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CHAPTER 1

PROBLEM SOLVING

From the earliest grades, the curriculum should give the students opportuni-
ties to focus on regularities in events, shapes, designs, and sets of numbers.
Children should begin to see that regularity is the essence of mathematics. The
idea of a functional relationship can be intuitively developed through obser-
vations of regularity and work with generalisable patterns.!

ACTIVITY SET 1.1

'SEEING AND EXTENDING PATTERNS WITH
PATTERN BLOCKS

Purpose
Materials

Activity

To recognize, describe, construct, and extend geometric patterns
Pattern blocks from the Manipulative Kit

Human beings are pattern-seeking creatures. Babies begin life’s journey listening
for verbal patterns and looking for visual patterns. Scientists in search of ex-
traterrestrial intelligence send patterned signals into the universe and listen for
incoming patterns on radio telescopes. Mathematics is also concerned with pat-
terns. Many mathematicians and educators involved in reforming mathematics
teaching and learning at the elementary and middle school levels are suggesting
that the notion of mathematics as the study of number and shape needs to be ex-
panded. Some suggest that “mathematics is an exploratory science that seeks to
understand every kind of pattern.”?

In this first activity set colored geometric shapes called pattern blocks will be
used to recognize, study, and extend geometric patterns. The set of pattern blocks
consists of six different figures: a green triangle, an orange square, a red trapezoid,
a blue rhombus, a white rhombus, and a yellow hexagon.

'Curriculum and Evaluation Standards for School Mathematics (Reston, VA: National Council of Teachers
of Mathematics, 1989), 60.

2Lynn A. Steen, On the Shoulders of Giants: New Approaches to Numeracy (Washington, DC: National Acad-
emy Press, 1990), 1-8.



CHAPTER 1 e Problem Solving
1. The pattern block figures shown here form the first five figures of a sequence.

Use your green triangles to construct the sixth and seventh figures that you
think extend the given pattern.

NN AN SIS SISI

1st 2d

% a. Describe in writing at least three ways that the seventh figure in your se-
quence differs from the sixth figure.

% b. Describe in writing what the 15th figure in this sequence would look like so
that someone reading your description could build the same figure. Give
your written description to another person and ask him or her to build a fig-
ure according to your instructions.

2. Use your pattern blocks to construct the sixth and seventh figures of the se-
quence below.

A AN\ AN NN ANLA

1st 2d

a. Describe in writing how new figures are created as this sequence is ex-
tended.

b. Will the 10th figure in an extended sequence have a green triangle or a blue
rhombus on the right end? Explain your reasoning.
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ACTIVITY SET 1.1 e Seeing and Extending Patterns with Pattern Blocks 3

¢. How many triangles and how many rhombuses are in the 25th figure of the
extended sequence? Explain how you arrived at your answer.

d. Write a statement that will enable readers to determine the number of tri-
angles and rhombuses in any figure they choose.

The pattern block sequence started below uses three different types of pattern
blocks. Use your pattern blocks to build the next two figures in the extended
sequence.

[ ] |
Z=

2d 3d 4th 5th

a. Describe in writing how new figures are created as this sequence is ex-
tended.

b. What pattern block will be on the right end of the 17th figure in this se-
quence? Explain how you arrived at your answer.

g}

Determine the number of hexagons, squares, and rhombuses in the 20th
figure of the sequence without building the figure. Explain how you thought
about it.

d. Repeat part ¢ for the 57th figure in the sequence.



CHAPTER 1 e Problem Solving

4. Use your pattern blocks to build the sixth and seventh figures of the sequence
here.

OO X T X

a. Determine the number of triangles and hexagons in the 10th figure of the
extended sequence. Do the same for the 15th figure.

b. Devise a way to determine the number of triangles and hexagons in any
given figure in this sequence. Write an explanation of your procedure so
that readers can use it to determine the number of triangles and hexagons
in any figure they choose.

5. The third and fourth figures of a sequence are given below. Use your pattern
blocks to construct the first, second, and fifth figures in this sequence. Sketch
diagrams of your figures in the space provided.

VA VA VAR

1st 2d

\VAR VAR VA Y

5th

a. Describe how the odd-numbered figures differ from the even-numbered
figures.

b. Sketch the missing figures for the sequence on the next page. Explain how
you can determine the number of hexagons in any even-numbered figure of
the sequence, then explain it for any odd-numbered figure.



ACTIVITY SET 1.1  Seeing and Extending Patterns with Pattern Blocks 5

<>
<>

1st 2d

>
O?Q

* 6. The third term of a sequence is shown below. Create more than one sequence
for which the given figure is the third term and sketch diagrams of the first,
second, and fourth figures in the space provided. Write a rule for extending
each pattern you create so that the reader is able to build the next few figures
in the sequence. (You may wish to use the colored tiles from your Manipulative
Kit for this activity.)

Sequence I

1st 2d 3d 4th

Sequence I

1st 2d 3d 4th

Sequence IIT

1st 2d 3d 4th



Sequence I

1st

* Sequence II

O > O> Oxg OO

CHAPTER 1 ¢ Problem Solving

7. Sequences I and II begin repeating in the fifth figure and sequence III begins
repeating in the sixth figure. Build the next two figures in each sequence with
your pattern blocks. For the 38th figure in each sequence determine which
pattern block is at its right end and how many of each type of pattern block it
contains. Describe how you reached your conclusion in each case.

1st 2d
Sequence II1
i Pl il
R
1st 2d

<:> <_>A <_>/\T7 <_>/\T7/'7 O/\ VA /<_>

3d 4th 5th

4th



ACTIVITY SET 1.1 ¢ Seeing and Extending Patterns with Pattern Blocks 7

8. Devise your own sequence of figures with pattern blocks. Pose at least three
questions about your sequence. Ask another person to build your sequence
and answer your questions.

¢ ® 2 & & » B & & & » B ¥ & B H &€ F b

PUZZLER

/) By moving exactly two toothpicks, get the
: cherry out of the cup without changing the
size and shape of the cup.

e & 8 85 & & b & @ &

7N JUST FOR FUN
s"/) THE PEG-JUMPING PUZZLE

The official peg-jumping puzzle is shown here. A block of
wood has seven holes in a row, with three movable black
pegs in the holes at one end and three movable red pegs
in the holes at the other end. The hole in the center is

empty.

The challenge of the peg-jumping puzzle is to inter-
change the pegs between the right and left sides so that
the black pegs move to the positions occupied by the red
pegs and vice versa. There arg two legal moves: any peg

$ 8 & ¢ ®» B 8 & B B ¥ & & H & & & B B & ¢

s & % B ® ® ¢ 6 6 & S B G B G B & € ° + B B BB B HL 6 & & ¢

®

s B & © € & ¢ ¢ % B L € € € & & & 6 ® B & € & & & & <

can move to an adjacent empty hole, and a peg of one
color can jump a single peg of another color if there is a
hole to jump into. (You cannot jump over two or more
pess.)

A simple model for this puzzle uses black and red
tiles from the Manipulative Kit on a puzzle grid drawn
like the one here.

B H = E | B | 5

* 1. Use three problem-solving strategies as you
investigate this puzzle: using a model, simplifying
the problem (start with one red and one black peg
and three holes), and making a table (to record
the numbers of moves).

2. What is the least number of moves required to
solve the puzzle?



ACTIVITY SET 1.2

GEOMETRIC NUMBER PATTERNS WITH
CoOLOR TILE

Purpose

Materials

Activity

Karl Friedrich Gauss

To use geometric patterns to represent number patterns and provide visual sup-
port for extending number sequences

Colored tiles from the Manipulative Kit

How long would it take you to find the sum of the counting numbers from 1
to 1007

1+2+3+4+---+49+50+51+---+97+98+99 + 100

Karl Friedrich Gauss (1777-1855), one of the greatest mathematicians of all
time, was asked to compute such a sum when he was 10 years old. As was the cus-
tom, the first student to get the answer was to put his or her slate on the teacher’s
desk. The schoolmaster had barely stated the problem when Gauss placed his
slate on the table and said, “There it lies.”

No one knows for sure how the young Gauss obtained the sum so quickly. It is
possible, however, that he, like many other creative thinkers, made a mental cal-
culation by thinking of this number problem in a pictorial or visual way. Can you
think of a picture or diagram that represents Gauss’ sum?

Often in mathematics visual information can give valuable insights into nu-
merical questions. Visual images can also help us remember mathematical ideas
and concepts. In the following activities, geometric patterns will be used to gen-
erate number sequences. The visual information in the patterns will aid you in
making numerical generalizations.

1. Find a pattern in the following sequence and use your tiles to construct the
sixth and seventh figures of the sequence.

e
EERE

B
I
El B EEE B el

1st 2d 3d 4th 5th

* a. By counting the number of tiles in each figure, we can see that the first
seven figures represent the sequence of odd numbers 1, 3, 5, 7,9, 11, and
13. Use your tiles to build the tenth figure in this sequence. Determine the
tenth odd number by counting the tiles in the tenth figure.
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* b. Write a sentence or two describing precisely how you would build the 20th
figure in this sequence. How many tiles would be needed? What is the 20th
odd number?

* ¢. Write a sentence or two describing what the 50th figure would look like and
how many tiles it would contain.

% d. Write a statement that will enable readers to determine the number of tiles
in any figure they choose from this sequence.

2. The first three terms of the number sequence represented by the sequence
here are 7, 12, and 17. Build the fourth figure. Sketch this figure, and beneath
it record the number of tiles needed to build it.

LI

5 B
8

17

a. Write directions for constructing the eighth figure in the sequence. Ask
someone to build the figure by following your directions.
b. How many tiles are in the eighth figure?

¢. Determine the number of tiles in the 15th figure. (Imagine how you would
construct that figure.)

d. Describe in words what the 50th figure would look like and how many tiles
it would contain.
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CHAPTER 1 ¢ Problem Solving

e. Write a procedure using words or an algebraic expression to determine the
number of tiles for any figure, given the figure number.

3. Here are three sequences and the number sequences they represent. Build the
fourth figure in each sequence, and record the fourth number in each number
sequence. Determine the 10th number in each number sequence by imagining
how you would construct the 10th figure in each geometric pattern. Write a
procedure using words or an algebraic expression that would enable the reader
to determine the number of tiles in any figure, given the figure number.




