to compute Monte Carlo realizations of the age structured
process.

An ultimate goal of the research on the stochastic models of evolution
presented in this book is to include the evolution of a genome at the molec-
ular level and how processes of natural and artificial selected may have
affected the structure of genomes. Before undertaking research to include
models of genomes in stochastic models of evolution, it seems necessary to
develop some acquaintance with recent literature on the concept of a gene.
Accordingly, chapter 13 is devoted a review of biological literature on the
history of the concept of gene and a peek at one of the most recent defini-
tions of a gene. Basically, a region of DN A that codes for either proteins
or RN As are frequently composed of introns and exons, and during the
process of transcription and subsequent processing of the products of tran-
scription, exons are sliced together in alternative ways to produce proteins
that are used in various stages of development of an individual. But, the
process of transcription is not an end in itself but is evidently controlled by
regulatory regions of genomic DN A where other chemical structures, that
may be coded for by other genes, bind and turn the transcription process
of a given gene on and off. Thus, in order to get a grip as to how mutation
may affect a gene, one must take into account not only the coding region of
DN A but also those regulatory regions of DN A that turn coding regions
off and on. The union of such regions of genomic DN A may involve thou-
sands or even millions of bases as described in actual biological examples
of genes in the closing sections of chapter 13.



XVvi Stochastic Processes in Genetics and Evolution

Chapter 14, which is a small book within a book, is organized around
three themes. One theme concerns a review of recent literature on develop-
ing computer models designed to simulate the evolution of model genomes
that may consists of as many of a million or more base pairs in the presence
of such forces of evolution as mutation and selection. Among those models
reviewed, the accounts as to how mutation, selection and genetic recombi-
nation were incorporated into their formulations were not given is sufficient
detail to suit members of the community of mathematical sciences, who
may wish to replicate their reported results.

A second theme was a review of new methods for detecting signals of
evolution in human haplotype data. This very recent research involved a
model of genomic evolution that ran backwards in time to some founder
population that existed about 40,000 or so years ago. Moreover, distri-
butions of scores, representing measure of selection, which were estimated
from simulated genomic data produced by the backwards in time simulation
model, were applied in existing human haplotype data to detect signals of
selection in relatively small regions of a genome that heretofore had not
been possible to detected.

A third theme involved a phylogenetic study of several mammalian
species designed to detect signals of natural or artificial selection in protein
coding genes in several mammalian species whose genomes had been se-
quenced. The methods used in this research involved, among other things,
a evolutionary model of three letter codons related to those discussed in
chapter 6. Briefly, maximum likelihood estimates of parameters in these
models were used to construct indicators of signals of selection in protein
coding regions of the species under consideration.

Finally, the fourth theme of this chapter was centered around the prob-
lem of constructing stochastic models to simulate various types of muta-
tions, that occur at the genomic level, as well as genetic recombination that
included crossing over and gene conversion with respect to two makers dur-
ing a phase of meiosis in diploid population when chromatids are arranged
along a spindle of a dividing cell. Similarly, the various types of mutations,
whose mathematical structure was thoroughly documented, were assumed
to occur during meiosis and in that phase when the DN A content of the cell
is doubled by a process that may involve that errors during the DN A copy-
ing process. The types of mutation included in this chapter were nucleotide
substitution, deletions and insertions. copy number changes in finite seg-
ments of DN A and inversions of segments of DN A within a chromosome.
Both the models of genetic recombination and mutations are documented in
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sufficient detail so a read can discern their details and either accept, modify
or reject a proposed formulation. This process acceptance, modification or
rejection in a time honored way to progress in the development of models
that eventually find acceptance in a given field of science.

The book ends with chapter 15, which is devoted to a suggested agenda
for continuing the research projects proposed in the preceding chapters and
a short review of books and material from other media that were sources
of inspiration while writing and thinking about the contents of this book.
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